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ABSTRACT: This work develops new concepts of complex intuitionistic fuzzy neutrosophic Lie subalgebras
and ideals within a framework governed by neutrosophic norm functions, namely the t-norm (7*) and s-norm
(S) The connections between these newly defined objects and traditional Lie subalgebras and ideals are
carefully analyzed. Moreover, algebraic constructions including intersection, sum, and homomorphic images
are introduced for these structures, and a collection of essential structural properties and theoretical results
is established.
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1. Introduction

During the 1870s, Marius Sophus Lie proposed the concept of Lie algebras, which eventually became
a fundamental framework in mathematics and theoretical physics. In 1965, Lotfi A. Zadeh developed
the fuzzy set theory [27] that provides a tool to depict uncertainty by permitting truth values to exist
anywhere within the range [0, 1], instead of following traditional binary logic. The fuzzy set [27] led to the
idea of “fuzziness,” in which statements are not confined to being completely true or false. The fuzzy set
theory has been utilized in various fields, such as artificial intelligence, computer science, control systems,
decision-making, formal logic, and management. Expanding on these advancements, numerous studies
[8],[25], [26] explored the structures of fuzzy Lie subalgebras that combine the analytical precision of Lie
theory with the adaptability of fuzzy logic.

As a refinement of Zadeh’s model, Atanassov presented the intuitionistic fuzzy set [3] as a broad-
ened version of Zadeh’s foundational fuzzy set theory [27]. In contrast to conventional fuzzy sets, the
intuitionistic is set [3] includes both the level of membership and the level of non-membership offering
a more comprehensive structure for depicting uncertainty. Its improved descriptive capability renders it
especially useful in contemporary mathematical uses.

Building on these concepts, Ramot et al.[11] introduced the idea of complex fuzzy sets by broad-
ening membership functions into the realm of complex numbers. Subsequently, Alkouri and Salleh [2]
introduced a more advanced version termed complex intuitionistic fuzzy sets, which incorporate complex-
valued functions for membership and non-membership, providing an even more adaptable framework for
modeling uncertainty.

The distinctiveness of the complex intuitionistic fuzzy set lies in its greater expressive capacity: the
functions for membership and non-membership can now take values on the unit circle in the complex
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plane, in contrast to the conventional real interval [0, 1]. This broadened value range enhances the set’s
flexibility in expressing nuanced degrees of uncertainty and hesitation in complex systems.

In a related direction, the neutrosophic extension of the real number system introduces an indeter-
minate element I, satisfying I? = I, I" = I for all n € N, while lacking a multiplicative inverse [28,29].
The neutrosophic framework has attracted considerable attention and has been successfully applied in di-
verse areas, including decision-making [30,31], artificial intelligence and machine learning [32,33], medical
diagnosis [34,35,40], communication systems [36], pattern recognition [37], educational technologies [3§],
theoretical physics [39], and data science[41]. Later, representative applications include medical diagno-
sis, where machine learning models based on neutrosophic sets improve cancer classification [43], and
decision analysis, where hybrid neutrosophic frameworks address uncertainty in seismic risk evaluation
[45].

As discussed in [29], F. Smarandache introduced the notion of single-valued neutrosophic probability,

formulated as a mapping
Py :X —[0,1]3

where X represents a neutrosophic sample space that accommodates indeterminate elements. The neu-
trosophic probability of an event A is expressed as

Py(Q) = (T*(Q),I(neutﬁl),F(antiﬁl)) = (T*,1,F)

with each component 7*,I, F € [0,1] and their sum satisfying 0 < 7*+ 1+ F < 3.

In recent studies, Abobala and Hatip [42] collaborators introduced the framework of two-dimensional
AH-isometry to establish a relationship between the neutrosophic plane R(I) x R(I) and the conventional
module R? x R2. They also discussed a one-dimensional AH-isometry connecting R(I) with R x R.
This approach has proven instrumental in formulating inner products, organizing norms, and modeling
geometric structures in a neutrosophic setting [42].

Several researchers have explored the characteristics of fuzzy algebraic structures through the appli-
cation of norms [12], [13]-[24]. In this work, we propose the notions of complex intuitionistic fuzzy
neutrosophic Lie subalgebras and Lie ideals, formulated using t-norm(7*) and s-norm(S*) within the
framework of Lie subalgebras. We investigate their foundational properties, and further define opera-
tions such as intersection and addition for these constructs. The algebraic features of these operations
are thoroughly analyzed. Additionally, we study how these structures behave under Lie subalgebra ho-
momorphisms.

2. Preliminaries

This section introduces essential definitions related to neutrosophic logic and neutrosophic probability.
We begin by recalling fundamental concepts that are crucial for the subsequent analysis. It includes basic
Defns and preliminary results that will be used throughout the paper. For more detailed discussions, the
reader is referred to references [1]-[10].

Definition 2.1 [/4] A Lie algebra is a vector space L over a field F (typically R or C), equipped with a
binary operation [-,-] : L x L — L, written as (g,$) — [8,4], that satisfies the following conditions:
1. The operation [3,<] is bilinear in both arguments,
2. [0,0] =0 for every g € L,
3. The identity
([0, 2] + (IS, 21, 0] + [[2, 2], <] = 0,
holds for all 9,<,z € L. This is known as the Jacobi identity.

In this work, the symbol L will represent a Lie algebra. Note that the Lie bracket is generally not
associative; that is, [[9,<], 2] # [8,[S, 2]] in general. However, the bracket is anti-commutative: [3,$] =
—[¢, 9]. A wector subspace H C L that remains closed under the bracket operation is referred to as a Lie
subalgebra. Similarly, a subspace I C L for which [I, L] C I holds is called a Lie ideal. Clearly, every Lie
ideal is also a Lie subalgebra.
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Definition 2.2 [//] Let Ly and Lo be Lie algebras over a field F. A linear transformation U : L1 — Lo
is called a Lie homomorphism if U([g,<]) = [U(8), B(S)] for all 9, € Ly.

Definition 2.3 [/4] Let §,<, and Z be sets. A function U = (01,02) : X =Y x Z is referred to as a
complex mapping if it consists of two component functions: U1 : X =Y and Uz : X — Z.

Definition 2.4 [//] Let X be a nonempty set. A mapping
A= (€5, Tg): X —[0,1] x [0,1]
is called an intuitionistic fuzzy set (IFS) in X if
E5(0) +Ts(0) <1 foralzeX,

where the mappings 5 : X — [0,1] and Y5 : X — [0,1] denote the membership and non-membership
functions of A, respectively. In particular, 0~ and 1~ denote the intuitionistic fuzzy empty set and the
intuitionistic fuzzy whole set in X, defined by

Ow(é) = (07 1)7 1N(é) = (1a0)7
for all x € X. We denote the family of all intuitionistic fuzzy sets in X by IFS(g).

Definition 2.5 [11] Let X be a nonempty set, and suppose Q = (€5,Yg) and D = (€5, Yp) are two
intuitionistic fuzzy sets (IFSs) defined on X. Then the following hold:

1. Q C D if and only if, for every § € X,
E5(0) <Ep(0), Tga(o) = Tx(0).
2. Q=D if and only if both Q C D and D C Q hold.

Definition 2.6 [11] Let X be a nonempty set. A complex fuzzy set Q defined on X is a collection of
ordered pairs of the form

Q=1{(0,85(0)) | 0 € X},
where 5 is a function assigning to each 6 € X a compler-valued membership degree £5(0) that lies

within the unit disk in the complex plane.
FEach membership value is assumed to be expressed in polar form:

£5(0) = pg(0)e’*e'?),

where i = /=1, pg : X — [0,1] represents the modulus, and CAQ : X — [0,27] denotes the phase angle.

