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ABSTRACT: In this paper, the general solutions of a mixed type quadratic and quintic functional equation
are obtained. In fact, it is shown under which conditions (the evenness and oddness properties), the former
functional equation can be either quadratic or quintic. Moreover, some Hyers-Ulam-Rassias stability results of
a mixed quadratic and quintic functional equation are established in various Banach spaces by using (Hyers)
direct method and fixed point technique. In other words, by applying a fixed point theorem, we give a control
function to investigate Hyers, Gavruta and Rassias stability to approximate the solution of the mentioned
equation with quality and certainty of the approximation by using the concept of generalized Z-numbers.
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1. Introduction

The story of stability in functional equations has been initially posed by Ulam [35] regarding the
challenge of the approximate stability of group homomorphisms and then the notion of stability in
functional equations has grown into a significant field of research. Recall that a functional equation F
is said to be stable if any function f satisfying the equation F approximately, must be near to an exact
solution.The question of Ulam answered by Hyers [23] for Banach algebras. Next, the stability problem
for functional equations were extended and generalized for miscellaneous mappings and equations which
are available in many articles and books; see for instance [8], [21], [30] and [32].

The well known that the quadratic functional equation

Qr+y)+Qx —y) =2(Qx) + Qy)] (1.1)
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was introduced by Skof [34]. Then, its solutions and miscellaneous stabilities in various Banach spaces
was discussed in many articles and books; we refer to [1], [2], [18], [25], [26]. Also, Cho et. al. [17]
introduced and investigate the Hyers-Ulam-Rassias stability of the Quintic functional equation

2[Q(2r +y) + Q(2z — y)] + Q(z + 2y) + Q(z — 2y) = 20[Q(z + y) + Q(x — y)] + 90Q (=) (1.2)

in quasi-f-normed spaces. Moreover, The generalized Hyers-Ulam stability of (1.1)in RN-space in the
sense of Scherstnev under the minimum ¢—norm T has been studied by Abdou et al. [4]. Several
other types of quadratic and quintic functional equation in various normed spaces were discussed in
[9,11,12,24,31,33,36] and references therein. More information about the structures, characterizations
and the stability results for various multi-quadratic mappings and equation on miscellaneous spaces are
available in [10], [13], [14] and [15].

The theory of fuzzy which is a powerful hand set for modeling uncertainty and vagueness in various
problems arising was introduced by Zadeh [38] in 1965. Next, he presented the concept of Z-numbers
which is relates to the issue of reliability of information in [37]. Recall that a Z-number, Z, is denoted
as Z = (A, B). The first component, A, is a restriction (constraint) on the values which a real-valued
uncertain variable, X is allowed to take. The second one, namely B, is a measure of reliability (certainty)
of A; for more information and new results on Z-numbers, we refer to [6] and [7]. Recently, Ahadi et al.
[5] applied the notion of Z-numbers and introduce a special matrix of the form diag(A, B, C), say, the
generalized Z-number, where A is a fuzzy time-stamped set, B is the probability distribution function,
and C is a degree of reliability of A that is described as a value of A * B. Then, they indicated a novel
control function to investigate the stability to approximate the solution of a special quadratic functional
equation with quality and certainty of the approximation by using generalized Z-numbers. The modeling
random and non-random decision uncertainty in ratings data as a fuzzy beta model was studied in [16].

In this paper, we obtain the general solutions of the mixed type quadratic and quintic functional
equation

2[Q(2x +y) + Q2 — y)] + Q(z + 2y) + Q(z — 2y) + 14[Q(y) + Q(—y)]
=20[Q(z +y) + Q(z — y)] + 2[17Q(x) — 28Q(—x)]. (1.3)

We prove that under what conditions, functional equation (1.3) is either quadratic or quintic. Moreover,
we provide the generalized Hyers-Ulam-Rassias stability of functional equation (1.3) in various Banach
spaces by applying direct and fixed point manners.

2. Solutions of Quadratic-Quintic Functional Equations

In this section, we explore the solutions of functional equation (1.3). For that, we assume V; and V5
are vector spaces.

Proposition 2.1 Given a mapping Q : V3 — V.
(i) If Q is an odd mapping satisfies (1.3), then it is quintic;

(ii) If @ is an even mapping satisfies (1.3), then it is quadratic.

