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Weak convergence of sequences defined by Orlicz function in n—normed space

Abhijit Sarkar* and Binod Chandra Tripathy

ABSTRACT: In this article, we investigate the weak convergence of sequences defined by Orlicz functions
within the framework of n-normed spaces. The concept of Orlicz sequence spaces, which generalize classical ¢P
spaces, provides a flexible structure for analyzing sequence behavior through convex functions. On the other
hand, n-normed spaces, originally introduced by Géhler, extend the notion of norm by considering n-tuples
of vectors, offering a rich setting for functional analysis. We introduce and study a new classes of weakly
convergent sequences in Orlicz sequence spaces under the n-norm We have explained its different algebraic
and topological properties, We have also proved the geometric properties of these sequence spaces.

Key Words: Convergence, Orlicz function, n—norm, weakly solid, symmetric weakly convex, mono-
tone, sequence algebra, balanced.
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1. Introduction

The concept of 2-normed spaces was initially introduced by Diminnie and Géhler[12] in the mid-
1960s, while Misiak[1] later extended the idea by defining n-normed spaces. Since then, many researchers
have investigated these spaces and obtained various significant results see, for instance, the studies by
Gunawan[11] and Khan[17].

Let w denote the set of all sequences of real or complex numbers. Let N, R, and C represent the sets
of natural numbers, real numbers, and complex numbers, respectively. Define ¢, and ¢ as the Banach
spaces consisting of all bounded and convergent sequences n = (7)), respectively, equipped with the
standard norm ||n|| = sup |9k

An Orlicz function p : [0,00) — [0, 00) is a continuous, non-decreasing, and convex function such that
1(0) =0, u(n) >0, for all n > 0, and p(n) — oo, as n — oo.

Using the concept of an Orlicz function, Lindenstrauss and Tzafriri[14] defined the Orlicz sequence
space ¢,, as follows:

I U:(nk)Ew:Z,u(mk') < 0o, for some p >0
p
k=1
The space ¢, becomes a Banach space when equipped with the Luxemburg norm defined by:

Il = in p>o:zu(7f:')<1

k=1
It was shown in Lindenstrauss and Tzafriri[14] that every Orlicz sequence space £, possesses the
structure of a Banach space under this norm.
In this paper we will generalized the notion of weak convergence of sequences defined by Orlicz function
in n-normed space.
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2. Preliminaries and Definition

Definition 2.1 Assume that X is a real vector space and n € N. A real valued function ||(.,.,...,.)||
on X" satisfies the following four properties :

N). ||(&1,&2, s €n-1,&n)|| = 0 iff &1, &0, ..., &1, &, are linearly dependent vectors in X.
N(2). ||(&1,&2, .., €n—1,&n)|| is invariant under permutation.

N(3). [|(&1,&2, s En—1, &)l = |al||(&1, &2, -y En—1,&n)]||, for any « € R.

N(4). [[(€1, 8255 En—1,1 + Ol < [1(81, 82, s Enrt, I+ 1[(€1, 82, - En—1, O]

such a function is called an n-norm on X and the pair (X,||(.,.,...,.)||n) is called an n-normed
sequence space.

Accordingly, the class of all n-normed sequence space is denoted by (w, [|(-, ., ., )||n)-

Definition 2.2 A sequence (7)) is said to be convergent to L in n-normed space, if for a given ¢ > 0,
one can find ng such that

[1(&1,&25 -y &1,k — L)|| < &, for all n > nyg,

where &1, &9, ...,&,_1 are linearly independent elements in X.

Definition 2.3 A sequence (7)) is called a Cauchy in n-normed space, if for a given ¢ > 0, one can
find ng such that

H(fl:f% ~--7§n—17777n - nn)H <eg, for all n,m > no,
where &1, &9, ..., &,—1 are linearly independent elements in X.

Definition 2.4 A sequence (7)) is called weakly converge to L in n-normed space on R if, for each
he X',

||(h(§1)’ h(§2)7 ey h(&n—l% h(nk - L))” — 07
as k — oc.
Definition 2.5 A sequence (1) is called weakly Cauchy in n-normed space on R if, for each h € X',
||(h(£1)a h(§2)7 ) h(fn—1)7 h(nm - 77"))” - 07
as m,n — oo.

Definition 2.6 A subset E of sequences in n—normed space is called solid if ((x) € FE, whenever
(nk) € E and

‘|(£17€2) "'agnflack)H S H(€17£2a "'7671717771{?)“) for all k € N.

Definition 2.7 A subset E of sequences in w is said to be convex if, for any two sequences (1), ((x) €
E implies A\, + (1 — A\ € E, where 0 < A < 1.

Definition 2.8 A seqence space E is said to be symmetric if (1y) € E implies that (1,(,)) € E for
every permutation 7 of N.
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Definition 2.9 A subset E of sequences in w is said to be be balanced if aF C F for all a with
lof < 1.