Setting CAQ(é) =0 for all g € X retrieves the standard (real-valued) fuzzy set as a special case.
Further, let £ = rie"™t, & = roe*™2, and E3 = rze’™3 be complex numbers within the unit circle.
Then, the expression
& <& <&

denotes the condition
ri <re <rz and w; <wy < ws.

Definition 2.7 [11] A complex intuitionistic fuzzy set Q = (£5,75), defined over a universe U, consists
of two complex-valued functions: Eé(é) representing the degree of membership and 7@(@) representing the
degree of non-membership of each element ¢ € U.

Both functions take values inside the unit disk in the complex plane and are represented in polar
coordinates as:
i‘*"’vé(@)’

£5(0) = ps(0)e '), ~45(8) = ks(d)e
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where i = /—1, the magnitude functions p5(0) and k(o) satisfy pg(0),kg(0) € [0,1], and their sum
adheres to the condition:

0<pg(0) +kg(o) < 1.
The phase functions Wgé(é) and wvg(é) are real-valued functions mapping into the interval [0, 27].

This framework allows for complez-valued assessments of both membership and non-membership, while
ensuring their combined intensity remains within the allowed bounds.

Definition 2.8 Let X be a nonempty set. A mapping
Q= (£5. Y5, G5) : X —[0,1] x [0,1] x [0,1]
is called a neutrosophic intuitionistic fuzzy set (NIFS) in X if for every g € X,
0<E5(0). To(d). God) <1, 0<Es(0) +T(d) +0s(0) <3

Here:

1. Q5(0) : X — [0,1] denotes the truth (membership) degree,

2. T : X —[0,1] denotes the indeterminacy degree,

3. G : X —[0,1] denotes the falsity (non-membership) degree.

In particular, the neutrosophic intuitionistic fuzzy empty and whole sets, denoted by 0~ and 17, are
defined by
0~(9) = (0,1,1), 17(g) = (1,0,0) forall g € X.

The family of all neutrosophic intuitionistic fuzzy sets on X is denoted by NIFS(X).

Definition 2.9 Let X be a nonempty set, and suppose 0= (5@, Ts, QQ) and B = (£5,Y5,G5) are two
NIFSs defined on X. Then the following hold:

1. Q C D if and only if, for every § € X,
E5(0) <Ep(0), Tg(0) =Tp(0), Gsl(
2. Q=D if and only if both Q C D and D C Q hold.

Definition 2.10 Let X be a nonempty set, and suppose Q = (5,75,05) and D= (Q5,YT5,05) are
NIFSs defined on X. Then the following hold:

1. Q C D if and only if, for every 5 € X,

Q5(0) < Q5(9), T5(0) > T5(0), ©5(0) > ©5(0).

2. Q =D if and only if both Q - D and D - Q hold.

Definition 2.11 A complex neutrosophic intuitionistic fuzzy set (CNIFS) Q = (5@, Y5,G5) over a uni-
verse U is determined by three complez-valued functions: E5(0) (membership) and Y 5(0)
(non-membership), and G5(0) ( indeterminacy) defined for each ¢ € U. Both functions take values
inside the unit disc of the complex plane.

The membership, non-membership and indeterminacy degrees are represented in polar form:

£5(0) = pa(d)e™ 2D, Ts(d) =kg(d)e“ W Gyl

where i = /—1, the magnitudes p5(0), kg(0) and 45 belong to [0,1], and the phase angles ng(Z)),
wr - (0), wg~ (0) lie in [0,27], and
Q gQ

) = dg(@)e"0e'?

¢

0<pg(0) +kg(0) +wgs(0) <3
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subject to the constraint
wgs(0) =3 —pa(0) — ks(0)-
This formulation extends the standard neutrosophic intuitionistic fuzzy set NIFS structure into the
complex domain, allowing complex-valued degrees of truth, indeterminacy, and falsity.

Definition 2.12 A tri-nary t-norm T* is a function
T*: 10,1 — [0, 1]

satisfying the following properties for all 9,<,z,w € [0,1]:

(T1) T*(0,5,1) =T"(0,1,$) =T*(1,0,5) = T*(0,9) (neutral element),
(T2) T*(0,<,2) <T*(0,5,w) if z <w (monotonicity in each argument),
(T3) T*(9,$,2) is symmetric in its arguments (commutativity),
(T4) T*(0,$, T*(z,w,u)) =T*(T*(0,S,2), w,u) (associativity in a generalized form),

That is, a tri-nary t-norm extends the binary t-norm to operate on three inputs while preserving the
essential properties of neutrality, monotonicity, commutativity, and associativity.
Moreover, it follows that if 01 > 02, 1 > &, and z1 > zo, then:

T*(01,%1,21) > T (02,%, 22)-
Example 2.1
1. Tri-nary minimum T *-norm:
Tain(0,€,2) = min{g, <, 2}
This is a natural extension of the standard intersection t-norm to three variables.
2. Tri-nary algebraic product T*-norm:
Ty (0:6,2) =0y 2.
This generalizes the binary algebraic product t-norm and preserves associativity and commutativity.
3. Tri-nary bounded sum T*-norm:
T5(0,S,2) = max{0, 6 + ¢ + z — 2}.
This is the 3-variable extension of the bounded sum, ensuring the output remains in [0, 1].

4. Tri-nary drastic T*-norm:

o - min{g, <, 2z}, if at least two of §,<, 2 are equal to 1,

TD (Q, ga Z) = .
0, otherwise.

This extends the drastic t-norm to three variables with a more selective condition for nonzero output.

5. Tri-nary Hamacher product:
0, ifo=<¢=2=0,
771*(457 S Z) = oSz
0C+ Sz + 20— 2082

otherwise.

This is an extension of the Hamacher product to tri-nary input while preserving the form of the
denominator to maintain proper normalization.
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Example 2.2 The tri-nary drastic t-norm represents the minimal tri-nary t-norm in a pointwise sense,
whereas the tri-nary minimum t-norm serves as the mazimal one. That is, for all §,¢,z € [0,1], the
following holds:

TS(@, ia Z) S T*(éa 67 Z) S Tr‘:;in(éa Ga Z)7

where

TH(8.5.2) min{g, ¢, 2}, if at least two of 9,<, z equal 1,
b g‘7 Z = .
ple 0, otherwise,

and

Tr‘:in(é7 S, z) = min{§7 $ Z}
Note that a tri-nary ¢t-norm T* is said to be idempotent if it satisfies the condition 7*g, g, ) = ¢ for
every g € [0,1].

Lemma 2.1 Let T* : [0,1]> — [0,1] be a tri-nary t-norm. Then, for all ,,w,z € [0,1], the following
equality holds:
T (T*(éa 67 1)3 T*(wa 2, 1)7 1) =T (T*(éa w, 1)3 T*(fa Z, 1)5 1)

Lemma 2.2 Let 7* : [0,1]® — [0,1] be a tri-nary t-norm. Thus, for all 3,<,z € [0,1], the following
properties hold:
1. T*(0,$,2) <min{g,<, z}.
2. T*(0,¢,2) =0 if and only if at least one of 9,<, z is zero.
3. T*(0,¢,1) =T*(0,<) where T*(8,S) is the induced binary t-norm by fixing the third argument as 1.
4. T*0,1,1) = g (neutral element property).
Definition 2.13 A tri-nary S-norm is a function
S: 10,1 — [0,1]
that meets the following criteria for any ¢,<, z,w € [0,1]:
(S1) 8(3,0,0)=¢ (identity element),
(52) If ¢ <w and z < w, then ) )
§(0,6,2) < S(0,w,w)
which expresses monotonicity,

(53) S is symmetric with respect to its arguments; that is,

z s

8(8,,2) = 8(7(8,5,2))
for any permutation 7 of the set {g,¢, 2},

(54) S satisfies associativity in the following form

z z

S(8,8(6, z,w),0) = §(S(8,€,0), z,w).