Proof: (i) The result of this part follows immediately from the oddness of Q. In fact, @ fulfills (1.1).
(ii) By our assumption, it is clear that Q(0) = 0 and Q(2z) = 4Q(x). Moreover, (1.3) can be reduce as

2[Q(2r +y) + Q(2x — y)] + Q(z + 2y) + Q(z — 2y) + 28Q(y)
=20[Q(z +y) + Q(z — y)] — 22Q(x), (2.1)

for all «,y € V1. Replacing (x,y) by (y,z) in (2.1) and using the evenness of @), we have

2[Q(x 4+ 2y) + Qz — 2y)] + Q(2z + y) + Q(2z — y) + 28Q(x)
=20[Q(z +y) + Q(z — y)] —22Q(y), (2.2)
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for all z,y € V1. Plugging (2.1) into (2.2), we obtain

3[Q(z +2y) + Q(z — 2y) + Q27 + y) + Q(2x — y)] + 28[Q(x) + Q(y)]

=40[Q(z +y) + Qz —y)] — 22[Q(z) + Q)] (2.3)
for all x,y € V1. It follows from (2.1) and (2.3) that
Q27 +y) + Q27 —y)] = 20[Q(z +y) + Qz — y)] — 16Q(z) — 34Q(y), (2.4)

for all z,y € V1. One can show that (2.4) is equivalent to

Q2r +y)+Q(2r —y) = Qxr +y) + Q(z —y) +6Q(x), (2.5)

for all z,y € V1. Now, Proposition 3.1 of [28] implies that (2.5) is a representation of quadratic functional
equations. O

Note that by the above proposition, the mapping ¥ : R — R defined by ¥(r) = ar? + Br® is a solution
of functional equation (1.3).

3. Stability Analysis of Quadratic-Quintic Functional Equations in Banach Space

In this section, we firstly investigate the Gavruta stability of functional equation (1.3) in the setting
of Banach spaces by two classical methods and then by means of obtained results, we establish various
Hyers-Ulam-Rassias stabilities as some corollaries. For doing it, let us take V; be a normed space and Vs
be a Banach space.

Here and subsequently, for a mapping ® : V; — Vs, we remark the difference operator

Do(z,y) := 2[Q22z +y) + Q222 — y)] + Q2(x + 2y) + Q2(x — 2y) + 14[Q2(y) + Q2(—y)]
—20[Q2(x + y) + Q2(z — y)] — 2[17Q2(x) — 28Q2(—x)].

3.1. Quadratic case stability analysis: Hyers method
This subsection is devoted of the stability of functional equation (1.3) in the even case.

Theorem 3.1 Let Q3 : Vi — Vs be an even mapping fulfilling the inequality

HDQQ(SC,y)H < W(z,y), (31)

for all z,y € Vi, where W : V; X V1 — [0,00) is a function with the condition

lim
D—oo

g,ﬁw@f’%, 3PFy) = 0. (32)

Then, there exists a unique quadratic mapping Tz : Vi — Vs satisfying (1.3) and

) I/V2 3CEy
172(y) = Q2(y)|| < 2% > 59(CE) (3.3)

_1—F
C= 2

for all y € V1, where Was <3CEy) = W<30Ey,3CEy) + 5W(30Ey,0) and E = £1. Moreover, the
mapping To is defined by

] 3DE
7o) = Jim o

forally e V.
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Proof: At first, by using the evenness of Q2 in (3.1), we get

210222 + 1) + Q220 — )] + Qa(w + 29) + Qalz — 20) +28Qa(y)
= 20[Qa(w +y) + Qa(w — y)] +22Q2(2) | < W(a.y), (3.4)

for all z,y € V,. Putting = y in (3.4) and using the evenness of @2, we find

|3@2(39) — 2002(29) + 53Qu(y) | < Wi, (3.5)

for all y € V;. Replacing (z,y) by (y,0) in (3.4), we have

|4@2(20) — 16Q2(0)|| < W(w,0), (3.6)

for all y € V;. Combining (3.5) and (3.6), we obtain

|3@2(39) — 27Q2w)|| < Ww,w) +5W (5, 0) = Was 1),
for all y € V;. The above inequality can be rewritten as

HQ2;3Z/) 3 < Wes(y)

Qz(y)H_ o7

for all y € V;. Repeating the above process, one can find for a positive integer D that

D—1 W, (3¢
Q2(3"y) 1 25( y)
Cc=0
Q:2(3"y) . . .
for all y € V. Hence, b is a Cauchy sequence and it converges to a point 72(y) € Va. Indeed,
replacing y by 371y and dividing the resultant by 9Pt in (3.7), we get
D—1
Q3P Py ) Qa(3Pry ) 1 1 C+Dy
’ 9D+D1 gD <57 CZ: g0+ D; V25 (3 y), (3-8)
=0

for all y € V1. The right hand of inequality (3.8) goes toward zero when D; intends to infinity. Here, we
define the mapping 72 : V1 — Vs via

D
T2(y) = lim %7 (y € V1).