Definition 2.10 Let K = {k1 < ka < k3 < ...... kn < ...} C N (set of natural numbers). Let (1) € w.
Then the K—step space of the sequence space F is defined by

Mo ={(m) €w: (m) € EY}.

Definition 2.11 A canonical pre-image (i) of a sequence (1) € E, where K —step space is consid-
ered, is defined by

0 otherwise.

, keN;
Ck:{ﬂk

Definition 2.12 A sequence space E is said to be monotone, if it contains all pre-images of its step
spaces.

3. Main results

Here we defined the classes of weakly convergent sequences defind by Orlicz function as follows,
(X ey ey D5 1)

— (0= () €w: Zu( D F(€2). e f(Enmr).

This is the class of all weakly convergent sequences defined by Orlicz function in n— normed space.

1f (e = L)|

H><oo as k — oo, for some p > 0},

In the above definition taking L = € , the zero element of X , we get the class of weakly null se-

quences defined by Orlicz function in n— normed space., denoted by ¢ (X™, [|(; -, -y )], 1£)
CL XNy L 1)
{77 = (M) Ew: supZ/i (Hf 1), f(&2), -, [(&n—1) |f Tk |H> < 00, as k — oo, for some p > O},
=

the class of all weakly bounded sequences in n-normed space.

Theorem 3.1 The spaces ¢ (X™, [|(cy ooy I 1) 5 € (X NGy ey ooy )|, 1) and €2 (X (. -y ooy )]s ) are
linear spaces.

Proof: We established the proof for ¢ (X™,||(y -y )|, ). Let n,¢ € ¢ (X™I(,-, ..., .)||, ), where
n=(m),¢=(Ck),n,Ck € X", for all k € N.
So, we have

gu (Hf(£1>,f<52>, FEnr). 'f(;’c)'H) 0,85k — 00,y > 0
and
i/ﬁ (Hf(fl),f(ﬁzh e f(€n1), f(pik” H) —0,as k — 00, py > 0. (3.1)
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Now, choose p3 = max{|api1]|,|Bp2|}. Then we have

= ( ’f(&)’f(&)’ oG, D =D n ( FE), F(€)r o F(Enr), L0 + (5G] ')
k=1 03 2 :
- ;“ ( F(&1), f(&2), s f(€n—1), |f(aﬁk)|; |£(BEk)I D
= Zu ( f(él)’f(SQ)’ T f(£n71)7 M )
k=1 P3
+ m (Hf(&),f(&),...,f(gn_1)7 1£(BG)I D
k=1 03
=lalY n (Hf(&l)“f(fg),,,,7f(£n71)7 Lf (nw)] D
k=1 p3
+1B1D (Hf(&),f(gz),,,,7f(§n_1)7 | (S D
k=1 P3
= 0. ‘by(3.1) 5
Therefore, ang + B¢, € cg(X™,|[(., -, .., ||, ). Hence, cg(X™,][(.,.,...,.)||, ) is a linear space.
Theorem 3.2 The spaces ¢ (X™, |[(+y ey )|, 1) 5 (X" |y ey ey )]s 1) and
C (X [Cosoes s ) are mormed linear spaces, with respect to the normed defined by,

gla)=inf {p>0:ed p (Hf(fl),f(fg), o F(En1), V(Zk)'
k=1

)<

Proof: Clearly g(n) = g(—n) and g(8) = 0, where § = (0,0, ...,0), the zero sequence.
By using theorem 1 for a = =1, we get g(n + ¢) < g(n) + g(¢).

Now, by using the definition of g we get,

glam) =inf { p>0: 3 [[(f(€2), f(E2), s [ (&), 1l S D<o
k=1
<inf {2505 Y1176, (€))L < o)
k=1
where, 0 = £. since
< max(, o) x fuf, { £ 537 1060, £€). o 60 L2 < o)
k=1

= (max(1, |al)) x g(n).

So, the function satisfies all the conditions of a norm. As the spaces are alredy proved to belinear space.
Hence, they are normed linear space.

Theorem 3.3 The spaces ¢ (X™, [|(cy ooy Il 1) 5 (XM NGy ey ooy D, 1) and €2 (X™ | -, ooy )]s ) are
solid.
Proof: Let n = (k) € e (X™, ||(cy -y s -)||, 1), and let & = (ay) be any sequence of scalars such that

|ag| <1, for all k € N. So, we have

g:lu (’ |f ()|

f(gl)’f(€2)7“'af(§n—l)’T |f(77k)‘

p

)<

) <t < gu (||re. ) st

— 0,a8 n — 00
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Hence, an € ¢ (X™,||(., -, .-, ||, ), whenever z € ¢ (X™, ||(-, -y ey )], 1£)-
Hence, the space ¢ (X", ||(.,.,...,.)||, p) is solid. The other cases can be establish similarly.
In view of Lemma 1, we formulate the following theorem without proof.

Theorem 3.4 The spaces ¢ (X™, [|(cy ooy Il 1) 5 (XM NGy ooy D, 1) and €2 (X (-, ooy )]s ) are
monotone.

The following Remarkcan be proved by usingstandard techniques.

