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abstract: The study presents a refined framework of Ostrowski-type inequalities by using a multistep
quadratic kernel for functions whose first derivatives are of bounded variation. This novel approach not only
generalizes classical results but also establishes tighter bounds applicable to cumulative distribution function
and data science scenarios. Furthermore, we demonstrate the relevance of the results by applying through
analysis of the Softplus activation function and hyperbolic tangent functions, which are commonly used in
classification tasks and neural network. The developed inequalities enhance the precision of error estimates in
data-driven computations, validating their usefulness in real-world applications.
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1. Introduction

Integral inequalities are pivotal in mathematical analysis, with far-reaching applications in approxi-
mation theory, numerical integration, probability and data-driven modelling. A ground breaking result in
the area is the Ostrowski inequality, introduced by A. Ostrowski in 1938 [1], which quantifies the deviation
of a function from its integral mean. Sice then, numerous generalizations and refitments have emerged
to address limitations and enhanced applicability, particularly for functions with additional structural
properties such as different norms and bounded variations [2− 8].
Recent research has focused on constructing increasingly sharper inequalities using kernel-based methods
[9 − 12]. These approaches often leverage auxiliary inequalities such as those of Diaz-Metcalf, Cauchy,
and Grüss [13 − 19] to derive tighter bounds and more general results. Buildings upon this foundation,
we propose a refined multistep quadratic kernel technique that yield novel Ostrowski-type inequalities
for functions whose first derivatives are of bounded variation.
Our contributions extend beyond theory, we apply our derived results to cumulative distribution function
(CDFs), which play a critical role in probability and statistics. Furthermore, to bridge mathematical the-
ory with real-world relevance, we explore how our inequalities perform when applied to functions widely
used in data science specifically, the Softplus function and hyperbolic tangent function. These functions
are foundational in classification models and neural networks, making them ideal candidates for testing
the utility of our bounds in machine learning contexts [20− 22].
The structure of this paper is as follows: Section 2 presents the main theoretical results and associated
proofs. Section 3 focuses on applications to cumulative distribution functions. Section 4 illustrates the use
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of our results with well-known data science functions through numerically and graphical demonstration.
Finally, Section 5 concludes the paper and outlines potential directions for future research.

2. Main Findings

Lemma 2.1 Let f : [ś, ć] → R be a function such that f
′
is absolutely continuous on [ś, ć]. Define the

kernel P (ă, ū) as:
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2

]
1
2

(
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ś+ă
2 , ă
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ś+8ć−ă

8 , ś+16ć−ă
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64

)2
; ū ∈
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8

)
− f

′
(
7ś+ ă
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2
df

′
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64

)2

df
′
(ū)
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(ū)

+
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ś+2ć−ă
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ū− ś+ 3ć
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ś+4ć−ă
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By applying integration by parts, we get the required identity (2.2). 2

Now, by utilizing the above mentioned identity, we define and prove the theorem given below:

Theorem 2.1 Let f : [ś, ć] → R be a function such that f
′
is a continuous function of bounded variation
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ś+ 8ć− ă
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2

)
−f

′
(
ś+ ă
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8

)
− f

′
(
7ś+ ă
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ć∫
ś
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31ś+ă
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8

)2

df
′
(ū)
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(ū)

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣
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(ū)

∣∣∣∣∣∣+
∣∣∣∣∣∣∣
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ś+8ć−ă
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(ū)

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣
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32

(
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15ś+ă
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ă− 3ś+ ć
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ă− ś+ ć
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ū− 7ś+ ć
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3ś+ă
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ś+ă
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ś+ć−ă
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ū− ś+ 7ć
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2

(f
′
).

∣∣∣∣∣∣∣
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16 , ś+32ć−ă
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16∨
ś+16ć−ă
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ū∈[ ś+32ć−ă

32 ,ć]
(ū− ć)

2
ć∨

ś+32ć−ă
32

(f
′
)

=
(ă− ś)

2

1024

ć∨
ś+32ć−ă

32

(f
′
).

