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1. Introduction

The Riemann integral, which is the first integral covered in basic calculus, is conceivably the most
well-known integral. Some functions, however, cannot be integrated in the Riemann sense. Some of the
problems with the Riemann integral are fixed by the definition of the Lebesgue integral, which has gained
popularity and is almost entirely used by numerous mathematicians. However, understanding Lebesgue
integration requires an extensive study of measure theory. It also fails to integrate highly oscillatory
functions.

One may prove that the derivative of the function f(x) = 2%sinz=2 if  # 0 and f(0) = 0 is not
Lebesgue integrable on [0,1]. Fortunately, the Henstock integral can be used to integrate the function
f on [0,1], see [5, Theorem 9.6]. The Henstock integral or Henstock-Kurzweil integral is one of the
noteworthy integrals that were introduced, which can integrate highly oscillatory functions and is, in
some sense, more general than the Lebesgue integral. The Henstock method to integration, also known
as the generalized Riemann or Henstock-Kurzweil approach, is a technique of presenting the integral that
is similar to how the Riemann integral is presented.

A real-valued function f, which is not assumed to be measurable, is said to be Henstock integrable
[13, Definition 2.2] to A € R on [a,b] if for every € > 0, there is a function 6(£) > 0 such that whenever
a division D given by @ = 9 < 21 < -+ < z, = b and {&,&,...,&,} satisfies & € [x;_1,2;] C
(& —6(&),& +6(&)) for i =1,2,...,n we have |> 1, f(&)(w; — 2-1) — A| < e. The Henstock integral
of f on [a,b] is given by A and it is uniquely determined. The Henstock integral, which is a Riemann-
type definition of an integral, differs from the Lebesgue integral in the sense that the definition is more
explicit and does not need a thorough understanding of measure theory. It is known that the Henstock
integral includes the improper Riemann, Lebesgue, and Newton integrals. Several authors have since
developed an interest in this integral, see [5,6,8,9,13,14,15,17,18]. The Henstock approach to integration
has also been used to deal with stochastic integration for finite and infinite-dimensional spaces, see
[1,10,11,12,19,20,23,24,27,28,29,30,31].

In the study of iterated integrals in mathematical analysis, the conclusion known as Fubini’s theorem
[26, Theorem 6.6] identifies conditions under which it is possible to compute a double integral using
iterated integrals. As a consequence, it allows the order of integration to be changed in iterated integrals.
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Fubini’s theorem is succeeded by Tonelli’s theorem [26, Theorem 6.7], in which the assumptions are
different, but the theorem is almost the same. Tonelli’s theorem states that on the product of two o-
finite measure spaces, a product measure integral can be evaluated by way of an iterated integral for
nonnegative measurable functions, whether or not they have a finite integral.

In this paper, we introduce two versions of stochastic Fubini-Tonelli theorem for the It6-Henstock
integral of a Hilbert-Schmidt-valued stochastic process with respect to a Hilbert space-valued Q-Wiener
process defined in [10, Definition 2.4].

2. Preliminaries

Throughout this paper, let (Q, F,P) be a probability space equipped with a sequence {F; : 0 <t < T}
of o-subfields of F such that F; C F and F;, C F;, for t; < ta, called a filtration. A probability space
together with {F; : 0 < ¢ < T}, or simply {F:}, is called a filtered probability space and is denoted by
(Q,F,{F},P).

Let U and V be separable Hilbert spaces, L(U) := L(U,U), Qu := Q(u) if Q € L(U, V), and L*(Q2, V)
the space of all square-integrable random variables from Q to V. If Q € L(U) is a symmetric nonnegative
definite trace-class operator, then there exists an orthonormal basis (abbrev. as ONB) {e;} C U and a
sequence of nonnegative real numbers {);} such that Qe; = \je; for all j € N, {\;} € £}, and \; — 0 as
Jj — 00, see [22, p.203]. We shall call the sequence of pairs {)\;,e;} an eigensequence defined by @. The
subspace Ugq of U equipped with the inner product (u, v> <Q 12y, Q—1/2 > , where Q'/2 is being

restricted to [KerQ'/?]* is a separable Hilbert space with {\/Tej} as its ONB, see [2, p.90], [4, p.23].
The space Lq(Ug, V) of all Hilbert-Schmidt operators from Ug to V' is a separable Hilbert space with
norm IS, vy = Py ||SfjH%/, see [21, p.112]. The Hilbert-Schmidt operator S € Ly(Ug, V) and
the norm ||SHL2(UQ7V) may be defined in terms of an arbitrary ONB, see [2, p.418], [21, p.111]. We note
that L(U,V) is properly contained in Lo(Ug, V), see [4, p.25]. We also note that Lo(Ug, V) contains
genuinely unbounded linear operators from U to V.