Remark 3.1 The spaces ¢ (X", [|(,,,...., )l ) , g (X" I(, - s )]s 1) and € (X7 ][ en )l )
are symmetric.
Theorem 3.5 The spaces ¢ (X™, [|(cy ooy I 1) 5 (XM NGy ooy D], 1) and €2 (X |y oy ooy )]s ) are
weakly convex.
Proof: We will establish the proof for o (X™,||(.,., .., )|, ). So the other cases can be establish
similarly. Let (nx), (Cx) € €2 (X™, [|(s -, -y )], ). So, we have
Lf ()|
sugZu F(E0): £(&)s s F(Enm0), =2 < 00,as k — 00, for some py > 0. (3.3)
p>
supZu (Hf(fl),f(fg), v [ (€nzr), 1£(G)] D < 00,as k — oo, for some pg > 0. (3.4)
>0, P2
Now, choose ps = max{p1, p2}. Then we have
— A + (1= A
supZM<Hf(€1),f(£2)7.--,f(infl)ﬂ 17 44 WH) (3.5)
>0 pP3
A 1-—
<sup2u(Hf(&),f(&),..-,f(é y, L= e ]
P>037

ngg;u<Hf(£1)7f(§2),--~,f(€n—1) /C) ‘H) s pzu(Hf(fn,f(gz),...,f@n_l),WH)

P>0,

=A|§gg§u(Hf<&>,f<> () lfnk'H)—Hl A|supzu<Hf& e 6o L1 )

< 00. by (1) and (2)

Hence, An + (1 — N € £2(X™,||(.y -5 oy -)||s ). Therefore, £2 (X™ ||(-y .y ...y -)||, 1) is convex.

Theorem 3.6 The spaces ¢ (X™, [|(cy ooy I 1) 5 (XM NGy ooy D, 1) and €2 (X |, -, ooy )]s ) are
weakly balanced.

Proof: We will establish the proof for the case ¢/ (X", ||(.,-,...,.)||, ). The other cases can be es-
tablished following similar techniques. Let z € ¢f (X™,||(y -y ..y )|, 1), where n = (nx),nx € X™, for all
k € N. So we have,

) . .
H f(fl)af(éé)a"'af(gn—l)a P — 0,as %oo,p>(),f€ . (36)
Consider a scalar a with |a] < 1, then we need to show that ang € ¢ (X", [|(, ., ..y ||, 1)-

Now, we have
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> ([t s sten, LMY =57 (|| @) €21 600, L

k=1 k=1

S (Hf(su,f(fz), o F(Ene), CWH)

k=1
< 1ol Y || e st 2N )
k=1
— 0,by 3.7
So, (axk) € (X, I(, -5 ey )]s ). Hence, ¢ (X™,I(., ., ..., .)||, ) is balanced.
The other cases will follow similarly.
Theorem 3.7 The spaces ¢ (X™, ||(cyey ey Iy 1) 5 (XN sy )]s pe) and C2(X™ e )] 1)
are sequence algebra.
Proof: We will establish the proof for ¢ff (X™, [|(., ., .-, )|, 1). Let (nx), (Ck) € e (X, (55 eey )]s 1)
So, we have
.- |f (r)|
S (|76 st€) e 600 LN ) 0,50 0,01 > 0.5 € x
k=1
ZM (Hf(fl)af(£2)7 '~~,f(£n—1); |f(pik)| ) - O,as — 00, p2 > Oa f € X/
k=1

Now, let p3 = p1p2 > 0, then we can easily prove

>u (Hf<§1>,f<f2>, o ), L) ) L 0,ask 00,05 > 0, € X',
k=1
> (Hf(gl),f(gzy s f(Enzr), WZ)’;C"J' ) — 0,ask — 00,p3 > 0,f € X .
k=1

Together imply thefollowing

’iu (|l rte0. e, stermn L2 ) S (|lrte. e stean. L)

P1 p P2

as k — oo, p1,p2 >0, f € X'
Hence, (niCk) € e (X™, ||(+y -y ooy )|, ). Hence, e (X™, ||(-y -y vy -)||, 1) is sequence algebra.
The other cases will follow similarly.

4. Conclusion

In this investigation, we have introduced new classes of weakly convergent sequences defined by Or-
licz functions within the framework of n-normed spaces. By combining the structural richness of Orlicz
sequence spaces with the generality of n-norms, we have developed a refined approach to weak conver-
gence in a broader functional-analytic setting. We have explored various topological and geometrical
properties of these newly defined sequence classes, including criteria for convergence, linearity, solidity,
monotonocity, convexity, balanced, symmetric and structural behaviors under modular and norm-based
frameworks. These findings extend and generalize existing results in classical sequence spaces and pro-
vide deeper insights into the interaction between Orlicz functionals and n-normed topologies. The results
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presented here not only contribute to the theoretical advancement of sequence space theory but also pave
the way for future research on operator theory, duality, and fixed point problems in generalized normed
spaces defined by Orlicz functions.
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