D— o
Letting limit D — oo in (3.7) and using the definition of 73, we get

lim
D— o0

@23"y)
9

for all y € V;. Thus, (3.3) holds for E = 1. Next, we show that 73 satisfies (1.3). Switching (z,y) into
(3Pz, 3Py) and dividing by 97 in (3.1), we arrive at

o 2] (37 +1)) + @2 (370 — )| + @2 (37 + 20)) + Qa (37 — 20))
+14]Q2(37 (1)) + Q2 (37 ()] —20[Q2 (37 +))
+ Q237 — )] - 21702 (37 (@) - 28Q2 (37 (-0) || < 55 W (87.3%).
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for all z,y € V1. Approaching D — oo and using the definition of 73 and (3.2) in the above inequality,

we see that 73 fulfills (1.3) for all 2,y € V;. In order to prove the uniqueness of T2( y ), assume T3 is
another quadratic mapping satisfying (1.3) and (3.3). We have

1) ~ Tl = 55 |72 (879) 72 (37)|
g [72(3710) = @a(370) + @2 (370) =7 (7))
o 7(570) = @a(370) | + |7 (570) - <2 (570) }

2 o 1
C+D
< g7 2 g W (371 7),
C=0

for all y € V. Letting D; — oo, we reach the uniqueness of 75. Therefore, the result holds for the case
E = 1. The other case can be obtained similarly and hence the proof is complete. O

The following corollary is a direct consequence of Theorem 3.1 concerning the miscellaneous stabilities
of (1.3). The proof is routine and we do not include it.

Corollary 3.1 Given positive numbers M, N,N1 and No. Let Qs : Vi — Vs, be an even mapping
fulfilling the inequality

M
M |12l ¥ + /1™ N#2,
M [l + ly)1 ™ Ni, Ny £2,
IDQa(, )l < { Ml )l N £, (3.9)
M ||| [y [ Ni+ Nz #2,
M [lal[2 + Iyl 2N + llal ¥ ly]¥ N#1L,
M [l [V [y [N [ Y)Y N+ Ve £ 2,

for all z,y € V1. Then, there exists a unique quadratic mapping Ta : V1 — Vs satisfying (1.3) and

M
]
RS N #£2,
Sl a0 v, 43
IT(y) ~ Qaly)l <4 e N#1, (3.10)
N N+ Ny #2,
oy N#1
% Ny + Na # 2,

for ally € Vy.
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3.2. Quintic case stability analysis: direct method
In this subsection, we study the stability of functional equation (1.3) in the odd case.
Theorem 3.2 Suppose that Qs : Vi — Vo is an odd mapping satisfying

IDQs(z, y)l| < W(z,y), (3.11)
for all x,y € Vi, where W : V; x Vi — [0,00) is a function fulfills
. 1 DE DE,\ _
DlgnOO 243DEV[/’<3 z, 3 y) =0, (3.12)
for all y € V1. Then, there exists a unique quintic mapping Ts : V1 —> Vs satisfying (1.3) and
CE
1 Was (3 y)
_ < N/
175(y) — Qs(y)|l < 7929 ;E 243CF

2

)

for all y € V1, where Was (30Ey> = W(BCEy, BCEy) +5W <3CEy, 0) and E = +1.
Proof: Using the oddness of Q5 in (3.11), we have

2105 (22 +y) + Qs (20 = )] + Qs(a + 29) + Qs(a — 2)

= 20[Qs (@ + ) + Qs(x — v)] — 90Qs(2) | < W(w,), (3.13)
for all x,y € V. Putting = y in (3.13) and using again the oddness of Q5, we get
|32 (3y) — 2005 (25) — 89Q5(3) | < W(w.w), (3.14)
for all y € V1. Interchanging (z,y) by (y,0) in (3.13), we obtain
|4@s(29) — 1285 ()| < W5, 0), (3.15)

for all y € V;. Plugging (3.14) into (3.15), we arrive to
3Q5(39) = 720Q5 ()| < W(y,9) +5W (5. 0) = Was ),
for all y € V;. The rest of the proof is similar to that of Theorem 3.1. O

A consequence of Theorem 3.2 concerning Hyers-Ulam-Rassias stability of (1.3) is given as follows.

Corollary 3.2 Given positive numbers M, N,Ni and Ny. Let Q5 : Vi — Vo be an odd mapping
fulfilling the inequality

M
M |[lal ¥ + [yI1" ] N #5,
M (|| + 1yl 12 N N2 #5,
IDQs ()l < 3 Mllal| |yl 2N #5, (3.16)
M{la] [Ny | N+ Ny #5,
M llal 2 + ]2V + ][y 2N #5,
M [lla] [N+ 4 [l |V 2] My Y2] Ny + N #5,
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for all x,y € V1. Then, there exists a unique quintic mapping Ts : Vi — Vs satisfying (1.3) and

M

121

M|yl

3243—3N] N #5,

6 M||y||™ M|yl
3]243—3N1] + 3[243—3Nz] Ni, Ny # 5,

I7T) ~ Qs(o)ll < § oot ON 5, -
el N+ Ny #5,
e 2N #5,
el Ny + Ny #5,

for ally € V1.