Furthermore, the function S is called idempotent if for every g € [0,1],

5(0,0,0) = 0.
Example 2.3 Some fundamental tri-nary S-norms are defined as follows for any 9,¢,z € [0,1]:

7

Sm(0,¢,2) = max{g,<, z},
Sp(8,¢,2) =min{1,5+¢+ 2},
S,p(é,iz) =0+S+2—05—Sz— 20+ 0Sz.
Here, S is referred to as the standard union, Sf, as the bounded sum, and Sp as the algebraic sum in
the context of tri-nary operations.
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3. Main Results
Characterization of Complex Intuitionistic Fuzzy Lie Subalgebras via Neutrosophic Norms
Definition 3.1 Let L be a Lie subalgebra. Suppose that
£ = ﬁéeifg’ Ts= [,Qeiéq and Gg = Egeie

are three complez-valued functions on L, representing the membership, non-membership, and indetermi-
nacy degrees, respectively, of a complex fuzzy set on L.

Then the triplet Q = (EQ,TQ,QQ) € NIFS(L) is referred to as a complex intuitionistic fuzzy neu-
trosophic Lie subalgebra of L, and is denoted by CIFNLS(L), with respect to a chosen t-norm T* and
S-norm S, if the following conditions are satisfied:

1 ps

2. p5(70) > ps(0)s

B
I
O
¢
Jr
N
N
v
5.
—_
I
O
—
¢
N—
s
(o]
—
Al
N
-

v
I
(o))
—~ o~ o~~~ /:]\ —~ o~ o~
<
¢
S~—
Y2
IV I
=
¢
S~—

10. x5(8+¢) < max{x5(2),x5()},
11. %5(708) < %5(9),
12. X5([6,<])) <m
13. p5(8+) < S(p(8), 55(<)),
14. pg(
15. pg([0,¢])
16. (5(0+¢) < max{(5(0).(5(9)},
17. {5(78) < (5(0),
18. ¢5(
forall 0, € L and 7 € F.
Definition 3.2 Let L be a Lie subalgebra. Suppose that
Eo=poe™e, Tg=pgee, and Gg=Ege™e

are three complez-valued functions on L, representing membership, non-membership, and indeterminacy
degrees, respectively, of complex fuzzy sets on L.
Then the triplet Q = (€5, T 5,Gg) € NIFS(L)is known as a complex neutrosophic intuitionistic fuzzy

Lie ideal of L under the operations defined by the t-norm T* and S-norm S, if the following conditions
hold:
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10. %g(0+ <) < max{x5(0),X5(<)},
11. x5(70) < x5(0),

12. %5(10,<]) < max{x5(8),05(3)}
13. p5(6+3) < S(ps(0),55(9)),

14. p(70) < pa(0),

15. pg([6:4]) < 8(p5(8), 5())s

16. C5(0+¢) < max{(5(0),(5(S)}

17. {5(78) < {5(0).

18. {5(18,4]) < max{(5(0),(5(9)}-

for every 9,$ € L and 7 € F. We denote by CNIFIS(L) the collection of all complex intuitionistic fuzzy
neutrosophic Lie ideals of L, considered under the norms given by a t-norm T and an S-norm S.

Example 3.1 Let L = R3 be a Lie algebra over R, with Lie bracket defined by the cross product:
[0, =0x%x¢, forall §,s€ L.
Define a complex Neutrosophic set Q = (€5: T3, QQ) € NIFS(L) on L, where:

1a if§1:§2:l_53:07
p5(01,02,03) = 0.7, if 01 =02=0, 03 #0,
0.3, otherwise,
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0, ifo1=202=03=0,
Cé(éla 1_527 53) = %7 Zf é?) 7£ O;

1, otherwise,

0.2, ifo1=02=03=0,
g Qla 1927 Q3 04, Zf é% + é% + é% S 47

0.6, otherwise,

0, f01=202=03=0,
X QlaQ?aQS gv Zfé?#oa

w, otherwise,

0, if 01 =02 =03 =0,
p5(01, 02, 03) 0.1, ifo1=0, 5+ 33 >0,

0.25, otherwise,

(o (81, B, B3) = 0, for=02=03=0,
QLEL =S %Tﬂv otherwise.

Let the t-norm and s-norm be defined by
T*(él,ég) 26162, 5(61,62) :61 +62 —6162.
Then Q = (EQ, Ts. Qé) € IFS(L) satisfies all the required conditions for a complex neutrosophic intu-
itionistic fuzzy Lie subalgebra, i.e., A € CIFNLS(L).

Lemma 3.1 Let Q = (EQ,TQ,GQ) € CIFNLS(L), and suppose T* and S are idempotent t- and S-
norms, respectively. Then the following properties hold:

1. Q(0) 2 Q(3) for every g € L.
)= Q(—0) for all 3 € L.
[6.]) = Q([¢, d]) for all ,< € L.

As a result

and
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and

and so

(2) Let g€ L. As

Accordingly

£5(8) = p5(0)e'2'?) = p5(—p)ee"? = E5(~0)
and

Y5(8) = pg(8)e e = ps(—p)e" o9 = T 5(-0)
and

G5(0) = £5(0)e™el® = £5(—p)e™e"0 = G5(~0)
therefore

Q(0) = (£5(8), T5(8).G5(0) = (£5(~0), T 5(=0),G5(~0)) = Q(~d).

(3) Let g,¢ € L. Then by using part(2) we get that

p5([0:<1) = pa (=[S, 8]) = ps([<: 2])
Co([8:4]) = Co(= 5, 8)) = (<. 2)
p5((0,<]) = pa (=[S, 2]) = pa([<, a])
Co([8:4]) = Co(= 5, 8)) = (5 (<. 2)
£6([8,4]) = £5(=15,8)) = £5([5, 2))
x5([0:¢]) = xa(=[S, 0) = xa([<, 0))
then
E5((6:9)) = po([8,)e’ 218D = ps (IS, g))er el = £5([¢, g])
and
T5([8.9)) = pg([8.8)ee@D = 55 (G, gl (S = 1 45([¢, 8])
and
G5((8,<)) = €5([8,exele) = £5([¢, gl e = G5 (¢, 8])

O([6,<]) = (£5(18,D), T5([8.€]), G5 ([8,D) = (£5([5 ), T (6, 8]), G5 ([ ) = O
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(4) Let 9,< € L. Therefore

p5(S) =pglo—(2-2<))
=pg(0+(—(6—29)))
> T (p5(0): ps(—(6—23)))
=T (p5(9): (8 <))
=T (p5(0),p5(0))
> T (pg(8),n5(0))
= pgs(0)
=pg(0—<+9)
> T (ps(8—23),p5(<))
=T (PQ(O 7/3Q(€)>
> T (ps(€),h5(<))
=ps(<)

thus p(8) = P (S). As

In addition,

SS(ﬁQ(
=S (p5(0),p5(8—9)
= (ﬁ@(v PQ(O))

11
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<S8 (pal6—9).p5()
=8 (50(0),£5(9))

< 8 (P09, £6(9))
=£5(9)

Xs(S) =Xg(0—(6—9))
=xg5(0+ (=(6-9)))
< Max {X5(8), x5(—(8—23))}
= Max {x(8), x5(6 —<)}
= Max {X5(0), x5(0)}
< Max {X5(0), x5(2)}
=x5(0)
=xXg(@—<+9)
< Max {X5(8—<),x5(9)}
= Max {x(0), x5(<)
< Max {X5(5), X(<)}
=x5()}

It follows that X 5(2) = Xg(<). Consequently, we have
G5(0) = £(@)e™MD = £ = G5(9).
Thus,

Proposition 3.1 Let L be a Lie subalgebra and consider Q= (5@7 Ts, GQ) € NIFS(L), where

€= ericév To= ﬁQBiCQ7 GQ = féeixé,

13

are three complex fuzzy functions defined on L. Suppose T* and S are tdempotent norms. Then the

following conditions are equivalent:
1. Q= (£5,75,G5) belongs to CIFNLS(L).