Using (2.7)-(2.19) in (2.5), we have

1

ć− ś

∣∣∣∣∣∣
ć∫

ś

P (ă, ū)df
′
(ū)

∣∣∣∣∣∣
≤ 1

2 (ć− ś)

 (ă− ś)
2

1024

31ś+ă
32∨
ś

(f
′
)

+ max

{
1

256

(
ă− 3ś+ ć

4

)2

,
1

1024

(
ă− ś+ ć

2

)2
} 15ś+ă

16∨
31ś+ă

32

(f
′
)

+ max

{
1

64

(
ă− 3ś+ ć

4

)2

,
1

256

(
ă− ś+ ć

2

)2
} 7ś+ă

8∨
15ś+ă

16

(f
′
)

+ max

{
1

16

(
ă− 3ś+ ć

4

)2

,
1

64

(
ă− ś+ ć

2

)2
} 3ś+ă

4∨
7ś+ă

8

(f
′
)

+ max

{
1

4

(
ă− 3ś+ ć

4

)2

,
1

16

(
ă− ś+ ć

2

)2
} ś+ă

2∨
3ś+ă

4

(f
′
)

+ max

{(
ă− 3ś+ ć

4

)2

,
1

4

(
ă− ś+ ć

2

)2
}

ă∨
ś+ă
2

(f
′
)

+

(
ă− ś+ ć

2

)2 ś+ć−ă∨
ă

(f
′
)
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+ max

{(
ă− 3ś+ ć

4

)2

,
1

4

(
ă− ś+ ć

2

)2
} ś+2ć−ă

2∨
ś+ć−ă

(f
′
)

+ max

{
1

4

(
ă− 3ś+ ć

4

)
,
1

16

(
ă− ś+ ć

2

)} ś+4ć−ă
4∨

ś+2ć−ă
2

(f
′
)

+ max

{
1

16

(
ă− 3ś+ ć

4

)
,
1

64

(
ă− ś+ ć

2

)} ś+8ć−ă
8∨

ś+4ć−ă
4

(f
′
)

+ max

{
1

64

(
ă− 3ś+ ć

4

)
,

1

256

(
ă− ś+ ć

2

)} ś+16ć−ă
16∨

ś+8ć−ă
8

(f
′
)

+ max

{
1

256

(
ă− 3ś+ ć

4

)
,

1

1024

(
ă− ś+ ć

2

)} ś+32ć−ă
32∨

ś+16ć−ă
16

(f
′
)

+
(ă− ś)

2

1024

ć∨
ś+32ć−ă

32

(f
′
)


≤ 1

2 (ć− ś)
max

{(
ă− 3ś+ ć

4

)2

,

(
ă− ś+ ć

2

)2

,
(ă− ś)

2

1024

}
ć∨
ś

(f
′
)

≤ 1

2 (ć− ś)
Q (ă)

ć∨
ś

(f
′
).

Hence proved the result (2.4). 2

Corollary 2.1 By replacing ă = ś+ć
2 in (2.4) then

∣∣∣∣12f
(
ś+ ć

2

)
+

1

8

{
f

(
3ś+ ć

4

)
+ f

(
ś+ 3ć

4

)}
+

1

16

{
f

(
7ś+ ć

8

)
+ f

(
ś+ 7ć

8

)}
+

1

32

{
f

(
15ś+ ć

16

)
+f

(
ś+ 15ć

16

)}
+

1

64

{
f

(
31ś+ ć

32

)
+ f

(
ś+ 31ć

32

)
+f

(
63ś+ ć

64

)
+ f

(
ś+ 63ć

64

)}
+ (ć− ś){

1

64

{
f

′
(
ś+ 3ć

4

)
− f

′
(
3ś+ ć

4

)}
+

1

256

{
f

′
(
ś+ 7ć

8

)
−f

′
(
7ś+ ć

8

)}
+

1

1024

{
f

′
(
ś+ 15ć

16

)
− f

′
(
15ś+ ć

16

)}
+

1

4096

{
f

′
(
ś+ 31ć

32

)
− f

′
(
31ś+ ć

32

)}
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+
1

8192

{
f

′
(
ś+ 64ć

64

)
− f

′
(
63ś+ ć

64

)}}

− 1

ć− ś

ć∫
ś

f (ū) dū

∣∣∣∣∣∣
≤ 1

2 (ć− ś)
Q

(
ś+ ć

2

) ć∨
ś

(f
′
).