3.3. Quadratic-quintic case stability analysis: direct method
In this subsection, we establish the stability of functional equation (1.3) when the general case occurs.
Theorem 3.3 Given E € {—1,1}. Suppose that Q : V1 — Vs is a mapping satisfying
IDQ(z,y)| < W(z,y), (3.18)
for all z,y € Vy in which W : V; x V1 — [0,00) is a function fulfills (3.2) and (3.12) for all y € Vy.
Then, there ezist a unique quadratic mapping Tz : Vi — Vo and a unique quintic mapping Ts : V1 — Vo

satisfying (1.3) and

| T2(y) + Ts(y) — Q)

Lo [W(39Ey0Ey) + w(39Fy,0) W= 39Ey, —39Fy) + W ( — 37Ey,0)
< —
S5 2 27 * 27
C= IEE
1 o W(30Ey,3CEy> +W(30Ey,0) W(—chy,—chy) +W(—30Ey,0)
1158 ZE 243 - 243 7

for ally € V5.

Proof: Set

Q2(y) + Qa(—
Qu(y) = LW+ Q) 5 200), (3.19)
for all y € V;. It follows from (3.19) that Q. is an even mapping satisfies (3.18). Hence, by Theorem 3.1,

there exist a unique quadratic mapping 7z : V1 — V5 we have

oo | Was(3°F Was ( — 3°F
5i4 Z 259<CE y) N 25(90E Z/) , (3.20)

_1—-F
C= 2

[72(y) — Qe(y)|l <




8 M. ARUNKUMAR, A. BODAGHI, R. KODANDAN, J. M. RASSIAS AND E. SATHYA

for all y € V;. Similarly, consider

Qs(y) — Q2(~y)

Quly) = U= (e, (3.21)

Relation (3.21) implies that Q. is an odd mapping satisfies (3.18) and so by Theorem 3.2there exists a
unique quintic mapping 75 : V3 — Vs such that

1 0 Was <3CE?J) Was ( - 3CEZ/)

Qo) < —— : 3.22
for all y € V4. Obviously,
Qy) = Qe(y) + Qo(—y) (3.23)
for all y € V;. It now follows from (3.20), (3.22), (3.23) that
172(y) + Ts(y) = QI = IT2(y) = QeI + [1T5(y) — Qo)
1 | Was (3CEZ/> Was ( - 3CEy)
S 54 9CE + 9CE
CZIEE
1 0 Was (30Ey) Was ( - 3CEy)
* 1158 _ZE 21307 T 130" ’
for all y € V. O

The upcoming corollary is a consequence of Theorem 3.3 regarding various stabilities of (1.3) in the
general case.

Corollary 3.3 Let M, N, N1, and No be positive numbers. Let also @Q : Vi — Vo be a mapping with

M
M |[lal[¥ + [yI1™ ] N #2,5,
M || + Iyl ¥ Ni. N2 # 2,5,
IDQG. I < { Ml ]yl 2N £2,5, (3.24)
M{la] ¥ [y | Ni+ N> #£2,5,
M llal 2 + ]2V + ][]y 2N £2,5,
M [[la] [N+ 4 [l VN 2| ][] N+ N £ 2,5,

for all x,y € V1. Then, there exist a unique quadratic mapping Tz : V1 — Vo and a unique quintic
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mapping Ts : V1 — Vo satisfying (1.3) and

172(y) + T5(y) — Q)]

T T et
M|yl Y M| |yl||Y
3]9—-3N] + 81]243—3N] N 7é 2’5’
6 Ml|ly N1 M|y Na 6 M|y N1 M|y N2
] [y Jall™ Ml Ny Ny £ 2.5,

39—sMi] T 3[0—3%2] T 81[243—3N1] T S1[243-372]

<2x{ ol + e 2N # 2,5, (3.25)
A Ny + Ny #2,5,
e N +£2,5,

S + e Ny + Ny # 2,5,

for ally e V.

3.4. Quadratic case stability analysis: fixed point technique

In this subsection, we prove the stability of mixed type quadratic and quintic mapping by means of
a known fixed point theorem. We now present the result due to Margolis, Diaz [27] and Radu [29] for
fixed point theory. Some applications of fixed point techniques can be found in [19], [20] and [22].

Theorem 3.4 [27,29] Let (Q, A) be a complete generalized metric space and = : Q — Q such that for
all x,y € Q,

d(Zz,Zy) < Ld(x,y),L € (0,1).

Then, for each given x € ), either
d(E"z, =" ) = oo, (Vn>0),

or there exists a natural number ng such that

(FPC1) d(Z"x, =" 2) < oo for all n > no;

(FPC2) lim,, oo E"x = y*;

(FPC3) y* is the unique fized point of E in the set Q* = {y € Q: d(E™x,y) < oo};
(FPC4) d(y,y*) < T25d(y, By) for all Y € Q.