2. For any t,s,l € [0,1], the set

QL ={06€L|QM0) = (t,s,)} ={6€L|E5(0) >t,T5(0) <s,G5(0) <1}

—{2€ L1pa(8) 2 1.85(0) 2 1,€5(8) = 1,75 (0) < 5.Co(0) < 5, X0(0) < 5}

forms a subalgebra of L.

Proof: Let Q = (5~ Ts, (j@) € CIFNLS(L), and let g,< € Qil with 7 € F'. We will demonstrate that

the elements g + ¢, 7g, and [g,<] also belong to Qil Namely, as

pa(0+S) =T (pl0):p5(S)) = T (t,t) =t,
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. (5(8+¢) > Min{w(g), w(¢)} > Min{t, t} =t
" po(0+3) < 8 (ps(0),55(9) < S(s,5) = s
" (oo +3) < Max {5(2), (o (0) } < Max(s, s} = s
" $o(8+9) < 8 (po(2),60(9)) < S(s,5) = s
and

Hence, it follows that g+ ¢

and
£5(70) <€5(0) <5, xg(T0) < xg5(0) <s.
We conclude that 79 also belongs to Qg ;- Additionally,

p5([0,]) = T~ (p5(0),5(<)) = T*(t,t) =1t

and
(a(18,3]) = Min {(5(0), Co () } = Coftit} =
and
polled)) < 8 (5a(8). po()) < S(s,5) = s
and
(o(12,9)) < Max {(o(0),o (@)} < Cols,s} =s
and
€[, < 8 (£0(8).60()) < S(s,5) = s
and

implying that [g,¢<] € Q’;l Consequently, Qil forms a subalgebra of L for every ¢,s,l € [0, 1].
Conversely, suppose that for all s,¢,1 € [0, 1], the set le is a Lie subalgebra of L. For arbitrary
elements ¢,¢ € L and scalar 7 € F', assume

QS) = (£5(5), T5(5),65(S)) 2 Q(0) = (£4(8), T 5(0),G5(8)) = (t:5,1).
This means that . .
£5(S) = pa(0) =t, (5(S) = (5(0) =t,
Pa(6) < pg(d) =s. (5(6) <(s(0) =,
§5(S) <&s(0) =1, X5(S) < Xg(0) =1
Hence, both ¢ and ¢ belong to Qts’l, which implies that their sum ¢ + ¢, scalar multiple 7g, and bracket

[9,¢] also lie in Qil Since
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and
Ca(0+9) = t=Min {(5(0).C5(0)}
and
ps(T0) >t = pg(0)
and A A
C5(70) >t =(5(0)
and
ps([0,¢)) =t =T" (pg(8),p5(<))
and
Coll8,9]) = t = Min {{5(2), o (4)
and
Po(0+9) < s=8(p5(8):55(9)
and
(5(0+¢<) <s=Max {é@(é)af@(f)}
and
p5(T0) < 5=pg5(0)
and
(5(70) < 5=1¢5(0)
and
p5(18,¢]) <5 =38(ps(2),p5(S))
and
(al[6,4]) < 5 = Max {¢5(2), $5(9)
and
£5(0+9) <5 =8 (€5(0).45(9))
and
XQ(Z’ +¢) < s=Max {XQ(Q)?XQ(g)}
and
£5(70) < s =E5(0)
and
Xs(70) < s =x5(0)
and
£a([0.9) < 5 = $ (£5(0).65(9))
and

x5([8,¢]) <'s =Max {x5(0), x5(<)
Therefore Q = (SQ,TQ,GQ) € CNIFLS(L).

Corollary 3.1 Let L be a Lie subalgebra and consider 0= (SQ, Ts. GQ) € NIFS(L), where

Es=pgee, Ta=psee, Gg=~E{geXe

are complex fuzzy mappings defined on L. Assume the norms T* and S are idempotent. Then the
following conditions are equivalent:
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1. Q= (£5.75,G5) belongs to the class CIFNLS(L).
2. For each triple (t,s,1) € [0,1]3, the set
Qli={0eL|Q() = (ts,)} ={8€ L|E5(0) >t T5(0) <s, G(8) <1}
={eeLlpg(®) >t (o) >t Go(0) > 1. po0) <5 $o(0) <5, Eo(0) < s}
forms a Lie subalgebra of L.
The argument closely follows the proof of Proposition 3.1.

Proposition 3.2 Let L be a Lie subalgebra, and consider Q = (€5, TQ,QQ) € NIFS(L) where

E5=hade, Tg=pgee, Gg=Egee

=

are complex fuzzy sets defined over L. Suppose T* and S are idempotent norms. Then, the following are
equivalent:

1. The triple Q = (EQ,TQ,QQ) is an element of CIFNLS(L).
2. For any t,s,l € [0,1], the subset
QLi={0eL|QW) = (s} ={deL|E5(0) 2t T5(d) <s, G5(8) <1}
{QGL 1 p5(8) = t, (5(8) >t, G5(8) = t, ps(8) <s, (5(8) < s, X5(0) SS}
forms an ideal of the Lie algebra L.
Corollary 3.2 Let L be a Lie subalgebra, and suppose
Q=(£5.75,G5) € NIFS(L),
where the complex fuzzy sets on L are given by
Eo=hoc e, To=pgee, Gg=Egeie.
Assuming T* and S are idempotent norms, the following conditions are equivalent:

1. The element Q = (€5, Y5, C;Q) belongs to the set CIFNLS(L).
2. For allt,s,l €0,1], the subset

Qli={0eL|Q() > (ts,)} ={8€ L|E5(0) >t T5(d) <s, G5(8) <1}

—{e L1pe(@) >t {o(0) > t, Gol0) >t po(0) <5, {o0) < 5, %o(0) < s}

is an ideal of the Lie algebra L.
Definition 3.3 Let L be a Lie subalgebra, and consider
A= (£Q7TQ,GQ)7 B = (gﬁafr@agvﬁ) GNIFS(L)v

where

and
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are complex fuzzy sets defined on L. The intersection AN B is then defined by assigning, for every ¢ € L,

(AN B)(8) = (anB(8), Tans(9), Ganp(0)),

where the components are specified accordingly.

(ANB)(B) = (€5, T 5:65) N (Ep: T, Gp)) (8) = (Eans(8), Tans(8), Lans(0))
= ((bo N hp) (@)'™2) @ (551 5p) (2)e (@)D, (651 Ep ) (e (Fe )@

such that p5 N pp : L — [0,1] andégﬂgﬁ:L% [0, 27] andégﬁéﬁ:L—) [0,1] and pg N pp = L — [0,1]

and é@ N éﬁ : L — [0,27] and x5 N Xp : L — [0,27]. Define

(haNhp) (0) =T (p5(8), pp(0))

and (éonés) (0) = Min {(5(0).65(0)}
and (5o M ip) (8) = S (55(0), 55 (0))
and (¢anés) (@) = Max {(a(2).C5(2))
and (¢anés) @ = (¢0(0165(0))
and (Xa N Xp) (8) = Max {x5(8), X5(0) }
for all 3 € G.

Proposition 3.3 Let Q = (£5,Y5,G5) € CIFNLS(L) and D = (£5,Y5,Gp) € CIFNLS(L) such that
&5 = ﬁéeicé, Ts = ﬁéeicé and C;Q = féeixé and E5 = pped, T5 = pped and g}, = éﬁeixﬁ be

complex fuzzy sets on L. Then QND € CIFNLS(L).

