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Fourth Hankel Determinant for Functions Associated with Exponential Function with
Respect to Symmetric Points
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ABSTRACT: In this paper, we investigate the co-efficient bound of the fourth Hankel determinant for a specific
class of functions associated with exponential function.
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1. Introduction

The class of analytic functions with the normalizing conditions f(0) = 0 and f’(0) = 1 in the open
unit disc Y = {z : z € C and |z| < 1} and denote it by A. This class contains the functions of the form
given below.

f(z):z—kianz", z€eU. (1.1)
n=2

The subclass of A in which all its members are one-one is the class of univalent functions and denote it
by S. Another subclass of A is the class P of functions with positive real part.The members of this class
are of the form.

p(z) =1+ anz", z€eU. (1.2)
n=2

Let the functions f and g € A. The function f is said to be subordinate to g, written as f < g, if
there exists a Schwartz function w analytic in ¢ with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)),
z€U.

We note that f(z) < g(z) = f(U) < g(h). Furthermore if the function g is univalent, then f < g if
and only if f(0) = ¢g(0) and f(UU) C g(Uf)).

Feketo-Szego inequalities of functions of various subclasses of A have been studied extensively by various
authors in ( [1],[6],[10],[17],[19]). Such an inequality is concerned about finding the greatest value of the
quantity |az — ua3|, where y is either real or complex. This is called as Hankel determinant for that class
given as follows.

ap a2

Hy(1) =21 2]
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For a function f € A the ¢** Hankel determinant Hy(n) , with ¢ > 1 and n > 1, was studied by Noonan
and Thomas [20] and it is defined by Pommerenke [22] as follows.

An, An1 - An4q—1
Gp41 Qp42 - Upq
Hq(”) = . . .
Qp4q—1 OAniyq Ap42q—2

In 2007, Babalola considered the third Hankel determinant H3(1) and obtained the upper bound of
the well-known classes of univalent functions. Many authors have studied the Hankel determinant Hy(1)
where ¢ = 4 and n = 1 in the above definition is the fourth Hankel determinant for some subclasses of
univalent functions given by the following.

1 as a3 Qa4
as a3 Qa4 Aas
a3 a4 a5 dAag
ay a5 Qag ary

Hy(1) =

Hy(1) = (as(asar — af) — as(asar — asag) + as(asag — a3))
—as (ag(a5a7 —a2) — as(azar — agag) + as(azag — a4a5))
+as (ag(a4a7 — asag) — asg(asay — agag) + as(agas — ai))
—ay (ag(a4a6 —a?) — az(azag — aqas) + aqs(azas — ai)) )

Several authors ([4],[21]) have worked on the upper bounds of Hankel determinants of various sub-
classes of A. Mendiratta [18] introduced and studied the class of starlike functions associated with
exponential functions S¥ = S*(e?). Hai-Yan Zhang et al. [12] very recently investigated the upper
bound of the third Hankelde terminal for the function class S; associated with exponential function in
2018.

In their work [16], Ganesh Koride et al. have defined the following subclass associated with the
exponential function.

Definition 1.1 [18] A function f € S*(e*) if and only if
2[zf'(2)]
f(z) = f(=2)

The non-sharp bounds for the third Hankel determinant of starlike and convex functions related to the
exponential function, as established in [[16]]. In our work, we have find the upper bound for fourth
Hankel determinant of the same class defined above.

<e*, forallzeU. (1.3)

2. Preliminaries

To prove our main results we need the following lemmas.

Lemma 2.1 [22] If p € P and has the above form, then

2
)
2

2
pi
‘p2 B)

Lemma 2.2 [22] If p € P then |pnir — tpnpi| <2 for 0 < pu < 1.
Lemma 2.3 [22] If p € P then |Jp} — Kpips + Lps| < 2(]J| + |K = 2J| 4+ |J — K + L).