Under the assuming that Theorem 1 is true for values of the given interval [ś, ć] , then:

Theorem 2.2 Let f ∈ Ĉ2 [ś, ć] , then we obtain∣∣∣∣14
[
f (ă) + f (ś+ ć− ă) +

1

2

{
f

(
ś+ ă

2

)
+ f

(
ś+ 2ć− ă

2

)}
(2.20)

+
1

4

{
f

(
3ś+ ă

4

)
+ f

(
ś+ 4ć− ă

4

)}
+

1

8

{
f

(
7ś+ ă

8

)
+f

(
ś+ 8ć− ă

8

)}
+

1

16

{
f

(
15ś+ ă

16

)
+ f

(
ś+ 16ć− ă

16

)
+f

(
31ś+ ă

32

)
+ f

(
ś+ 32ć− ă

32

)}
+

(
ă− 5ś+ 3ć

8

)
{
2
{
f

′
(ś+ ć− ă)− f

′
(ă)

}
+

1

2

{
f

′
(
ś+ 2ć− ă

2

)
−f

′
(
ś+ ă

2

)}
+

1

8

{
f

′
(
ś+ 4ć− ă

4

)
− f

′
(
3ś+ ă

4

)}
+

1

32

{
f

′
(
ś+ 8ć− ă

8

)
− f

′
(
7ś+ ă

8

)}
+

1

128

{
f

′
(
ś+ 16ć− ă

16

)
− f

′
(
15ś+ ă

16

)}}
+

1

512

(
ă− 3ś+ ć

4

){
f

′
(
ś+ 32ć− ă

32

)
− f

′
(
31ś+ ă

32

)}]

− 1

ć− ś

ć∫
ś

f (ū) dū

∣∣∣∣∣∣
≤ 1

2
Q (ă)

∥∥∥f ′′
∥∥∥
[ś,ć],1

∀ ă ∈
[
ś, ś+ć

2

]
, where ∥.∥[ś,ć],1 is the L1 − norm, namely

∥∥∥f ′′
∥∥∥
[ś,ć],1

=

ć∫
ś

∣∣∣f ′′
(ū)

∣∣∣ dū.
Corollary 2.2 By replacing ă = ś+ć

2 in (2.20), then∣∣∣∣12f
(
ś+ ć

2

)
+

1

8

{
f

(
3ś+ ć

4

)
+ f

(
ś+ 3ć

4

)}
+

1

16

{
f

(
7ś+ ć

8

)
+ f

(
ś+ 7ć

8

)}
+

1

32

{
f

(
15ś+ ć

16

)
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+f

(
ś+ 15ć

16

)}
+

1

64

{
f

(
31ś+ ć

32

)
+ f

(
ś+ 31ć

32

)
+f

(
63ś+ ć

64

)
+ f

(
ś+ 63ć

64

)}
+ (ć− ś){

1

64

{
f

′
(
ś+ 3ć

4

)
− f

′
(
3ś+ ć

4

)}
+

1

256

{
f

′
(
ś+ 7ć

8

)
−f

′
(
7ś+ ć

8

)}
+

1

1024

{
f

′
(
ś+ 15ć

16

)
− f

′
(
15ś+ ć

16

)}
+

1

4096

{
f

′
(
ś+ 31ć

32

)
− f

′
(
31ś+ ć

32

)}
+

1

8192

{
f

′
(
ś+ 64ć

64

)
− f

′
(
63ś+ ć

64

)}}

− 1

ć− ś

ć∫
ś

f (ū) dū

∣∣∣∣∣∣
≤ 1

2
Q

(
ś+ ć

2

)∥∥∥f ′′
∥∥∥
[ś,ć],1

.