Proof: Let 9, € L and 7 € F. Then
(1) - ] )
(hsNpp) (8+S)=T"

Then

So,
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4
N (¢onép) (6+9) = Min {{o(a+9), <D<g+<>}
> Min {Min {¢5(8).¢5(9) } . Min {E5(2).65(9)}
= Min {Min {r1(8), 72(8)} , Min {r1 (¢), r2(S)}}
=Min{(ésnép) (), (G nés) @)}
Thus
’ (Céﬁ(f@) (8+4¢) > Min{(fgﬁéqj) (0), (f@ﬂéﬁ) (5)}-
(Canés) (7o) = Min {{s(70), (,:13(7‘5)} > Min {¢5(2),é(0) } = (Can o) (0)
(fano) ) = ot ot}
> MIH{MI { (5(Q) } Mm{fﬁ(é)&p@)}}
_Mm{M { (5(0) },Mm{fg(f),@;k)}}
= Min{ (¢ cD) (éanés) @}
Accordingly,
(¢anés) (16.4D = Min {(éon&5) (@), (SN ) (@)}
®) (hsNip) (8+<) =S (s(8+<),pp(0+9)
< 8 (8 (p5(0).76(9) S (5(2). 75()))
:S(S (55(2):5(0)) S (p5(<), (<)))
= $(7a N p) (2), (5o Nip) (D))
Consequently,
(o N 5) (8+) < S (55N p) (8), (s M i) ())
(Ao N ip) (78) = S (pa(78), pp(70)) < S (pa(0),pp(0)) = (Pa N ip) (0)-
o (s N p5) (18:6) =S (pa([2.5]) pp([2:))
<8 ($(ps(0),75(9)) . $ (75(0),75(5)))
= $ (8 (s(®). 75(8) .S (55(©). 75(9))
=8 ((pa N p5) (9): (s N hp) (9))
As a result,

(Ao N 5) (12:9)] < S (g N 7p) (0): (Pg N 7
(¢anés) (2+9) = Max {{o(@+2), cp( +9)
< Max { Max {gg ¢5(9)
:Max{M { é5(0)
{

= Max (cgncp) éa mé@) ©}



Thus,

Thus,

(13)

Therefore,

((anés) o) = Max {{o(70). G(7
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(banés) 0+ <Max{(é3n ) @), (¢anés) 9}
(7o)} < Max {{5(0).6p(0) } = ({0 N ép) (0):
{Calle. <. o124}
< Maxx {Max {¢5(2). $o(9) } - Max {(5(0). G5 | }
{Max{’ (@) ép@} Max {{5(€)p(O)} |
{(c

(ons) )}

@ (¢
)@ (Cendo) @1}

(é@ﬂé@) ([8,¢ <Max{(§QﬂCD

£5(0+9), 5@ g+<)

(é@ﬁfp> 0+<) S(
<8 (S (€6(0).€5(0)) .S (€5(2).€5(9)) )
$($
S ¢

(45(0165(0)) .8 (45(9).65(0)))

€5 é“p) (danés) @)

(donés) 0+ <8 (éné5) (0). (€5 Nép) ©)) -
(ésnés) (70) = S (£a(70). €5(70)) < & (€5(0).€5(0)) = (€5 Né5 ) (2).
(é0nép) (2.4 = S (o241 ép (124D
<8 (8 (101 4009) (600019
=8 (5 (0 4000) 8 (0096009
=5(

(éanés) @) (45 ﬁfp) )

(ésnés) (8.9 <5 ((€an65) 0. (E5é5) ).
(Xo NXp) (64 7<) =Max {x5(0+9), >'<D(5+<*>}
< Max{MaX {XQ } MaX{Xﬁ(é)yXf)(f)}}
= Max {Max {XQ(@)& Xﬁ(é)} aMaX {XQ(§)7X)§(§)}}
= Max {(xg N xp) (9): (xa NXp) ()} -

(X Nxp) (0+<) <Max{(xg Nxp) (9), (xg N x5) (6)} -

(Xa Nxp) (70) = Max {x5(70), Xp(70)} <Max {x5(2), Xp(0)} = (x5 N xp) (9)-

(Xg Nxg) ([2:€)) = Max {x5([2:<)), xp([g d)}
< Max{Max{)'(Q (©)}, Max {x5(8), xp()}}
= Max {Max {)’(Q ()}, Max{xQ $)x (g)}}
~ vt ({101 £0) @ (10 o) )

19
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As a results,

(Xa Nxp) ([8:<]) < Max {(xg N xp) (8), (xo N Xp) (€)}-
(1)—(16) show that AN B € CIFNLS(L). Using a method akin to the proof of Proposition 3.3, we obtain
the following result. O

Proposition 3.4 Let O = (EQ,TQ,QQ) e CIFNI(L) and D = (Eﬁ,Tﬁ,Gﬁ) € CIFNI(L) such that
s = ﬁéeiCQ, Ts = ﬁgeicéj GQ = féeixé and Ep = p“@eicﬁ, Ty = ﬁf)e"%, Q}) = éﬁeixﬁ be complex
fuzzy sets on L. Then QND € CIFNI(L).

Definition 3.4 Let L be a Lie subalgebra, and consider two elements Q = (gé,Té,gQ) and D =
(5@ Ts, g@) from NIFS(L), where

Eo=pge e, Ta=paee, Gs=~E{geXe,
and .2 4 ~ . ..

€5 =ppe"?, Tp=ppe?, Gp=Epe’P
are complex fuzzy sets on L. We define the sum Q + D for each 5 € L as follows:

(Q+D)©3) = ((€5:Y5,95) + (€5, T5:G5)) () = (E5.5(08), To.5(8), 15,5(8)
_ ((/3@ +p5) (é)ei(fg-i-ffa)(é)’ (5g + hp) (é)ei(Cgﬁ-Cﬁ)(é)’ (5@ n 5{)) (é)ei(xé+xﬁ)(é))

where the functions

and ) )
ps+pp:L—100,1], C(5+Cp:L—[0,27]

are defined accordingly. X5+ Xp : L — [0,27]. Define

(o + o) (@)= sw_ T (po(Q).hp(22))

and
(o + ) () = Mings, 15, {C6(9). Cp(02)}
and
(ha+75) (@)= int 8 (ps(Q)75(32)
and
(éo+5) (8) = Maxys, 43, {C(9). G5(02) |
and
(o +ép) @)= it $(£5(9).65(02)
and

forall o € L.

Proposition 3.5 Let O = (5,Y5,G5) € CIFNLS(L) and D = (€p,Y5,Gp) € CIFNLS(L) such that
&5 = ﬁQeicé, T = [)Qleigéj GQ = égei’@ and Ep = ﬁ@ei%, Ty = [)f)eicﬁ, g}) = ff,eiXﬁ be complex
fuzzy sets on L. Then Q4+ D € CIFNLS(L).
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Proof: Let §,$,01,02,03,04 € L and 7 € F.