Let B = {B, }o<i<7 be an adapted real-valued process. Then B is called a Brownian motion (abbrev.
as BM) or real-valued Wiener process if the following properties are satisfied:

(i) B(0,w) =0 for all w € £;

(i) for 0 < s < ¢ < T, the increment B; — By is Gaussian with £(B; — Bg) ~ N (0,t — s);
(iii) for 0 < s <t <T, By — By is independent of Fj; and
(iv) B(:,w):[0,T] — R is continuous for almost all w € Q.

Let Q : U — U be a symmetric nonnegative definite trace-class operator, {\;,e;} be an eigense-
quence defined by @, and {B;} be a sequence of independent BM defined on a filtered probability space
o0

(Q, F,{F:},P). A process W, := Z VAjBj(t)e;, is called a Q-Wiener process in U, with the series con-

verging in L2(Q, U). For every u € U, denote Wt Z V/A;Bj(t) (ej,u);, with the series converging

in L2(Q,R). Then there exists a U-valued process W, known as a U-valued QQ-Wiener process, such that

Wi (u)(w) = (Wi(w),u),, P-almost surely (abbrev. as P-a.s.). It should be noted that the process W is

a multi-dimentional BM, and if we assume that A; > 0 for all j, Mi‘/(if), j=1,2,..., is a sequence of

real-valued BM defined on (2, F,{F:},P), see [2, p.87].
A filtration {F;} on a probability space (2, F,P) is called normal if (i) Fy contains all elements A € F
such that P(A) =0, and (ii) F; = Fiy = n Fs for all t € [0,T]. A Q-Wiener process Wy, t € [0,7] is
s>t
called a Q-Wiener process with respect to a filtration {F;} if (i) W; is adapted to {F;}, t € [0,T] and
(ii) Wy — Wy is independent of Fy for all 0 < s <t < T. A U-valued Q-Wiener process W (t), t € [0,T],
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is a Q-Wiener process with respect to a normal filtration, see [21, p.16]. From now onwards, a filtered
probability space (Q, F,{F;},P) shall mean a probability space equipped with a normal filtration.

A stochastic process M : [0,T] x Q@ — V is said to be a martingale if (i) M is adapted; (ii) for all
t € [0,T], M, is Bochner integrable, i.e. E[|[M||,,] < oo; and (iii) for any 0 < s <t < T, E [Mt|.7:s} = M,
P-a.s.. A martingale M : [0,T] x Q — V is said to be square-integrable if My € L*(2,V). It is known
[21, p.21] that the space of all continuous square-integrable martingales M2 := M2 (V) is a Banach

1 1
space with norm || M| 2 := sup E ||| M; 2 = (E M 2 2, and the @Q-Wiener process
M2, te[0,T] \% %

W e Mz(U).

In [10], using a generalized Riemann approach, an alternative definition of the It6 integral of a Hilbert-
Schmidt-valued stochastic process was introduced [10, Theorem 2.12], known as the It6-Henstock integral.
It was also shown [10, Theorem 2.6] that the Ito-Henstock integral belongs to the space of all continuous
square-integrable martingales.

From now onwards, assume that U and V are separable Hilberts spaces, @) : U — U is a symmetric non-

(o]

negative definite trace-class operator, {);, e;} is an eigensequence defined by @, and W; := Z VA Bt(j )ej
j=1

is a U-valued Q-Wiener process. A stochastic process f : [0,7] x Q@ — L2(Ug, V) means a process mea-

surable as mappings from ([0, ] x Q, B([0,T]) x F) to (L2(Ug, V), B(L2(Ugq,V))), or we simply say that

a process f is measurable, if no confusion arises. The given closed interval [0, 7] is nondegenerate, i.e.