Theorem 3.5 Let W : V; x V; — [0,00) be a function with the condition

1 D D
Dl% F2DW (FPy, Fy) =0, (3.26)
in which
3 I=0
F] == { 1 ’ (327)

Suppose that there exists L = L(I) such that the function Was has the property

Was (y) = é Was (%) ; F2 Was (F1 y) = L Was(y), (3.28)
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for all y € V1, where Was(y) = W(y,y) + 5W (y,0). If Let Q2 : Vi — Vs is an even mapping satisfying
inequality (3.1) for all x,y € V1, then there exists a unique quadratic mapping Ta : Vi — Vo fulfilling
(1.3) and

1-1
102) - et < (= ) Wasto) (3.29)

for ally € V5.

Proof: Consider the set X = {p|p: V1 — Vs, p(0) = 0} and introduce the generalized metric on X as

d(p,q) = inf{K € (0,00) : [[p(y ) —q(y )| < K Was(y),y € V1}.
It is easy to see that (X, d) is complete. Define the mapping 7" : X — X’ through

Tp(y) = ;Igpm ), eV

Assume that p,q¢ € X and y € V4. Thus, d(p,q) < K and so ||p(y) —q(y)|| < K Was(y). This implies that
HF%Zp(FIy) - F%q(F[y)H < F%ZK Was(Fry) and hence HF%zp(FIy) - Fi?q(F[y)H < L K Was(y). Therefore,
ITp(y)—Tq(y )| <L K Was(y). The last relation necessitates that d(Tp,Tq) < L K ie., T is a
strictly contractive mapping on X with Lipschitz constant £. It follows from the proof of Theorem 3.1
and (3.28) for both cases I = 0 and I = 1 that d(TQ2,Q2) < £ = L'~ < co. Thus, condition (FPC1)
of Theorem 3.4 holds. On the other hand, by (FPC2) of Theorem 3.4, it follows that there exists a fixed
point 72 of T in X such that

D
o) = gim SV ey (3.30)
I

The proof of being quadratic 73 is a similar way to that of Theorem 3.1. Moreover, by (FPC3) of Theorem
3.4, Ty is the unique fixed point of T" in the set

Y=A{T: € X :d(Q2,T2) < c0}.
Hence, 7T is the unique mapping such that

[Q2(y) — 2(y)|| < K W(y,y),

for all y € V; and K > 0. Finally, condition (FPC4) of Theorem 3.4 implies that d(Q2, T2(y)) <
-1

ﬁ d(Q2, T2(y)) and so d(Q2, T2(y)) < %, which yields

L=
1-L

1Q2(y) — T2(y)|| < Was(y),

for all y € V;. This completes the proof. O

Next, we bring a consequence of Theorem 3.5 concerning some stabilities of (1.3) in the even case.

Corollary 3.4 Under assumptions of Corollary 3.1, let Qs : Vi — Vo be an even mapping fulfilling
inequality (3.9) for all x,y € V1. Then, there exists a unique quadratic mapping Tz : Vi — Vo such that
relations (1.3) and (3.10) are valid for all y € V;.
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Proof: In Theorem 3.5, take

M
M [l + llyl1™] N #2,
M || + 1yl ™2 N1, Ny # 2
W)= Mllal¥ Iyl N#1 (3:31)
M a1y Ni+ Ny #2
M |2l + [1y] 2N + |21 11 N#1
M [l [V 4 [Jy] [N ]| V2] N+ N £ 2

for all z,y € V1 . Replacing (z,y) by (FIDx, FIDy) and dividing the resultant by F?” in (3.31), one can
see that (3.26) holds. In the rest of the proof, we ignore all conditions for W (z,y), do not write them
and assume that they are true, respectively. From (3.28), we have

6M,
7M||!
6M|
x ¢ M]|
M|

17,
||N1+M||yIIN2

W =

i) =3[ (3.5) < (4)] -

NH‘Nz7
|2N
|N1+N2

=K

——w\:@w\::
w\@w\@——w\@wkz

and

F726M,
FN=2 7M||y||N,
F =2 6M| |yl + F 72 M |Jy[| M2,
W (Fr y, Fr y) +5W (Fr y,0) | =< FPN72 M|[y|]?Y,
FIN1+N2*2 M||y||N1+N2,
2N —2 2N
Fi 8M||y||*,
FHN2=2 g [[y| [N+,

=7 |

for all y € V;. From (3.28) for the case I = 0, we have L = F; * = 372 and from (3.29), we get

Llfl —2 M
1020~ Tatl < 1= Waslo) = (2 ) g xonr =

In the case I = 1, (3.28) implies that L = F; * = 72z = 32 and moreover by (3.29), we obtain

L7 | 1 M
A <1—32> g < OM ==

For the second inequality and for the case I = 0, we have L = FIN72 =3V=2 and

1Q2(y) = T2(y)|| <

1 3N-2 1 Y ™ ||y||V
_ < Wos(y) = [ ——— | = x TM||ZN =
1Q2) - Tatw)l < = Wast) = ( ogrms ) 3 % MY = i
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Once more, from (3.28) for the case I = 1, we have L = F¥ 72 = sv—z = 3>~V and from (3.29), we find

1 1 1 Y ™ ||y||Y
— < W- = ——— ) = xTM||Z||N = ——.
1020) - Tl < 1= Waslo) = (== ) 3 % MY = St
Other cases can be obtained similarly. O

3.5. Quintic case stability analysis: fixed point way

We prove the stability of equation (1.3) when the corresponding mapping is odd.