(ﬁ@""ﬁf)) (54_5): osup T* (,OQ 01 —I—Uz Pp 03+04)) (1)
G+=D1+D2+D5+D4

> sup T

 Go=D1 402405434 (T* ( ):h5(02 ) T (/313(53)aﬁ13(54)))
(

= sup T T*( ), Py (03 ) T" (ﬁ@(62)aﬁf)<64)>)

G+5=01+03+02+04

=T sup T~
§=01403

=T ((ps + hp) (0), (b + ip) (9)) -

N

$=02404

ﬁ@(g)vﬁﬁ(63)>7 sup T* (ﬁg(62),ﬁ75(64))>

Then,
(o + pp) (8+3) =T ((ps + pp) (0). (b + pp) (S)) .-

(o+5p) (FO) = s T (pg(#01).pp(732) = swp T (po(Q). pp(32)) = (5o + bp) (0)

FO=F014+702 0=01402

(bo+ip) (6D = s T (pg(d1,3a]). ([, 34])
[8,5]=[01,02]+[03,04]

> sup T (T* ( ), P (02 ) T" (ﬁﬁ(ﬁS)aﬁﬁ(64)))

[8,5]=[01,02]+[03,04]

= sup T (T* ( ), Pp (03 ) T" (ﬁ@(62)7ﬁﬁ(64)))

(8,6]=[01+93,02+04]

:T*< s T (9g(Q)pp(3s)) sup T (pQ@z),ﬁ@(m)))

0=01403 E=0o+4+04
=T"((pg + ip) (0), (p5 + pp) ()
So,
(b + i) ([8:51) = T* ((pg + hp) (8): (hs + hp) (9)) -
(4)
(éQ + CA"ﬁ) (é + 6) = Min§+§:51+62+53+04 CQ 01 + 02 CD 03 + 34)}

{¢
> Ming e, 45, +35+04 {M { Q).{5(02 } Min {5@(53),5@(54)}}
= MiNyy s, 45,4545 {Ml {Cg (9), ¢al 03)} Mill{ég(ﬁ2)»5ﬁ(54)}}
= Min {Min, s, 5, {(Q), 55 (3s) |, Mine_s, 5, {0 (32). pp(34)} }
=Min{ ({5 +$5) (@), (cg +85) 9}
Then
| (Co+ép) @+9) 2 Min{(Co+6p) (2), (o +6p) O} (5)

(éo+Gp) (70) = Minsgers, 5, {Co(781), 65 (702) |

> Ming_s,+5, {Co(Q), p(32) }

= (CQ + fﬁ) (0)
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(6)
(¢ +p) (16:4) = Ming o, 5,145,501 { Ca(B1320), (35,3 |
> Mingg -, a4 050 { M { o (), (o (82) b Min {G5(35), G5 (00) }}
— Mings (5, 15050550 {Mm{CQ(Q) Ca(B3) } Min {Cs(32), G (00) } |
= Min {Mmé:QIJra { (03) ¢, Ming_;, 5, {CQ 0s), CD(D4)}}
=MmK@+QN>@gmﬁkﬁ
Thus,
(5@ + f@) (0+29) > Min{(fg + 5@) (0), (CQ + 5@) (5)} :
(7)
(po+pp) @+ = imf S (po(® +3a),op(ds +04))
< g+5:61i%£+63+643 (SﬁQ(Q),ﬁQ(52)) .S (55(53),515(54)))
= i 8(8(5a(Q)5(0:)) 8 (5a(B2).75(34)))
=5 (ot $(30(@5(0) it Sooe)5(0)) )
=35 ((pg +5p) (9, (hg +5p) (5)) -
Then,
(o +5p) (8+9) <S8 ((Pg +7p) (2). (b + p5) (9)) -
(8)
(bo+ip) GO = int 8 (pg(#1),pp (7)) < inf & (05(Q).75(32)) = (g +h5) (0)
9)
(g +pp) ([8,4]) = s s ]S(pg 01,02]), 5 ([05,04]))
<[Q§:0Hle]+D a]S(S( pgbz) (75(2). 7 (04) )
= gmio sy S (5 (700217569 8 (al22)7ol64)
=5Q%ﬁ%s@dQWﬁ%Dkiﬁm%d%M%@0>
=38 ((pg +5p) (8): (5o +5p) (5)) -
So,
(s +05) (12:5) < S ((5g + p) (). (5g + p) (9)) -
(10)

(5@ +§f>) (04<) = Maxy, s, 45545544 {Cé(él +92), 505 +64)}
< MaXy s e 5, 45,4005, {Max{gg( cg(ag)} Max{cp(bs) p(d )}}
= MaXyy cm5, 450455454 {MaX{CQ(Q cp(og)} MaX{CQ(DQ) ép(d )}}
= Max {Mmé:ﬁl+D { 03) ¢, Maxc_s,.5, {Cg 02), CD(04)}}
:Mwﬂg+@y>@gmgc&

);
);

)
(
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e (6o +65) (249 = Max{ (éo + o) 0 (Co + &) @)
(ég + %) (70) = Max; 55, 475, {ég(fﬁl)v C/f)(%%)}
< Maxy_s, 15, {ég(Q% 575(52)}
= (CQ + f{;) (0)
(11)

(¢o+p) (18,9)) = Maxgg o, sap4100.0.) { Ca (1, 921). (83,84 }
< MaxX(s ¢—(5,,52]+[55.54 {M {CQ( )59(52)} MaX{f@(53) C,za(v )}}

Thus
(CQ +CD) 0+¢<) (CQ +CD) (CQ +CD) (C)}
(12)
<£Q * éﬁ) @+ = é+€:61jr%£+63+a 8 <§Q(al +02), gD(a‘? + 04))
LY. SO § (559( Q). 59(62)) 8 (515(63)’5’5(64)))
= it S(8(£(9).65(0)) 8 (Ea(02). 5 (00)) )
=5 (it S (6al0)éton)._int | ég(ea)dpten) ) )
=8 ((¢a+45) @ ({5+5) ).
Then
(éo+6s) 0+ <8 ((éa+5) (0 (€5 +65) D).
(13)

(orép) o= it 8(E(d). (7)) < inl S(65(9).65(02)) = (b +65) (@)
(14)

(o+ép)lah= _ inf 8 (Eor,:])€p(15,34])

[8,$)=[01,02]+[05,04

< inf S (3( fg 0, ) (f (0s), 59(04)))

[8,]=[01,02]+[03,04

= inf S( ( D), £5(03 ) (59(02) £p(d )))

[0,5]= [D +03 O+O]

=5 (e, 8 (6a(0)épo0))_int | $€aoa)éaon) )

= D

=5 ((o+65) (0. (o +65) ©)).
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So
| (bo+ép) (1. <8 ((da+€5) () (€0 +5) @) -
(Xo + Xp) (64<) = Maxy, c_5, 15,15515, {1Xo(01 +02), Xp (03 +04) }
< MaX;cop, 45,455+0 {Max {XQ(Q)vXQ(D2)} » Max {)'(75(63),5(75(64)}}
= Maxy e5, 495+ 82+84 {MaX XQ(Q)aXﬁ(ag)} Max {x 5(02), X5 (04 )}}
= Max {Min§=51+53 {X@(Q) X@(ﬁg)} ,Max._3, 15, {X@(ﬁz),)'(@(@;)}}
= Max {(Xg + Xp) (8), (X5 + Xp) )} -

Then,
5) (04<) < Max {(xg + xp) (), (Xg + Xp) )} (15)

(16)
(XQ+X15)([ )= Max(s =[5, ,92]+[53,54] {XQ ([01,02]), % ([63754])}
< Maxs q=[5,,3]+[52,54] {Max {XQ ' ~(52)} , Max {Xﬁ(63),>€1§(64)}}

- Ma’X[Q S=[01403,02+04] {Max{ X

|
5
"
—
=
o
ol
[T
g
+
<
@
=
=<
©
©
=
O
=
N
——
=
o
"
n
S’
+
=X
N
—~
=
l\()
"ok
M
.
o]l
=
&
—
——

= Max { (X5 + X5) (2); (Xg +X5) (¢ )}
Thus,
(Xo +Xp) (8+9) < Max {(xXg +Xp) (9), (Xg +X5) (€)} -
Therefore, Q + D € CIFNLS(L). O
As with Proposition 3.5, the proof of the next result is straightforward.