0 < T and can be replaced with any closed interval [a,b]. If no confusion arises, we may write (D) Z

n
instead of Z for the given finite collection D.
i=1

Definition 2.1 Let § be a positive function on [0,T]. A finite collection D = {([&,vi], &)} of inteval-
point pairs is a d-fine belated partial division of [0,T] if {[&:,vi]}f s a collection of non-overlapping
subintervals of [0,T] and each [&;,v;] is d-fine belated, i.e. [§;,v;] C [, & + 0(&)).

We note that the term partial division is used in Definition 2.1, to emphasize that the finite collection
of non-overlapping intervals of [0, 7] may not cover the entire interval [0, T]. Using the Vitali covering
theorem, the following concept can be defined.

Definition 2.2 Given n > 0, a given d-fine belated partial division D = {([¢,v],£)} of [0,T] is said to be
a (8,n)-fine belated partial division of [0, T if it fails to cover [0,T] by at most length n, that is,

T-D)Y w-9|<n
Before we proceed with Definition 2.3, we need to note [10, Lemma 2.3], which states that if f : [0, 7] x
Q — Ly(Ug, V) is an adapted process, then for 0 <& <v < T, Z(Bf}j) — Béj))fg(\/)\jej) € L*(Q,V).
j=1

Definition 2.3 Let f : [0,T] x Q — Ly(Ug, V) be an adapted process. Then f is said to be It6-Henstock
integrable, or ZH-integrable, on [0,T] with respect to W if there exists A € L?>(Q, V) such that for every
e > 0, there is a positive function § on [0,T) and a number n > 0 such that for any (8,n)-fine belated
partial division D = {([&;, vi], &)}, of [0,T], we have

E |:||S(f7D76777) - AH%/:I <€,
where
S(f,D,0,n) = (D)Z Z(Bl()j) _ Béj))fg(\/rjej) —

j=1 i

S (BY — B fe,(VAjes)

n o0
=1 | j=1
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In this case, f is TH-integrable to A on [0,T] and A is called the TH-integral of f which will be denoted
T T 0

by (TH)/ fi AWy or (IH)/ f dW. We shall denote (IH)/ f dW by the zero random variable O

0 0 0
from Q to V and denote by Azy(Uq, V), the collection of all Ité-Henstock integrable processes on [0,T].
In view of [10, Lemma 2.3], S(f, D,8,n) € L*(Q,V).

It is worth noting that the ZH-integral possesses some of the standard properties of an integral namely,
uniqueness of the integral, linearity, integrability on every subinterval of [0, T], the Sequential definition,
the Cauchy criterion, and the Saks-Henstock Lemma. One may refer to [10, p.376] for the statement of
these results, and the proofs of these properties are standard in Henstock-Kurzweil integration, see [13].

Theorem 2.1 (Sequential definition) A process f € Az (Ug,V) if and only if there exist A €
L?(Q,V), a decreasing sequence of positive functions {8, } on [0,T), and a decreasing sequence of positive
constants {n,} such that

lim S(f, Dp,0p,nn) = A in L*(Q,V),

n— oo

where D,, = {([¢™),v™], €)Y is any (6,1, )-fine belated partial division of [0,T). In this case, we write

T
(IH) /0 frdW, = A.

The following result [10, Theorem 2.10] is known as a version of Ité-isometry for the ZH-integral.

The Lebesgue integral is denoted by (£) / .

Theorem 2.2 (Ito-isometry) Let f € Az (Ug,V). Then E {HftHQLQ(UQ,V)} is Lebesgue integrable on
[0,T] and

E

2
) | paw)| | = / DB (1A ] <o

|

Before we proceed with the main results of this study, we will first investigate a specific norm for the
space Azy (Ug, V) and transform it into a Hilbert space.
Let (X, ¥, 1) be a measure space and B be a Banach space. A measurable function ¢ : X — B is called
a stimple function if there exist distinct elements cq,co,...,c, € X and disjoint sets F1, Es,..., E, € X,
n

where B, = {z € X : ¢(z) = ¢} and J;_, Ex = X, such that ¢(z) = chXEK (x), where xg, is the
k=1
characteristic function of Ej. The integral of a simple function ¢ is defined as
[ ela)dutz) = 3 enn(n)
X k=1

A measurable function f: X — B is said to be Bochner integrable on X, [3, Definition 1, p.44] if there

exists a sequence of simple functions {f,} on X such that lim (E)/ | fn(t) — f(t)] g dt < oco. In this
n—o0 X

case, the Bochner integral of f is defined by

(B) /X @) duta) = Yim [ f.(c) duto).