Theorem 3.6 Let W : V; x V; — [0,00) be a function with the condition
. D, D

where Fr is given in (3.27). Suppose that there exists L = L(I) such that the function Was has the
property

1 1

Was (Z/) = Was (y) ) —5 Was (Fr y) = L Was (y)v (3.33)

3 3 .
for all y € V1, where Was(y) = W(y,y) + 5W (y,0). If Let Qs : Vi — Vs is an odd mapping satisfying
inequality (3.1) for all x,y € V1, then there exists a unique quintic mapping Ts : Vi — Vo fulfilling (1.3)
and

‘lel
1Qs(y) = Ts (Wl < =7 Was(y),
for ally € V5.
Proof: The proof is a similar manner to that of Theorem 3.5. O

Corollary 3.5 Under hypotheses of Corollary 3.2, suppose that Qs : V1 — Vs be an odd function fulfilling
inequality (3.16) for allx,y € Vy. Then, there exists a unique quintic mapping Ts(y) : V1 — Vs satisfying
relations (1.3) and (3.17) for all y € V.

3.6. Quadratic-quintic type stability analysis: fixed point manner

In the present subsection, we investigate the stability of equation (1.3) when the corresponding map-
ping is arbitrary and without any condition.

Theorem 3.7 Let W : V; x Vi — [0,00) be a function with conditions (3.26) and (3.32) where Fy
is defined in (3.27). Suppose that there exists L = L(I) such that the function Was has the properties
(3.28) and (3.33) for all y € V1, where Was(y) = W (y,y) + 5W (y,0). If Let Q : V1 — Vs is a mapping
satisfying inequality (3.18) for all x,y € V1, then there exist a unique quadratic mapping Tz : Vi — Vs
and a unique quintic mapping Ts : V1 — Vs satisfying (1.3) and

1-1
1Totw) + o) ~ QU < 52

[(Was(y) + Was(—y)], (3.34)

for ally € V5.

Proof: Assume that Q.,Q, : V1 — Vs as defined in the proof of Theorem 3.3. Since Q. satisfies (3.18),
then it follows from (3.19) and Theorem 3.5 that

ﬁlfl

1Q2(y) = T2l < —5

(Was(y) + Was(—y)], (3.35)
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for all y € V;. Similarly, @, fulfills (3.18) and hence (3.21) and Theorem 3.6 necessitate that

El_l
1Q5(y) = Ts (Wl < 7= Was(y) + Was(=y)], (3.36)
for all y € V;. It now concludes from (3.23), (3.35) and (3.36) that (3.34) holds, as desired. O

The following corollary is the immediate consequence of Theorem 3.7 concerning the stabilities of
(1.3).

Corollary 3.6 Let Q : Vi — Vs be a function fulfilling inequality (3.24) for all z,y € V1. Then, there
exist a unique quadratic mapping To : Vi — Vs and a unique quintic mapping Ts : Vi — Vs satisfying
functional equation (1.3) and (3.25) for ally € V.

4. More Stability Results in Z-Numbers
4.1. Basics of generalized Z-numbers (GZ-N)

In many practical problems, the fuzzy probability approach can be an important component of decision
making. In the real world, we consider various aspects of uncertainty that are not always well represented
in fuzzy sets of information uncertainty. To overcome this problem, Zadeh introduced the Z-number (Z-
N) in 2011 [37] ; for more on the subject, see Aliev et al. [6] and Allahviranloo et al. [7]. A Z-N is an
ordered binary of the form (A,B) where the first component shows the fuzzy value and the second shows
the uncertainty of the first.

Let ©1 = [0, 1], and let 2o, be given as follows:

01
To, = { diag ©; = = diag[fy,---,0,],01, -+ ,0, € O1
On

We write diag[fy,--- ,0,] < diag[ki1, - , k], when 0; < k; for every i =1,--- ,n.