Proposition 3.6 Let Q = (5Q,Tg,gg) e CIFNI(L) and D = (ED,TD,QD) € CIFNI(L) such that
s = pae’ Co, Ts = er Q QQ = f eXs and Ep = pDeICD Ty = ppe CD, Q}) = f.,geixﬁ be complex
fuzzy sets on L. Then Q+D e CIFNI(L).

Definition 3.5 Let Ly, Ly be Lie subalgebms and N : L1 — Lo be a homomorphism of Lie subalgebras.
Let Q = (EQ,TQ,QQ) € NIFS (L) and D = (€5, Y5,Gp) € NIFS(Ly) such that &5 = pAQe' g,

Ts =pgae' Co QQ = f e’Xs be complex fuzzy sets on Ly and Ep = ppe ip , Tp = ppe ip QD = fDe Xp
be complex fuzzy sets on Lo. Define

R(Q) = (R(£5),X(Y5),R(Gg)) = (N (ﬁéeiég) N (%eiég) N (égeixQ»
- (N (p5) (o) R (55) e™(¢e) n gg) em(*@))

and

R1(35) = (N1(Ep), RTH(Tp), R7H(Gp))
= (8 () N (e N Eeo)

= (N_l (pp) €™ (Ce) R (5g) ™ (C2), N‘l(éﬁ)em*l(éﬁ)) .
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Now for all h € Ly and g € Ly define
R (pg) : Lz = [0,1] as

R (pg) (h) =sup{ps(g) | g € L1,R(g) = h}
N (pg) : Ly = [0,1] as

N(ﬁ@) (h) = 1nf{pg | g € L1,X(g) = h}
N ({Q) : Ly — [0,1] as

R (éo) () = int {€5(9) | 9 € L1, R(g) = h}
N (fg) : Ly — [0,27] as

N (Co) () = sup {Cal9) | € L R(9) =
N (CQ) : Ly — [0,27] as

& (&) () =inf {Colo) | g € L1, R(g) = b}
R (Xg) : L2 — [0,27] as

N (xg) (h) = inf {Xg(9) | g € L1,R(g) = h}
N~ (pp): L1 — [0,1] as

R~ (pp) (9) = pp(R(9))

N~ (pp) 1 L1 — [0,1] as

R-1(Es) s Ly — [0,1] as

-1 (éﬁ) : Ly — [0,27] as

-1 (é@) : Ly — [0,27] as
(&) (@) = G 0))

N~ (xp) : L1 — [0,27] as
R (Xp) (9) = Xp(R(9))-

Proposition 3.7 Let U : L1 — Lo be an epimorphism of Lie algebras and Q = ( oL Q,gg)

CNIFS (Ly). Then B(Q) € CNIFS (Ls).
Proof: Let Q1,05 € Ly and ¢*, (** € L; such that Oy = U(¢*) and 0, = U(¢**). Then
(8) ([)Q) (@1 + @2) = sup{

5 (04 0) | 05,07 € L, B (£ +07) = Oy +©2}
> sup {7’* (b (£), pa(£)) | €505 € Ly, B(¢7) = Oy, B(£7) = @z}

6(00) (B1) 8 (2g) (2)).

So,

=T (sup{pQ )| % € L") = @1} sup{,sg(z**)\e**eLl,U(e**):(»g})
(

25

(1)
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6 (pg) ([01,02]) =sup {pg (1", *]) | .0 € Ly, B (16", £]) = 01, B |
> sup { T (pg(£), po(£)) | £%,67* € Ly, ([5("), 5(™)]) = |01, 0] |
=T (sup {po(£") | € € L1, 0(¢") = O b sup { 5o (€7) | € € Ly, (™) = 02 })
7 (65(55) (01) .6 (55) (©2)) -
Then,
0(7a) ([81.02]) 27" (6.(50) (81) 0 (20) (©:)) ®
o (éé) (©1 +©2) = sup {6@ (6 +0%) | 6,0 € L, B (0" +£°%) = Oy +©2}
> sup {Min {gé(e*),&(e**)} | 65,0 € L, 0(0%) = 01, B5(£) = ©2}
— Min {sup {éé(z*) | 0" € Ly, B(6") = @l} ,sup {ié(e**)} | 0" € Ly, B(6™) = @)Q})

= Min {5 (55) (01) .0 () (©2) } -

Thus,
6(G) (01 +82) = 2in {55 (G) (01) 5 (o) (2) )
6 () ([01,02]) =sup {Co (e, | £, € L, B (16, 0]) = |01, 02 } (4)
> sup {Min { (), Cu(e™) } 1,0 € Ly, ([5(), 5(¢™)) = [01,05) }
— Min {sup{ V| 0 € Ly, 0(0*) = @1} sup {fg(e**) | 0 € Ly, B(0) = ©2}}
=M {5 (o) (01) 8 (Ge) (02) -
Then, A o ) i A i
6(C) ([81:02]) 2 Min {15 (¢o) (51) . (Go) (2) }-
()

6 (5s) (@1 + @2) — inf {ﬁé (65 + 0%) | 05,07 € Ly, B (6" + 07) = 0y + @2}
< inf {s (5o (l), po(E)) | €507 € Ly, 5(£7) = Oy, B(L™) = ©2}
_$ (inf {ﬁg(ﬁ*) | 6" € Ly, 0(0%) = @1} ,inf {pg(z**) | 6% € Ly, B(0) = @z})

-5 (500) (61).570) (32)).

O (o) (01 +02) <8 (U (50) (01) .8 (5g) (02))-

Thus,

(6)
U (5g) ([@1,@)2]) - inf{ﬁé ([€5, %)) | 0,07 € Ly, 0 ([, 0*]) = [@1,()2”
<inf {S (7)o (E)) 1,6 € Ly, ([5("), (™)) = |01, 0] |
~ S (inf {pg(z*) | 6" € Ly, 0(0%) = @1} inf {ﬁg(z**) | 6 € Ly, B(0) = ©2})

=8 (0 () (1) 61 (©2)) -
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5 (5g) ([@17@)2}) <S (U (Ps) <@1) 0 (Pg) (@2))

Then,

(7)
) (g’Q) (@1 + ®2) — inf {C’Q (6 4 0) | 05,0 € L1, B (65 + 07) = O, + ©2}
< inf {Max{g’é(e*),g(z**)} | 65,0 € L, 0(6*) = Oy, 5(£) = ©2}
— Max {mf {g’Q(z*) |6 € Ly, B(6) = @1} ,inf{éé(é**)} | 0 € Ly, O(0*) = ©2})

s (36) () () (22
(60 (0002 <3 () () 60 (0} ©

6 (&) ([01,0:]) =int {Co (e, 0] 1€, € L, B (17, 67]) = [01,00] }
< inf {Maxe {o(€).Co(E)} | 0.6 € L, (0. 0()) = [01.0] )
— Max {inf {g’Q(e*) | 0" € L, () = @1} inf {C’Q(e**) | 0 € Ly, O(0*) = ©2}}

i (5 (60) (00)-9(60) (&)
0 (60) (0102 < vx {3 60 (01 -0 ) (&)}

Then,

Then,

) (5Q) (@1 + ©2) — inf {gé (0 + 07) | 05,0 € Ly, B (0* + 0%) = Oy + @z}
inf {5 (gé(e*)7xé(e**)) | 65,0 € L1, 0(0*) = O, B(£) = ©2}
S (inf{gg(z*) | 6" € Ly, (6 = @1} ,inf {gé(e**) | 0 € 05,50 = ©2})

~5(0(te) (5) 5 (te) (22).
5(60) (01+8:) =8(0(6) (01 0(6) (&)

IN

Thus,

(10)

5 (45) ([01,02]) = 1nf{§Q([€ o)) | 24, 0% € Ly, U([Z*,K**]):[@l,(f))g”

5(0),¢
(0 | € € Ly, B(L7) = @1} ,inf{éQ(Z**) | 0 € Ly, 0(0*) = @z})
) (0) 560 (62).