Theorem 2.3 [3, Theorem 2, p.45] Let (X,%,u) be a measure space and B be a Banach space. A
measurable function f : X — B is said to be Bochner integrable if and only if (C)/ |l f(2)] g du(z) < oco.
X
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Denote by LP(X, B), 1 < p < oo, the collection of all Bochner integrable functions from X to B such
that (E)/ || f(z)||, du(z) < oo. Then LP(X, B) equipped with the norm
b'e

1/p
151, = () [ 1@t duco))
X
is a Banach space, see [3, p.97].

Theorem 2.4 For f,g € Azy(Uqg, V), define

(fs9)a,,, = (L) /OTE {(f, g>L2(UQ’V)} dt < co.

Then (Az1(Uq, V), (-s*)s,,,) is an inner product space and the norm ||-[| 5. induced by the inner product
(") Agy, s complete, that s, (Az(Uq, V), ||'ls,,,) is a Hilbert space.

Proof: Since Ly(Ug, V) is a Hilbert space [21, p.112] and the Lebesgue integral of [0,T] and the ex-

pectation (integral) on Q) are linear and symmetric, (-,-) Agy 18 also linear and symmetric. Moreover, if

(fs f)a,,, =0, then ||inIH = 0 a.e. so that f = 0 a.e.. Thus, (Az%(Uq, V), (-,*),,,,) is an inner product
space.

Now, consider the norm |||, . induced by the inner product (-,-), . . Let {f,} be a Cauchy sequence
in Az2(Ug, V). Then for every € > 0, there exists N € N such that for all m,n > N,

T 1/2

We note that if a process f(-,-) : [0,T] xQ — La(Ug, V) is measurable, then the process || f(-, ~)||iQ(UQ7V) :
[0,T] x @ — R is also measurable and in view of [26, p.435], we may define the integral on Q x [0, 7] by

[ U iy, dex )
[0,T]1xQ
By Tonelli’s theorem [26, Theorem 6.7],
2 T )
/[o T]xQ 1wz, g vy dt X dPw) - = (E)/O B |:||f(t7')||L2(UQ7V):| dt

= E

T
<méﬂuma%ywﬂ.

Hence, {f,} is a Cauchy sequence in L*([0,T]xQ, L2(Ug, V)) so that there exists a process g(-,-) : [0, 7] x
Q — L2(Ug, V), measurable as mappings from ([0, 7] x 2, B([0,T]) x F) to (L2(Ug, V), B(L2(Ug,V)))
such that li_>m fn=ygin L?([0,T] x Q, L2(Ug, V')). Moreover,

1/2

T
lglly = ((ﬁ)A E {Hg(t7-)||iz(UQ’V)} dt) < .

We may assume that g is adapted so that g € A7y (Ug,V) and lim f, = g in Azy(Ug,V), by [10,
n—oo
Theorem 2.11]. Thus, Az (Ug, V) is a Hilbert space. O
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3. Stochastic Fubini-Tonelli Theorem

This section formulates the two versions of stochastic Fubini-Tonelli theorem for the ZH-integral. In
the first version, the integral on a finite measure space is in the sense of Bochner.

We will need the following known result later.

Theorem 3.1 [27, Theorem 5] A function f :[0,T] — R is Lebesgue integrable to A € R if and only if
there exist a decreasing sequence of positive functions {6, } on [0,T) and a decreasing sequence of positive
constants {n,} such that

lim (D,) Y f(E™) (0™ —¢M) = 4,

n—oo
where D,, = {([¢™), 0], €)Y is any (6,1, )-fine belated partial division of [0, T)]. In this case, we write

(L) /0 £t dt = A.