Definition 4.1 A mapping ® : ze, X To, — Te, is called a generalized continuous t-norm (GCTN) if
for each p, k,w, Yy, kn, wn € To,,1 = diag[l,--- , 1], the following conditions are satisfied:

(GCT1) w®1 = w;
(GCT2) w® Kk =K ®w;
(GCT3) w@®(kdw) = (w®K) ®w;
(GCT4) p=k and w <Xy imply that p@®w I K® Y;
(GCTH) If limy, oo by = Kk and limy, o @, = @, we have limy,_ o0 (ky ® @) = kK @ @.
In this section, we choose the minimum t-norm ®); = ze, X e, — e, which is defined as follows:
w ®p k = diagwn, - -+, @,] ®y diaglky, - -+, k] = diagimin{w, K1}, -+, min{w,, £, }]. (4.1)

Definition 4.2 Let p € R and p € (0,1], K =R or C and X be a vector space over K. A fuzzy set
N, : X x (0,00) — ©1 is a p— fuzzy norm (p—FN) on X if

(p—FN1) Ny (x,¢) =1, if and only if z =0 for ¢ € (0,00);
(p—FN2) N, (yz,() =R, (x, %) for each v #0 €K, all x € X and for ¢ € (0,00) ;

(p—FN3) N(z +y,¢+6) > Ry(x,¢) ® pu(y,0) for all z,y € X and for ¢, € (0,00) ;
(p—FN4) Chrf R, (x,¢) =1 for any ¢ € (0,00).
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Recall that a p—Banach FN space is a complete p—FN space. Now, we use the concept of probability
distribution functions to measure the certainty of a vector [3], where we put

_J 0, if ¢<0,
€O(O—{L if ¢>0.

Definition 4.3 Let p € (0,1) and K =R or K = C. A p—random normed space (p—RNS) is a triple
(X,%u,®"), where X is a vector space over K, @ is a continuous t—norm and ®u is a mapping from X
into (0,1] such that

(9—RNS1) ®u.(¢) =eo(¢) for all ¢ > 0 if and only if x = 0;

(p—RNS2) Puy (¢) =¥ Mw<|acp) forallz € X and a # 0;

(9p—RNS3) ©pypy(C+6) > Cus(¢) @ ©puy(8) for all z,y € X and ¢,8 > 0,where ®p, denotes the value
of ®u at a point x € X.

Definition 4.4 Let p € R and p € (0,1) and let K =R or K = C. We define a matriz-valued function
Z: X xRT — zg, with
Z(2,¢) = diagRp(2, ), “p2(C) R (2, €) ® V()]

and call it a generalized Z-number (GZ-N), when for all x,y € X and (,6 > 0, a # 0, the following
conditions are satisfied:

(GZN1) Z(x,¢) = diag[1,1,1] = 1 if and only if x = 0;

(GZN2) Z(a 2,¢) = Z( ¢

laf®

)forallxeX and o # 0;

(GZN3) Z(z+y,(+0) = Z(2,¢) @ Z(y, 0).

Definition 4.5 Let (X, 2) be a GZ-N. A sequence {x,} in X is said to be convergent to a point x € X if,
for any € > 0 and \ > 0, there exists a positive integer N such that Z(xn —xz,{)>1— X\ foralln > N.
A sequence {x,} in X is called a Cauchy sequence if, for any € > 0 and X > 0, there exists a positive
integer N such that Z(xn — Zm,C¢) > 1= X for alln >m > N. Moreover, A GZ-N (X, 2) is said to be
complete if every Cauchy sequence in X is convergent to a point in X.

In order to investigate the generalized Hyers-Ulam stability of functional equation (1.3) in GZ-N, from
now on, it assumed that V; is a p — N left C— module and Vs is a p — N left Banach C—module.

4.2. Quadratic case GZ-N stability analysis

In the current subsection, we deal with Hyers-Ulam stability of functional equation (1.3) for quadratic
case.

Theorem 4.1 Let W : V; x Vi x RT — zg, be a function with the condition

lim W (FIDx,FIDy,FIQD‘OC) —1, (4.2)

D—oo

where

3 1
FI:{ 1
3 I

for ally € V1 and all { > 0. Moreover, there exists £ = L(I) such that the function Was has the property

0,
; (4.3)

Was (y,¢) = Was (%39 C) , Was (Fzy,F?p C) = Was (Zh ZC) ) (4.4)



AN APPROXIMATE MIXED TYPE QUADRATIC AND QUINTIC FUNCTIONAL EQUATION 15

for all y € Vi and all { > 0, where Wos (y,() = W (y,y,ﬁ ) @y W (y,O, H_%) Suppose that
Q2 : V1 —> Vs, be an even function satisfying the inequality

Z(DQa(w,9).€) = W(a,y.0), (45)
where
W(w,y,0) = diag|[Wi (2, ), Wa(w,9,0), Wi(2,9,) ® Wa(z,9,0)] (4.6)

for all z,y € V1 and all ¢ > 0, in which Wy : V1 x Vi x Rt — Oy and Wy : V; x Vi — (0,1] are
functions. Then, there exists a unique quadratic mapping Tz : V1 — Vo satisfying equation (1.3) and

Z(Qalt) = Tat0).€) = Wes (1 ). (4.7
for ally € V1 and all ¢ > 0.