Then,
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(11)
U (%g) (@1 + @)2) — inf {x@ (65 + 0) | 05,0 € L1, B (£ + 07) = O, + ®2}
< inf {Max {xg(z*),&w**)} | 6,0 € Ly, 0(0*) = Oy, B(£*) = ®2}
= Max {inf {Xo(¢") | £ € Ly, B(") = O1 | ,inf {o ()} | £ € L, 0(¢™) = Os} )
= Max {© (¥g) (1) .0 (xo) (02) } -
Then,
5 (Xg) (61 +02) < Max {5 (5) (61) 0 (o) (B2) }.
(12)
U (%a) ([@1,@]) - mf{xé ([6%,0%%)) | £, 0 € Ly, ([¢*, 0]) = [@1,(»2]}
< inf {Max {g(£), Xo (")} | £, € Ly, (B(¢), 5(¢™)]) = [01,02] }
= Max {inf {xo () | £ € L") = O },inf {5 (¢™) | £ € L, 5("") = B3 } |
= Max {6 (xo) (1) .0 (xo) (02) } -
Then,
530) ([004) = {5 5) (0 550 (02)

Let 01,0 € Ly and £*,£** € L, such that O; = U(¢*) and Oy = U(¢£**). Then

0 (pg) (70) = sup { 5o (74 | € € L1, 0(70) = 70} (13)
> sup {ﬁgé‘é € L1, 0(0) = @}
=0 (ps) (0)

6 (o) (70) = sup {Lo(71) | 7 € Ly, (7 = 70} (14)
> sup {5Q2|€ € L, 0(f0) = @}
=5 (o) (0)

U (pg) (70) = inf {ﬁg(%g) |0 € Ly, 0(7l, = 7‘@}
< inf {ﬁgé‘i e L, 0() = @}
=0 (ps) (0) (15)

o) (c’Q) (O

~

—inf {5 (70 | £ € Ly, U(#D) = 70}
< inf {g‘é(é) 1ie L, 0() = @}
=5 () ©
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f
=0 (f@) <©> (16)

(17)

Hence, following the arguments presented in (1)—(17), it follows that 0(Q) € CIFN(Ls). O

Its validity can be seen without difficulty.

Prop051t10n38 Suppose G : L1 — Lg is a surjective Lie algebra homomorphism and
Q= (EQ,TQ,QQ)ECNIFI(Ll) Then the image B(Q) belongs to CIFNI(Ls).

Prop051t10n39 Suppose G : L1 — L2 is a surjective Lie algebra homomorphism and
Q= (€5 TQ,QQ)ECNIFS(Ll) Then the image G(Q) belongs to CNIFS(Ls).

Proof: Let ¢*,0** € L. Then

(1)
UL (pp) (£ + %) = i (U (¢* + £°))
= pp (B(C*) +T(0*))
= pp (B(L") + U(0*))
> T (rp (U(CY)), pp (B(L)))
=T (U7 (pp) (), 057" (pp) (7))
So,
U (bp) (€ +07) = T (07 (pp) (), 07" (pp) (€))
(2)
O (pp) (165, 07]) = bp (B ([, )
= p@ ([O(e"),6(e)])
> T (pp (B()) , pp (B(£)))
=T* (07" (pp) (), 571 (pp) (7)) .
Then,
O (pp) ([ 07]) = T (U7 (pp) (), 57" (pp) (£7))
(3) A )
= (p (B(L7) + (™))
= Cp (DY) +B(L*))
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Thus,

Then,

So,

Then,

-1 (éﬁ) (0" + 0**) < Max {05! (g’@
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Ut (é{)) (e +07) > Min{U—l (éﬁ) (%), 07! (f@) (é**)}_

57 (G ) (10 = o (O ([ )
5 ([0

G
|
—
~
—~~
~
*
~
*
*
=
I

5O, 0)
5 ([O(), 5]

5 (), s (B(E)))
(07 () (), 57 () (€)) -

bzmx—\

IA
. bz bx

5 () (10, 7]) < S (57" () (£, 57" () (£)) .

(&) (e, = s B (1,0

= 5 ([0(6),0(¢)
< Max {Ca (0(6)) G5 (B() }

= Max {U_1 (é{;) (f*),U_l (éf)) (6**)}
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Then,
5t <<ﬁ) ([¢*,6]) < MaX{Ufl (éﬁ) ("), 5 (éﬁ) (6**)}

S
L
Py
Al
U(
N—
g
o~
*
+
o~
*
*
=
I
S
c
=
o~

So,

(10)

Thus,
O ép) ([ ] <S8

Y

57 (Ep) (). 5T (Ep)(E))

U7 (Xp) (£ +£77) = Xp (B (7 +£7))
= Xp (O(") +0(
=Xp (O(£7) +0(
< Max {5 (0(¢")
= Max {U_l (Xﬁ)

) + B(0))
)+ 0(™))
) Xp (O()) |

(60,57 (p) (€}

G (Xp) (€7 +£7) < Max {G7 (¥p) (€7), 57" (p) (€7} -

O (xp) ([5,07) = X (U ([, £54]))
= Xp ([0(€7), B)))
< Max {fﬁ (O xp (U(Z**))}
= Max {0~ (¥p) (), 57" () (€7)} -
Then,
U (xp) ([£7,€7]) < Max {0 (xp) (%), 07 (xp) (€7)} .

Let / € L and ¥ € F. Thus
(13)

“H(pp) (70 = pp(U(70)) = pp(FO(0)) = pp(B(0) =B~ (pp) (£)

O
57! (&) (7) = & 0(7) = Cp(70(D) = & (0(0) =17 (&) ()
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Therefore, 571(d5) € CIFN (Ly).

The result below is straightforward to establish.

Proposition 3.10 Suppose U : L1 — Lo is a surjective Lie algebra homomorphism and

Q=(£5,Ts, GQ) € CNIFS(Ly). Then the image U(Q) belongs to CNIFS(Ls).
4. Conclusion

In this paper, we introduced and explored the notions of complex intuitionistic fuzzy neutrosophic Lie
subalgebras and Lie ideals, defined with respect to neutrosophic t-norms and s-norms. These structures
serve as a natural extension of classical Lie subalgebras by incorporating complex-valued membership,
non-membership, and indeterminacy components. We examined their fundamental properties and es-
tablished how they interact under standard operations such as intersection, sum, and homomorphism.
The results provide a deeper algebraic foundation for handling uncertainty, indeterminacy, and partial
truth in Lie algebraic contexts. These developing frameworks demonstrate potential for application in
mathematical modeling, theoretical physics, and information sciences, especially in environments where
uncertainty displays intricate behavior. Additional studies may focus on a more detailed structural ex-
amination of these ideas and explore their practical significance in decision-making processes and various
applied domains.

5. Future Work Problem

This paper establishes the basic definitions and characteristics of complex intuitionistic fuzzy neutro-
sophic Lie subalgebras and ideals concerning neutrosophic norms (t-norm T and s-norm S), while future
research may seek to investigate applications and extensions of these structures within wider algebraic
frameworks. Examine the expansion of complex intuitionistic fuzzy neutrosophic Lie subalgebras and ide-
als to graded Lie algebras, Lie superalgebras, and topological Lie algebras. Additionally, investigate how
the proposed structures function with various neutrosophic aggregation operators apart from conventional
t-norms and s-norms, and assess their significance in symmetry analysis and fuzzy control systems.
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