Theorem 3.2 (Stochastic Fubini-Tonelli Theorem I) Let (G,G,u) be a finite measure space and
00, T xQx G — La(Ug, V) be a function such that for all x € G, f(-,-,x) € Az (Ug, V) and for all

(t,w) € [0,T] x Q, f(t,w,-) is Bochner integrable on G and assume that (B)/ fG,x) : [0,T] x 2 —
G
Ly(Uq,V) is an adapted process. Suppose that

E (L) | 1fC o) uwe.r) dul@)
). |

is Lebesgue integrable on [0,T]. Then the following hold:

T
(i) The function G — L?*(Q,V), z + (I’H)/ f(t,-,x) dW; is Bochner integrable on G, that is,
0

(E)/G E
(i) (8) [ 762)dula) € Agu(Ua. V) and

(M) / ' ((B) /G ft,- ) du(w)) aw, = (B) /G ((IH) / o th> e

for almost all w € .

9 1/2

T

14

T
Proof: First, we show that the function G — L?(Q, V), z — (ZH) / f(t,-, x) dW; is Bochner integrable
0

on G. Since E [(L)/ £, 'vx)HQLQ(UQAV) du(x)} is Lebesgue integrable on [0, T,
o :

[ ' (B[ [ 150 dn(o)] ) e < .
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Using the classical Tonelli theorem [26, Theorem 6.7] and [10, Lemma 2.9], we have

© > (L) /OT (B |(©) [ 15000 g )] )
w [ <<c> / ' ([ 1)) P ) dt) du(a)

(©) /G (E VD e

[ dy(a).

L2(Q,V)
T
(TH) / F(t, ) dW,
0

() /G

Next, we show that (B)/ fl, ) du(z) € Az (Ug, V). Let € > 0 be given. Since
el

B (0) [ 1y A0l0)|

is Lebesgue integrable on [0, T], by Theorem 3.1, there exist a decreasing sequence of positive functions
{6} on [0,T) and a decreasing sequence of positive constants {n,} such that

. (n) (n) _ ¢(n)
Jim (D, [ / ‘ (€ Lz(UQ V)du(w)}( §")

- @/ ' (E o/ ||f<t7~,x>||ig<UQ,v>du(xﬂ)dt<oo,

where D,, = {([¢(™),v(™], £("))} is any (,,, 7, )-fine belated partial division of [0, T]. Since (B) / f )
G
[0,T] x Q — L2(Ug, V) is adapted, by [10, Lemma 2.9] and [3, Theorem 6, p.47], we have

(D, { /Hf (€™,

— (D)X - € (e /Hfﬁ(”

= (D) YW ME H(B)/Gf(ﬁ” L2<UQ V)]

<Dn>Z{;<Biii> B) ((B) /G f<s<”>,~,w>du<x>) (@en}

T
(TH) /O £t x) dW,

2

T
(I”H)/O £t x) dW,

2
Note that <1+

L2(Q,V)

. Since (G,G,u) is a
L2(Q,V)

T
(TH) /O £t x) dW,

finite measure space,

~

du(z) < oo.

L2(Q,V)

T
(TH) /O £t x) dW,

du(z)| (0™ — ¢
- )}(

LQ(UQ V) ]

2

= E

\4
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Moreover, using the classical Tonelli theorem [26, Theorem 6.7] and [10, Lemma 2.9], we have

o > (£) /OT (2] [ 150 )] ) e

(e

T
Since the function G — L?(Q,V), = (IH)/ f(t,-,x) dW; is Bochner integrable on G, using [3,
0

2
/Q (w) /G Vdu(fv)> IP(w)
T 2
- E[ (5) /G ((IH) / f<t,-7x>dwt> e V].

Jin 8 (@) [ 10 dute) Do, ) =) [ ((IH) / Tf(tmx)th> du(z)

(TH) /O Ftow ) dWi|  du() | dPw).

\4

Theorem 6, p.47], we have

T
(I’H)/O ft,w,x) dW,

Hence,

in L2(Q, V), where

5 ((8) [ 16.n0) du(o), Do

= D)X B - B (B) [ A6 0 duta)) (/e

Jj=1

By the sequential definition of the ZH-integral (Theorem 2.1),

(B) /G F(r ) dp() € Azn (U, V)

) [ ' (@® [ sta)dute)) aw, = s) [ ((Im / " ft) th> du()

in L2(Q, V). The assertion holds for some subsequence. O

and

Next, we present a different version of stochastic Fubini-Tonelli theorem, where the integral in a
measure space is defined using Henstock approach. In this case, we need to consider the Henstock
integral on a measure space defined in [16].