To find the bound of fourth hankel determinant, we need to have bounds of some inequalities such as
lasaz — a?|, lasar — asag|, |asas — a?|, lazar — asag|, |azas — agas| and |agas — a3]. In this section we find
bounds of these inequalities.
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3. Main Results

Theorem 3.1 If f € S§¥(e?), then

12395
1 lasar —af| < 205
11339
|a4a7 - a5a6‘ > m
1. |asas — a2| < o1
IV. |a3a7 — CL4CL6‘ 13417
= 34560
355
V- lasas —asas| < 1755
VI. |azas — a?| < 192

Proof:

Since f € S¥(e*), with the help of principle of subordination we have

C2fG)] e (3.1)

14+ w(z)
1—w(z)
which is analytic in the given domain with p(0) = 0 and maps unit disc onto the right half of the w-plane.
By simple computations we can write w(z) in terms of p(z).

Let p(z) = =1+pz+p2?+p3zd+...

2 2 4 2
z 3 .
w(Z)_m+<pz_171>22+<p3+]91_P1p2>23+<p4_p2_pl+ p1p2_p1p3>z4

2 2 4 2 '8 2 2 4 16 8 2
L (Ps _ppa 3ppy | 3pips  pipe P peps) s
2 2 8 8 4 32 2
L (Ps _pps | 3pipa | 3pipaps  pips  3pipy | Spipe PV papa P3PS s
2 2 8 8 1 8 % "6 2 T8 4
2 3 4 5
Consider, e*() = 1+ w(z) + (wz)* | (W) (W) ()7

2! 3! 4! 5!
After substituting and equating corresponding coefficients, we get

14 2ag9z + 2a322 + (4day — 2aza3) 2> + (4as — 2a3)2* + (6ag — dagay + 2a2a3 — 2aza;)2° + (6ay — 6azas +
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2a3)2% + ...

b <1 by - 1p1> 2y <1p1p2 LI 1p:{>> .3
2 2 8 4 2 48
1 1 1, 1 5 1 4\ 4
+ <—4p1p3 + 5]74 - §p2 + T6p2p1 + 384p1> z

1 1, 19 11 IR A
+ | —5pP1ps + —P1p3 — p1+ D5 — p3p2+*p3p1+%p2p1 z

4 16 3840 2 4 16
1 1 1 1 1 151 1
+ (8]91]?3]92 + 64101]92 + 16171104 4101175 + 48172 + 46080p1 + po
1 15 1 3 19 6
g Pap2 = 3P + ogP3P1 — 768])2P1>
1 9 1 19 1 1 3
+ (32173291172 + gP1pap2 — 52 4p1p2 + 96p1p4 + 16p1p5 + o PPz
1 1 1091 , 1 1 1 9
16P1P3 10176 — et + oP7 = 4 P2Ds + TeP3P2
151 1 19 ;
7680p2p1 4p3p4 768p3p1) +...
which implies,
a; =1
as = &
4
P2 _Pt
4 16

Py pip2 | p3
gy =—72— ———+—

384 32 8

ﬁ_plm P4
384 16 8

as =

W 191 pips pipa pops | ps
67923040 " 192 32 48 12

oo 25700 Alpips  13pYps | Spipi P3| pipa  P3 _ PiPs _ Papa P | Pipeps
"7 552960 9216 2304 ' 768 576 ' 384 48 24 96 12 192

By using Lemmas 2.1, 2.2 and 2.3, we get

1 1 922

|a2| S 57 |a/3| S 57 ‘a4| S %7
jas] < o jag| < 220 jar| < 527
ol =9y 61 =720’ =432

From equations (3.6), (3.7) and (3.8), we can write

(3.8)
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(asar — a2) = Pi_pws  pa) (25701 Alpipe | 13pips | Spipd  pi  pipe P
. 384 16 ' 8

552960 9216 2304 768 576 = 384 48

2
_ Pwps _ papa Do p1p2p3) _ (—1917? Pip2  pipa peps ps)

24 96 12 192 23040 + 192 32 48 +E
1

53 1

1 1
=— Spe 4,3 90 2
=~ 9s304"7  3a560"7  aaisa? et d6osP e~ Traoarao? P T 14l
TS (N SN N SN B
2304p2p3 8847360p1p3 768]71173 12288p1 3 — 1536p1p4 4608p4p2