Theorem 2.3 Let f
′
: [ś, ć] → R be a Lipschitzian mapping for the positive constant L, then we get∣∣∣∣14
[
f (ă) + f (ś+ ć− ă) +

1

2

{
f

(
ś+ ă

2

)
+ f

(
ś+ 2ć− ă

2

)}
(2.21)

+
1

4

{
f

(
3ś+ ă

4

)
+ f

(
ś+ 4ć− ă

4

)}
+

1

8

{
f

(
7ś+ ă

8

)
+f

(
ś+ 8ć− ă

8

)}
+

1

16

{
f

(
15ś+ ă

16

)
+ f

(
ś+ 16ć− ă

16

)
+f

(
31ś+ ă

32

)
+ f

(
ś+ 32ć− ă

32

)}
+

(
ă− 5ś+ 3ć

8

)
{
2
{
f

′
(ś+ ć− ă)− f

′
(ă)

}
+

1

2

{
f

′
(
ś+ 2ć− ă

2

)
−f

′
(
ś+ ă

2

)}
+

1

8

{
f

′
(
ś+ 4ć− ă

4

)
− f

′
(
3ś+ ă

4

)}
+

1

32

{
f

′
(
ś+ 8ć− ă

8

)
− f

′
(
7ś+ ă

8

)}
+

1

128

{
f

′
(
ś+ 16ć− ă

16

)
− f

′
(
15ś+ ă

16

)}}
+

1

512

(
ă− 3ś+ ć

4

){
f

′
(
ś+ 32ć− ă

32

)
− f

′
(
31ś+ ă

32

)}]

− 1

ć− ś

ć∫
ś

f (ū) dū

∣∣∣∣∣∣
≤ L (ć− ś)

2
Q (ă)

∀ ă ∈
[
ś, ś+ć

2

]
.

Proof: Since f
′
is Lipschitzian on the interval [ś, ć]. If P ([ś, ć]) denotes the family of partitions on
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[ś, ć] ,then

ć∨
ś

(
f

′
)
= sup

P∈P ([ś,ć])

n−1∑
i=0

∣∣∣f ′
(ăi+1)− f

′
(ăi)

∣∣∣
≤ L sup

P∈P ([ś,ć])

n−1∑
i=0

|ăi+1 − ăi| = L (ć− ś) .

Hence the required result (2.21) is proved. 2

Corollary 2.3 By replacing ă = ś+ć
2 in (2.21), then∣∣∣∣12f

(
ś+ ć

2

)
+

1

8

{
f

(
3ś+ ć

4

)
+ f

(
ś+ 3ć

4

)}
+

1

16

{
f

(
7ś+ ć

8

)
+ f

(
ś+ 7ć

8

)}
+

1

32

{
f

(
15ś+ ć

16

)
+f

(
ś+ 15ć

16

)}
+

1

64

{
f

(
31ś+ ć

32

)
+ f

(
ś+ 31ć

32

)
+f

(
63ś+ ć

64

)
+ f

(
ś+ 63ć

64

)}
+ (ć− ś){

1

64

{
f

′
(
ś+ 3ć

4

)
− f

′
(
3ś+ ć

4

)}
+

1

256

{
f

′
(
ś+ 7ć

8

)
−f

′
(
7ś+ ć

8

)}
+

1

1024

{
f

′
(
ś+ 15ć

16

)
− f

′
(
15ś+ ć

16

)}
+

1

4096

{
f

′
(
ś+ 31ć

32

)
− f

′
(
31ś+ ć

32

)}
+

1

8192

{
f

′
(
ś+ 64ć

64

)
− f

′
(
63ś+ ć

64

)}}

− 1

ć− ś

ć∫
ś

f (ū) dū

∣∣∣∣∣∣
≤ L (ć− ś)

2
Q

(
ś+ ć

2

)
.

3. An Applications to Cumulative Distribution Function

In this section, we explore how the developed inequalities can be applied to Cumulative Distribution
Function (CDFs), which are critical in statistics and probability theory. Let X be a random variable
taking values in the finite interval [ś, ć] with the probability density function Ŷ : [ś, ć] → [0, 1] and
Cumulative Distribution Function

F
(
ť
)
= Pr

(
Ť ≤ ť

)
=

ť∫
ŕ

Ŷ (ŭ) dŭ,

F (ŝ) = Pr
(
Ť ≤ ŝ

)
=

ŝ∫
ŕ

Ŷ (ĕ) dĕ = 1.
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Theorem 3.1 With the assumptions of Theorem 1, we have the following inequality which holds∣∣∣∣ ć− E (X)

ć− ś
− 1

4

[
F (ă) + F (ś+ ć− ă) +

1

2

{
F

(
ś+ ă

2

)
(3.1)