One may refer to [16] for the discussions of the following concepts.

Let (X,S,/) be a measure space, where S is a o-algebra of subsets of X and /¢ is a measure on S,
endowed with a locally compact Hausdorff topology 7 C S. Let 71 be a basis for  consisting of
relatively compact open sets. Since 7 is locally compact, 7; always exists, see [16, p.3]. From now
onwards, we shall assume that for all U € 71, we have £(U) > 0if U # &, and /(U) = £(U). This means
that £(0U) =0 for all U € 7. Let

Ty = {71\72 Ul,UQ € 91 where U g Uy and Us ,d_ Ul},
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Ty ={NieAV; # @ : V; € Iy and A is a finite index set}.

Observe that Zy includes all sets of the form U, where U € 7, and Zgp C Z;. One can verify that Z;
is closed under finite intersections, if the intersection is nonempty, and elements of Z; are measurable
since S is a o-algebra. An element I € 7; is called a generalized interval, or simply interval, when no
confusion arises. Note that generalized intervals are relatively compact, though not necessarily closed or
compact. Moreover, generalized intervals are connected. Since £(U) = £(U) for all U € 7, it follows that
{(I) = £(I) for all generalized interval I. If X = R with the usual topology .7 on R, then the generalized
intervals are the usual bounded intervals, see [16, Example 1.1].

A finite union FE of (possibly just one) mutually disjoint intervals is called an elementary set. Hence,
generalized intervals are elementary sets. Note also that ((E) = ((E) for all elementary set E since
¢(I) = ¢(I) for all generalized interval I. An elementary set E is said to have a finite measure if
((E) < co. Throughout the following discussions, assume that an elementary set has a finite measure. If
a subset Ey of E is an elementary set, then Ej is said to be an elementary subset of E. If I C E and [
is an interval, then we call I a subinterval of E.

Definition 3.1 Let A : E — 7, be a function such that for every x € E, we have x € A(x) € F. We
call A a gauge on E. A finite collection D = {(I¢,, i) }iey, or simply D = {(I¢, ()}, of inteval-point pairs
18 a A-fine division ofE if {Ic,}7—q are mutually disjoint subintervals of E such that E = Uj_,I;, and
foreach i € {1,2,...,n}, ¢; € I, and I, € A(G).

We note that given a gauge A on E, a A-fine division of E exists. A constructive proof of this
result is presented in [16, Theorem 1.1 (Cousin’s lemma)]. The following definition is analogous to [16,
Definition 1.1].

Definition 3.2 Let (X,S,¢) be a measure space, E be an elementary set in X, and H be a Banach space.
A function f : E — H is said to be Henstock integrable, or H-integrable, on E if there exists A € H
such that for every e > 0, there is a gauge A on E such that for any A-fine division D = {(I¢,{)} of E,
we have

(@)X sy - 4| <

In this case, f is H-integrable to A on E and A is called the H-integral of f which will be denoted by

H)/Ef.

The proofs of the standard properties of the H-integral namely, uniqueness of the integral, linearity,
integrability on every subinterval of [0, T], and the Cauchy criterion are found in [16, p.22-37].
We shall now prove the second version of stochastic Fubini-Tonelli theorem.

Theorem 3.3 (Stochastic Fubini-Tonelli Theorem II) Let (X,S,/) be a measure space and f :
0, 7] x @ x E = La(Uq,V) be a function such that for all x € E, the process f(-,-,z) : [0,T] x Q —
Ly(Uq,V) is TH-integrable on [0,T] and the function E — Ay (Ug,V), x = f(-, -, x) is H-integrable

on E. Suppose that for all (t,w) € [0,T] x Q, f(t,w,-) is H-integrable on E and (7—[)/ f(,x) €
B

Az3(Uq,V). Then the function E — L*(Q,V), x — (IH) / f(t, -, x) dW; is H-integrable on E and

<H>/E<<IH>/O f(tmx)th>( / ( ) [ 1tea )dwt

for almost all w € Q.