Lo, 59 s 1 Lo 563 1 ;
567475 + Tia360PP! ~ 7eaPiP2 ~ 333P4P5 T Togiessaooll T gaigliPir:
1

5
~ 3g7aPiPaPe + Gy Papips -

19 7 56 5
73728p4p2p1 36864p1p3p2 72211840131133]92

5 1 1
- 192p1p3p6 + 2881)51721?3 + 9216171103174 + 384101173105 11521’51’11’2

=pip L‘% 1pp +ip i P4 %pp _ pini
15\ 34560P1 ~ 1152PP2 T 38473 ) T 384 7687113

1536

e 563, 53 L Lpa( 96
P1\ 1061683200"1 ~ 17694720772 ~ 38473607% ) T 96 76872P*
3

— p3p L 1pp+ : Lp p—%pp _ P1PsPo
2P3 { 3686471 T 9216712 T 930473 ) T 1aaPP \ P57 P8 192

5 (399 Pips _ PiP3 | PiPc _ Papa _ pipip2
WA\ 790072 ) 7 98304 221184 ' 4608 4608 3072

12288

Cooa( 59y 19 L5 5
Pirt  i3as0P" ~ 737sPP2 T gargP?) t GraaP i

Now by applying triangular inequality to the above equation we obtain

1,1
Hmpl_1152p1p2+384p3‘+‘384Hp4 p1p3‘+‘
563 53
7 3
+ 1o ereszz0n” 17694720p P2 8847360 ‘*‘ s -

|zes517t ~ 53172 *+ oz |+ || i
3686471 9216712 2304 144p5 Ps —

569

plpi
1536
96

768

lasar — ag| S‘p%m

SaoP2P4 ‘
+ p%p:&

5
+ 712288171173’ ‘p3

P1P3Ps
papa| + |22

192
pip3ps
3072

P1b5 ‘ ‘ p1p2 ‘p1p6‘ p2p4
p1p2’+‘98304 * 19211841 T la608| T 11608

19
3

|+
H4423680 T 7amast2 9216]’3‘ + ’61 1 4p1p2p4‘

+ |Pap1

By using Lemma 2.3, we can simplify the inequalitieb and we get
1
p3 —

1 1 1 1
3456071~ 115272 T 334 384 ’ (34560 +‘1152 34560’ + ‘34560 152 384’) =192

‘ 1 L5 ’ <2 59 n ‘ 118 n 59 19 n 5
4423680 737287172 T 216" 4423680 ' 173728 4423680 442368 73728 9216
977

— 737280

)
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563 3 53 _ 127 ‘ <9 563 n 53 _ 1126
1()6168320()p1 176947201912)2 884736019‘3 - 1061683200 17694720 1061683200
4 563 53 127 |
1061683200 17694720 8847360
1
< —
— 203
St~ oo sl ¢ (s - sl -+ ) <
3686471~ 9216772 T 2304721 = \ 36864 T 136864 92161 ' 136864 9216 ' 23041/ = 2048
By using Lemma 2.2, we can simplify the inequalities and we get
384
o <2
D4 768191193 =
— 96 <2
Ps 768132194 S
144 <9
D5 %%szpa =
_ 2% <9
ps3 900191272

Hence by using the Lemma 2.1, we get

|(asar — ag)] < =

Now lets find the bound of second inequality:

19
70°

(asar — asag) = _ P e ps) (2570 Alpips  13pips  Spipd w5 pipa P3 pips
AT 0506 384 32 ' 8 ) \552060 9216 2304 768 576 ' 384 48 24
_Paps | Do plpzps) _(pi pips L b (21998 Pip2  pips paps P
96 12 192 384 16 ' 8 )\ 23040 T 192 32~ 48 ' 12
1 1 L 3 L1 L1
768P1P2P5 384p1p2p6 768172274173 8192]91102293 30721011722?4 1536101292103
13 5 1 127 .1 5 4o
~ TRasaPiPeps ~ 3072p 3PIPs ~ 30175 ~ gaimagePiPe T 76gPIPs ~ TaaggPiPs
BT L5 o Lo 199, 1L
15367171 4608p 493+ Toaes0PPt T 960 T 3133366407 553960172
L1 P BT W s 1 L1
8153772 ~ 1330”2 T 519371 ~ qg0sPP?  TaaegoPPl T gghare
7 L3 1 1 ! 1
9216173 1 737280p1p4 92161711% 4608p1p6 256101]74 96]94]95-
_p1p2 768 _ 3 i 1 1
=763 (Po 153612P3 + Pe 1603P1 T 3g4P1P2 + = TR + 56?1?4
1 1, 3 1,

96 3
- %m (P5 - 768sz3> — PiP3 <12288O

7
P1 = gigoPiP2 + 9216193) ~ 3P

131 13 5 59p5 127 - 4423680 - p1ps
+ pips P — PIP2 — 5omeD3 | + oo (s —
73728071~ 18432 3072 1423680 8847360 - 59

CTpl 199 - 4423680 - p? s 11 4 N 1 1
~ 1423680 73 - 212336640 P2\ 552061 T 1843272 T 460877

1 1, 1
T 37aPIPaP + 7eaPAPS ~ TogaPiPs — [paePiPh — geagPaPs T ggPepe

1

8192P1P2 9216271175
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With the help of Lemmas 2.1, 2.2, 2.3, we lead to,

11339

la407 — asas| < o370

We will calculate the bound of third inequality now:
With the help of equations (3.5), (3.6) and (3.7), we can write

3 5 3 4 2
oy _(_pPT pwp2  p3\ (—19p1 | Pip2  Pipa  P2p3 | Ps PI Pips | P4
(0405 — a5) _< 384 32 | 8) (23040 T2 T 32 4 12) (384 16 " 8)

1
=— ———— (p} + 12p1p> — 48p3) (—19p] + 120pip2 — 720p1ps — 480p2ps + 1920ps)

8847360
! ( 24p1p3 + 48])4) .
147456
Hence, we arrive at
11
|asas — a3| < 61

To find the bound of fourth inequality we proceed as follows:
By using equations (3.4), (3.5), (3.7), and (3.8), we have

(asar — asag) = (22 - pr (257W0 _ Alpips | 13pips | Spipy _ ph | pipa D5 pips _ peps
BT a6 4 16) \ 552960 9216 ' 2304 = 768 576 384 48 24 96
p1p2p3> B ( Pl pip2  ps ) (—191?? pip2 _ pipa _ paps | ps )

_@_ 32 '8 23040 = 192 32 48 12

+E+ 192

_ 1 4 _ 23 + + 169 + i _ i 2 i 2
=~ 5308”2 ~ T37aRg”L 576p 12+ [iasgal2Pl T ggPepe ~ 3ggPaPs — gggPeps
25 1 13 1 1 23 1

~ Tea5aPP1 ™ Z096P1P4 T 16087 P5 T ToaPiPo t 7gaPiPs ~ garggPiPe ~ ggPaPs

1 7 1 1 1
1536p1p3p2 184321922?31?1 256p1p3p4+3072p2p1p4 1281711721)5-

L L 33045\ 169 g BrA26s N pe (48
3042\ P27 576 P ) T qa368P \P2 T 73728001697 48 \ P8 3gqP2P1

DP2p3 384 23 1, 1 1
384 <p3 - 1536p1p2> 92160171193 D1P4 (4096 3072]31172 - 256]93)
13 5 1 1 1 192 , 7
s (4608 BT L 96p3) ~ o3t (pﬁ - 768103> + TRagaP2Pt (ps — pape)

By using Lemma 2.1, Lemma 2.2 and Lemma 2.3, we can simplify the inequality and we get,

‘ o s
a7 — —_—
437 = Aad6] = 3560

Now we calculate the bound value of fifth inequality:
From equations (3.4), (3.5), (3.6) and (3.7), we have