+F

(
ś+ 2ć− ă

2

)}
+

1

4

{
F

(
3ś+ ă

4

)
+ F

(
ś+ 4ć− ă

4

)}
+

1

8

{
F

(
7ś+ ă

8

)
+ F

(
ś+ 8ć− ă

8

)}
+

1

16

{
F

(
15ś+ ă

16

)
+F

(
ś+ 16ć− ă

16

)
+ F

(
31ś+ ă

32

)
+ F

(
ś+ 32ć− ă

32

)}

+

(
ă− 5ś+ 3ć

8

){
2
{
F

′
(ś+ ć− ă)− F

′
(ă)

}
+

1

2

{
F

′
(
ś+ 2ć− ă

2

)
− F

′
(
ś+ ă

2

)}
+

1

8

{
F

′
(
ś+ 4ć− ă

4

)
−F

′
(
3ś+ ă

4

)}
+

1

32

{
F

′
(
ś+ 8ć− ă

8

)
− F

′
(
7ś+ ă

8

)}
+

1

128

{
F

′
(
ś+ 16ć− ă

16

)
− F

′
(
15ś+ ă

16

)}}
+

1

512

(
ă− 3ś+ ć

4

){
F

′
(
ś+ 32ć− ă

32

)
− F

′
(
31ś+ ă

32

)}]∣∣∣∣
≤ 1

2 (ć− ś)
Q (ă)

ć∨
ś

(F
′
)

∀ ă ∈
[
ś, ś,ć

2

]
, where E (X) is the expectation of X.

Proof: By (2.4), on choosing Ŷ = F and using the fact

E (X) =

ă∫
ŕ

ŭdF (ŭ) = ă−
ă∫

ŕ

F (ŭ) dŭ.

We obtain (3.1). 2

Corollary 3.1 By replacing ă = ś+ć
2 in (3.1),then∣∣∣∣ ć− E (X)

ć− ś
−
[
1

2
F

(
ś+ ć

2

)
+

1

8

{
F

(
3ś+ ć

4

)
+ F

(
ś+ 3ć

4

)}
+

1

16

{
F

(
7ś+ ć

8

)
+ F

(
ś+ 7ć

8

)}
+

1

32

{
F

(
15ś+ ć

16

)
+F

(
ś+ 15ć

16

)}
+

1

64

{
F

(
31ś+ ć

32

)
+ F

(
ś+ 31ć

32

)
+F

(
63ś+ ć

64

)
+ F

(
ś+ 63ć

64

)}
+ (ć− ś){

1

64

{
F

′
(
ś+ 3ć

4

)
− F

′
(
3ś+ ć

4

)}
+

1

256

{
F

′
(
ś+ 7ć

8

)
−F

′
(
7ś+ ć

8

)}
+

1

1024

{
F

′
(
ś+ 15ć

16

)
− F

′
(
15ś+ ć

16

)}
+

1

4096

{
F

′
(
ś+ 31ć

32

)
− F

′
(
31ś+ ć

32

)}
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+
1

8192

{
F

′
(
ś+ 64ć

64

)
− F

′
(
63ś+ ć

64

)}}]∣∣∣∣
≤ 1

2 (ć− ś)
Q

(
ś+ ć

2

) ć∨
ś

(F
′
).

Theorem 3.2 With the assumptions of Theorem 2, we have the following inequality which holds

∣∣∣∣ ć− E (X)

ć− ś
− 1

4

[
F (ă) + F (ś+ ć− ă) +

1

2

{
F

(
ś+ ă

2

)
(3.2)

+F

(
ś+ 2ć− ă

2

)}
+

1

4

{
F

(
3ś+ ă

4

)
+ F

(
ś+ 4ć− ă

4

)}
+

1

8

{
F

(
7ś+ ă

8

)
+ F

(
ś+ 8ć− ă

8

)}
+

1

16

{
F

(
15ś+ ă

16

)
+F

(
ś+ 16ć− ă

16

)
+ F

(
31ś+ ă

32

)
+ F

(
ś+ 32ć− ă

32

)}

+

(
ă− 5ś+ 3ć

8

){
2
{
F

′
(ś+ ć− ă)− F

′
(ă)