T
Proof: We will show that the function E — L*(Q, V), z (IH)/ f(t, -, x) dW; is H-integrable on FE.
0

Since (H)/ [, x) € Azy(Ug, V), let
E

= (TH) /OT ((H)/Ef(t,~,a:)) dW, € L*(Q,V).
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Since the function E — Az (Ug,V),  — f(-,-,z) is H-integrable on E, there is a gauge A on E such
that for any A-fine division D = {(I¢, ()} of E, we have

H(D) Zf(a aC)K(IC) - (H) /Ef(’ -,.Z') . <€
Using Theorem 2.2, we have
T
’ (D)) ((IH) / F(t.,¢) th> (I) ~ B
0 L2(Q,V)
. 9 1/2

T
_ e (D)Z((ZH) /0 f(t,-,()th>£(I<)—B

L 1%
- . 9 1/2
= e||en [ (oS se0mw -0 [ o) av )
- T 2 1/2
= (]E (ﬁ)/o (D)Zf(tmé)f(fc)*(’H)[Ef(tmx) o) dtD
- |0 - o0 [ s <
Azn
This completes the proof of the theorem. O

4. Conclusion and Recommendations

In this paper, we formulate two versions of stochastic Fubini-Tonelli theorem for the It6-Henstock
integral of a Hilbert-Schmidt-valued stochastic process driven by a Hilbert space-valued Q-Wiener process,
defined in [10, Definition 2.4]. The first version of the theorem uses the Bochner integral for the integral on
a finite measure space while the second version uses the Henstock integral defined in [16, Definition 1.1],
for the integral on a measure space in which the measure is endowed with a locally compact Hausdorff
topology. We observe that in the second version of the stochastic Fubini-Tonelli theorem, the integral on
a measure space is interpreted in the sense of Henstock, which, in certain aspects, is more powerful than
the Bochner integral [25, p.275]. The proof is both simple and straightforward. However, the assumption

used is quite strong, as it requires that (H) / f(, - z) € Az (Ug, V). This condition could be weakened

E
if a Fubini-Tonelli type theorem for the Henstock integral can be established, and formulate a result
that preserves the Henstock integral when using the inner product. Moreover, a worthwhile direction
for further investigation is to use Henstock-Kurzweil approach to deal with stochastic partial differential
equations.

Acknowledgments

The author would like to thank the referees for their helpful comments for the improvement of this
paper.

References

1. T.S. Chew, T. L. Toh, and J. Y. Tay, The non-uniform Riemann approach to It6’s integral, Real Anal. Exch. 27 (2001),
no. 2, 495-514.

2. G. Da Prato and J. Zabczyk, Stochastic equations in infinite dimensions, Encyclopedia of Mathematics and Its Appli-
cations, vol. 44, Cambridge University Press, Cambridge, 1992.

3. J. Diestel and J. J. Uhl, Jr., Vector measures, Mathematical Surveys and Monographs, vol. 15, American Mathematical
Society, 1977.



STOCHASTIC FUBINI-TONELLI THEOREM FOR THE ITO-HENSTOCK INTEGRAL 11

L. Gawarecki and V. Mandrekar, Stochastic differential equations in infinite dimensions with applications to stochastic
partial differential equations, Probability and Its Applications, Springer, Berlin, Heidelberg, 2011.

. R. A. Gordon, The integrals of Lebesgue, Denjoy, Perron and Henstock, Graduate Studies in Mathematics, vol. 4,

American Mathematical Society, 1994.

6. R. Henstock, Lectures on the theory of integration, Series in Real Analysis, vol. 1, World Scientific, Singapore, 1988.

7. E. Hille and R. S. Phillips, Functional analysis and semi-groups, Colloquium Publications, vol. 31, American Mathe-

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.
20.
21.

22.

23.

24.

25.

26.
27.
28.

29.

30.

31.

matical Society, 1957.

J. Kurzweil, Henstock-Kurzweil integration: its relation to topological vector spaces, Series in Real Analysis, vol. 7,
World Scientific, Singapore, 2000.