2 5 3 3
_ (P2 pi\ (—19p1  pip2  pipsa  p2p3  Ps\ [ Pi P2 | D3
(a3 — asas) = < 4 16) (23040 T2 T3 T4 12) ( 384 32 8)

ﬁ_p1p3+@
384 16 = 8 )"
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1
=~ 363610 (p? — 4p2) (—19p7 + 120p3ps — 720p1ps — 480p2ps + 1920ps)
1
+ 15 (p? + 12p1ps — 48p3) (p] — 24p1ps + 48p4) .
1 83 1 1 o L, T LB
=~ 5agPIP2Ps ~ TgzaggPePi T ggPePs ~ TgPeps + 7agPaPl T guraPiPa T rpmoaa Pl
1 1 1 1 1
192p1p5 1536P1P2P3+ 128;01173 64p3p4 2048]93171

o (ot = e = L) — e (= L L
P\ 3072P1 T 9P 1P T a3 | T P2\ 1gy300Pt T 76sP1P2 T 153612

P 48 P IS PSR
15 \P ™ T5aP2P ) * TaamgP ~ TgaPiPe T PP ~ quaghebl
By using Lemma 2.1, Lemma 2.2 and Lemma 2.3, we can simplify the inequality and we get

355

lasas = aaas| < 775

Now we find the last inequality which is required to find the bound fourth hankel determinant:
By using equations (3.4), (3.5) and (3.6), we can write

2 4 3 2
ey (P2 BN (ph s p (B ppe ps
(a5a5 — a3) (4 16) (384 T 8> ( 384 32 T 8)
1 1 1 7 1 25 1
Pip2 + —o=Pips — $

—_- - _ 2.2
“1agP1PePs ¥ gaPaPa ¥ o 1536 38717~ Tg7asg?t ~ Tl
1 2
- GZPS
7, 1 1 Pl 2522048 ,\ P 32 ,
bs (1536]’1 1287172 64p3> * 2048 147456 1) T3 \ P2 T g™
1 2 2
- 71024171172
By using Lemmas 2.1, 2.2, 2.3 we obtain,
lasas — a3| < 19
3% Ml = 190"

d

In the next theorem, we find the bound of fourth hankel determinant for which we use the results of
above theorem.

Theorem 3.2 If f € S¥(e?), then |Ha(1)| < o

Proof: By definition of fourth hankel determinant, we have

H,(1) = (ag(a5a7 — ag) — aq(agar — asag) + as(aqas — ag))
—as (ag(a5a7 —ad) — as(azar — agag) + as(azag — a4a5))
+ a3 (az(asar — asag) — az(asar — asae) + as(azas — ai))

— Qg4 (ag(a4a6 — ag) — 0,3(&3@6 — a4a5) + a4(a3a5 — ai))
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Then,

|Ha(1)| < (|asll(asar — ad)| + |aal|(asar — asag)| + |as||(asa6 — a3)|)
+ |az| (Jazl|(asar — a§)| + |asl|(azar — asae)| + |as||(azas — asas)|)
+ las| (laz|/(asar — asag)| + |as||(asar — asag)| + |as||(asas — a3)])

+ |aa| (lazl|(asas — a3)| + |as||(asag — asas)| + |asl|(azas — a3)])

By substituting the bounds of |as|, |as|,|as|, |as| and using the above Theorem, we obtain

29

Hiy ()| < —.
a( )|_19

4. Conclusion

In this study, we have derived the initial coefficient bounds and established a non-sharp bound for the
fourth Hankel determinant for a specific subclass of analytic functions associated with the exponential
function. The results obtained extend and complement existing findings in the literature concerning
coefficient inequalities and Hankel determinants for various classes of analytic and univalent functions.
Although the derived bound for the fourth Hankel determinant is not sharp, it provides a useful estimate
that may serve as a foundation for obtaining sharper bounds in future investigations. Further research
could focus on improving these estimates or exploring similar bounds for higher-order Hankel determinants
within this and related subclasses of analytic functions.
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