}
+

1

2

{
F

′
(
ś+ 2ć− ă

2

)
− F

′
(
ś+ ă

2

)}
+

1

8

{
F

′
(
ś+ 4ć− ă

4

)
−F

′
(
3ś+ ă

4

)}
+

1

32

{
F

′
(
ś+ 8ć− ă

8

)
− F

′
(
7ś+ ă

8

)}
+

1

128

{
F

′
(
ś+ 16ć− ă

16

)
− F

′
(
15ś+ ă

16

)}}
+

1

512

(
ă− 3ś+ ć

4

){
F

′
(
ś+ 32ć− ă

32

)
− F

′
(
31ś+ ă

32

)}]∣∣∣∣
≤ 1

2
Q (ă)

∥∥∥F ′′
∥∥∥
[ś,ć],1

∀ ă ∈
[
ś, ś,ć

2

]
, where E (X) is the expectation of X.

Proof: By using (2.20) and the same condition that we use in above theorem, we get the required
inequality (3.2). 2
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Corollary 3.2 By replacing ă = ś+ć
2 in (3.2) then∣∣∣∣ ć− E (X)

ć− ś
−
[
1

2
F

(
ś+ ć

2

)
+

1

8

{
F

(
3ś+ ć

4

)
+ F

(
ś+ 3ć

4

)}
+

1

16

{
F

(
7ś+ ć

8

)
+ F

(
ś+ 7ć

8

)}
+

1

32

{
F

(
15ś+ ć

16

)
+F

(
ś+ 15ć

16

)}
+

1

64

{
F

(
31ś+ ć

32

)
+ F

(
ś+ 31ć

32

)
+F

(
63ś+ ć

64

)
+ F

(
ś+ 63ć

64

)}
+ (ć− ś){

1

64

{
F

′
(
ś+ 3ć

4

)
− F

′
(
3ś+ ć

4

)}
+

1

256

{
F

′
(
ś+ 7ć

8

)
−F

′
(
7ś+ ć

8

)}
+

1

1024

{
F

′
(
ś+ 15ć

16

)
− F

′
(
15ś+ ć

16

)}
+

1

4096

{
F

′
(
ś+ 31ć

32

)
− F

′
(
31ś+ ć

32

)}
+

1

8192

{
F

′
(
ś+ 64ć

64

)
− F

′
(
63ś+ ć

64

)}}]∣∣∣∣
≤ 1

2
Q

(
ś+ ć

2

)∥∥∥F ′′
∥∥∥
[ś,ć],1

.

Theorem 3.3 With the assumptions of Theorem 3, we have the following inequality which holds∣∣∣∣ ć− E (X)

ć− ś
− 1

4

[
F (ă) + F (ś+ ć− ă) +

1

2

{
F

(
ś+ ă

2

)
(3.3)

+F

(
ś+ 2ć− ă

2

)}
+

1

4

{
F

(
3ś+ ă

4

)
+ F

(
ś+ 4ć− ă

4

)}
+

1

8

{
F

(
7ś+ ă

8

)
+ F

(
ś+ 8ć− ă

8

)}
+

1

16

{
F

(
15ś+ ă

16

)
+F

(
ś+ 16ć− ă

16

)
+ F

(
31ś+ ă

32

)
+ F

(
ś+ 32ć− ă

32

)}

+

(
ă− 5ś+ 3ć

8

){
2
{
F

′
(ś+ ć− ă)− F

′
(ă)

}
+

1

2

{
F

′
(
ś+ 2ć− ă

2

)
− F

′
(
ś+ ă

2

)}
+

1

8

{
F

′
(
ś+ 4ć− ă

4

)
−F

′
(
3ś+ ă

4

)}
+

1

32

{
F

′
(
ś+ 8ć− ă

8

)
− F

′
(
7ś+ ă

8

)}
+

1

128

{
F

′
(
ś+ 16ć− ă

16

)
− F

′
(
15ś+ ă

16

)}}
+

1

512

(
ă− 3ś+ ć

4

){
F

′
(
ś+ 32ć− ă

32

)
− F

′
(
31ś+ ă

32

)}]∣∣∣∣
≤ L (ć− ś)

2
Q (ă)

∀ ă ∈
[
ś, ś,ć

2

]
, where E (X) is the expectation of X.