J. Kurzweil and S. Schwabik, McShane equi-integrability and Vitali’s convergence theorem, Math. Bohem. 129 (2004),
no. 2, 141-157.

M. Labendia, An alternative definition of the Ité integral for the Hilbert-Schmidt-valued stochastic process, Methods
Func. Anal. Topology. 27 (2021), no. 4, 370-383.

M. Labendia, A Riemann-type definition of the Ito integral for the operator-valued stochastic process, Adv. in Oper.
Theory 4 (2019), no. 3, 625-640.

M. Labendia, E. De Lara-Tuprio, and T. R. Teng, [to-Henstock integral and It6’s formula for the operator-valued
stochastic process, Math. Bohem. 143 (2018), no. 2, 135-160.

P. Y. Lee, Lanzhou lectures on Henstock integration, Series in Real Analysis, vol. 2, World Scientific, Singapore, 1989.

P. Y. Lee, and R. Vyborny, The integral: an easy approach after Kurzweil and Henstock. Cambridge University Press,
Cambridge, 2000.

T. Y. Lee, Henstock-Kurzweil integration on Euclidean spaces, Series in Real Analysis, vol. 12, World Scientific, Sin-
gapore, 2011.

N. W. Leng, Nonabsolute integration on measure spaces, Series in Real Analysis, vol. 14, World Scientific, Singapore,
2018.

J. T. Lu and P. Y. Lee, The primitives of Henstock integrable functions in Euclidean space, Bull. London Math. Soc.
31 (1999), no. 2, 173-180.

Z. M. Ma, Z. Grande and P. Y. Lee, Absolute integration using Vitali covers, Real Anal. Exch. 18 (1992), no. 2,
409-419.

E. J. McShane, Stochastic integrals and stochastic functional equations, SIAM J. Appl. Math. 17 (1969), no. 2, 287-306.
Z. R. Pop-Stojanovic, On McShane’s belated stochastic integral. SIAM J. Appl. Math. 22 (1972), no. 1, 87-92.

C. Prévot and M. Rockner, A concise course on stochastic partial differential equations, Lecture Notes in Mathematics,
vol. 1905, Springer, Berlin, 2007.

M. Reed and B. Simon, Methods of modern mathematical physics, Functional Analysis, vol. 1, Academic Press, London,
1980.

R. Rulete and M. Labendia, Backwards It6- Henstock integral for the Hilbert-Schmidt-valued stochastic process, Eur. J.
Pure Appl. 12 (2019), no. 1, 58-78.

R. Rulete and M. Labendia, Backwards Ité-Henstock’s version of Ité’s formula, Ann. Func. Anal. 11 (2020), no. 1,
208-225.

S. Schwabik and Y. Guoju, Topics in Banach space integration, Series in Real Analysis, vol. 10, World Scientific,
Singapore, 2005.

B. Thomson, J. Bruckner, and A. Bruckner, Real analysis, 2nd Edition, ClassicalRealAnalysis.com, 2008.
T. L. Toh and T. S. Chew, Henstock’s version of Ité’s formula, Real Anal. Exch. 35 (2009), no. 2, 375-390.

T. L. Toh and T. S. Chew, On belated differentiation and a characterization of Henstock-Kurzweil-1té integrable
processes, Math. Bohem. 130 (2005), no. 1, 63-72.

T. L. Toh and T. S. Chew, On It6-Kurzweil-Henstock integral and integration-by-part formula, Czech. Math. J. 55
(2005), no. 3, 653-663.

T. L. Toh and T. S. Chew, On the Henstock-Fubini theorem for multiple stochastic integrals, Real Anal. Exch. 30
(2004), no. 1, 295-310.

T. L. Toh and T. S. Chew, The Riemann approach to stochastic integration using non-uniform meshes, J. Math. Anal.
Appl. 280 (2003), no. 1, 133-147.

Mhelmar A. Labendia,

Department of Mathematics and Statistics, Center for Mathematical and Theoretical Physical Sciences- PRISM
MSU-Iligan Institute of Technology, 9200 Iligan City,

Philippines.

E-mail address: mhelmar.labendia@g.msuiit.edu.ph



	Introduction
	Preliminaries
	Stochastic Fubini-Tonelli Theorem
	Conclusion and Recommendations