Proof: By using (2.21) and the same condition that we use in above theorem, we get the required inequality
(3.3). 2
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Corollary 3.3 By replacing ă = ŕ+ŝ
2 in (3.3), we get∣∣∣∣ ć− E (X)

ć− ś
−
[
1

2
F

(
ś+ ć

2

)
+

1

8

{
F

(
3ś+ ć

4

)
+ F

(
ś+ 3ć

4

)}
+

1

16

{
F

(
7ś+ ć

8

)
+ F

(
ś+ 7ć

8

)}
+

1

32

{
F

(
15ś+ ć

16

)
+F

(
ś+ 15ć

16

)}
+

1

64

{
F

(
31ś+ ć

32

)
+ F

(
ś+ 31ć

32

)
+F

(
63ś+ ć

64

)
+ F

(
ś+ 63ć

64

)}
+ (ć− ś){

1

64

{
F

′
(
ś+ 3ć

4

)
− F

′
(
3ś+ ć

4

)}
+

1

256

{
F

′
(
ś+ 7ć

8

)
−F

′
(
7ś+ ć

8

)}
+

1

1024

{
F

′
(
ś+ 15ć

16

)
− F

′
(
15ś+ ć

16

)}
+

1

4096

{
F

′
(
ś+ 31ć

32

)
− F

′
(
31ś+ ć

32

)}
+

1

8192

{
F

′
(
ś+ 64ć

64

)
− F

′
(
63ś+ ć

64

)}}]∣∣∣∣
≤ L (ć− ś)

2
Q

(
ś+ ć

2

)
.

4. Illustrative Examples with Data Science Functions

To demonstrate the practical utility and applicability of the newly established Ostrowski-type in-
equalities, we consider two well-known functions frequently used in data science and machine learning:
the Softplus function and hyperbolic tangent function, both of which appear prominently in classification
models and neural networks. These examples serve to illustrate how the derived inequality provides
effective bounds between a composite approximation of a function and its integral mean, highlighting its
relevance in real-world computational settings.

We fix the interval [ś, ć] = [0, 4] and evaluate the Theorem 1 for various values of ă ∈ [0, 2] , satisfying

the condition ă ∈
[
ś, ś,ć

2

]
. The total variation of the derivative is computed over the interval [ś, ć] , here

ă=x and both sides of the inequality are evaluated numerically and graphically.

Example 4.1 Softplus Function

Let the Softplus function f (x) = log (1 + ex). Its derivatives is the sigmoid function f
′
(x) = 1

1+e−x ,
which is continuous and of bounded variation. This function is a smooth alternative to ReLU and is
widely used in deep learning.

ă LHS RHS
0.00 0.0608 0.0624
0.25 0.0462 0.0529
0.50 0.0346 0.0421
0.75 0.0261 0.0318
1.00 0.0193 0.0237
1.25 0.0142 0.0171
1.50 0.0102 0.0120
1.75 0.0071 0.0083
2.00 0.0045 0.0057

The results consistently show that the left-hand side remains strictly below the right-hand side,
verifying the bound’s reliability.
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Figure 1: Graphical Illustration of Example 1

Example 4.2 Hyperbolic Tangent Function

Let The hyperbolic tangent function f (x) = tanh (x) . Its derivatives is f
′
(x) = 1− tanh2 (x) , which

is continuous and of bounded variation. This function is a classical bounded activation used in recurrent
and feedforward neural networks.

ă LHS RHS
0.00 0.1242 0.1345
0.25 0.0961 0.1067
0.50 0.0739 0.0846
0.75 0.0563 0.0662
1.00 0.0423 0.0514
1.25 0.0313 0.0396
1.50 0.0227 0.0302
1.75 0.0160 0.0226
2.00 0.0110 0.0167

Figure 2: Graphical Illustration of Example 2

The results consistently show that the left-hand side remains strictly below the right-hand side,
verifying the bound’s reliability in neural computation.
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5. Conclusion

In this paper, we presented an improved approach to Ostrowski-type inequalities using a multistep
quadratic kernel for functions of bounded variation. This method generalized prior work and is applicable
to both theoretical and practical domain, including statistical and neural network. Numerical examples
confirm the method’s robustness in bounding deviations of key data science functions. Future research
may expand this work by exploring n-step kernels across various norms, and exploring applications in
high-dimensional data settings.
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