Proof: Consider the set X = {g2| g2 : V1 = Va2, ¢2(0) = 0} and define the generalized metric on X as

(g2, 45) = inf { K € (0,00) : Z(aa(y) — a5(9). ) = Was (3, 5 €),y € Vo, ¢ > 0},

The proof of completeness of (X, d) is routine. Define a mapping 7" : X — X’ through

1
Tq2(y) = FQQ(FI y), (yeW).
T

On the other hand, one can show that T' is a strictly contractive mapping on X with Lipschitz constant
L (see [27]). Using the evenness of Qs in (4.5), we get

Z (2[Q2(2z + y) + Q2(2z — y)] + Q2w + 2y) + Qa(x — 2y) + 28Q2(y)

—20[Q2(z +y) + Q2(x — y)] +22Q2(x),¢) = W(z,y,(), (4.8)
for all z,y € V; and all ¢ > 0. Putting = y in (3.4) and using again the evenness of @2, we obtain
7 (3Q2(3y) — 20Qx(2y) + 53Q2(y).¢) = W (x,,0), (4.9)

for all y € V; and all ¢ > 0. Replacing (z,y) by (y,0) in (4.8) and using property (GZN2), we have

Z (4Q2(2y) — 16Q2(y), ¢) = W (y,0,¢)

and so

7 (20Qx(2y) — 80Qx(y),5°¢) = W (y,0,¢), (4.10)
for all y € V; and all ¢ > 0. Combining (4.9) and (4.10), we find

Z (3Q2(3y) — 27Qa(y), C) = W <y7y’ 1+15PC> ®&p W (%0’ 1_:5@C) = Was(y, Q), (4.11)

for all y € V; and all ¢ > 0. Using (GZN2), the above inequality can be rewritten by as follows:

5(622(3?!)_

0 - Qul).¢) = Was (0277 ), @.12)

for all y € V; and all ¢ > 0. For the case I = 0, by applying (4.4) and (4.12), we arrive at

Z(1Qutt) - Qa(0).) = Was (1 )
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and hence d(TQ,Q2) < L = LT < 0o, for all y € V; and all ¢ > 0. Furthermore, replacing y by 4 in
(4.11) and using (GZN2), we have

Z (Qz(y) -9Q2(%). 31@<> = Was (%.¢)
and so
Z (Qaly) =902 (%)) = Was (5.3%). (1.13)

for all y € V; and all ¢ > 0. In a similar way, it deduces by (4.4) and (4.13) for the case I = 1 that
d(Q2,TQ2) < 1= L1 < co. Summing up: d(Q2,7Q2) < L1~1. Therefore, the validity of (FPC1) is
proved from Theorem 3.4. By (FPC2) of Theorem 3.4, it follows that there exists a unique fixed point
T> of T in X such that

Z(TQ(y)_ lim Q?(Fny),g)zL (y € V1, ¢ >0).

D—oco FI2D

We now claim that 75 satisfies (1.3). Switching (x,y) by (FPz, FPy) and using (GZN2) in (4.5), we
obtain

Z(F;D{2 (Q2(FPr+y)) + Q2 (FP 2 — )| + Qo (FP(x+29)) + Q2 (FP (2 — 2))
+14 [Q2 (FzD(y)) + Q2 (FID(_Z/))} - 20 [Qg (FID(Q: + y))
+ Q2 (FPa = )| - 2[17Q2(FP (@) = 28Q (FP(=2)) | }.¢)
=W ((FP o, FP y), F{"%)

for all ,y € V; and all ¢ > 0. Letting D — oo in the above inequality, using the definition of T3, (4.2)
and (GZN1), we see that T3 satisfies (1.3) for all x,y € V;. Once more, by (FPC3) of Theorem 3.4, it
concludes that 75 is the unique fixed point of T in the set

YV ={Ta(y) € X : d(Q2, T2(y)) < oo},

such that

for all y € V; and all ¢ > 0. Eventually, part (FPC4) of Theorem 3.4 implies that d(Q2, T2(y)) <
7 d(Q2,T2(y)) and therefore d(Q2, T2(y)) < %, which yields

Z(@a(y) ~ o), ) = Was (y%—ﬁ) > |

for all y € V; and all {( > 0. This finishes the proof. a
A corollary of the mentioned theorem is given as follows.

Corollary 4.1 Given positive numbers M and N. Let Qo : Vi — Vo be an even mapping fulfilling the
inequality

1 1
diag(]\c/[,e 1\%,@@@1@)7

Z(DQQ(x,y),§> = . IREIREEIRS: ) IRCIREIITIRS
diag | ——2L— a7 L ®e 7 ,

e
ar el N +HylIY ) T HIl Y Iyl 1Y Y
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for all x,y € V1. Then, there exists a unique quadratic mapping To : Vi — Vo satisfies functional
equation (1.3) and

N S 1

i 39[(9)° —1|¢ 39[(9)P-1]¢ 39|(9)° —1|¢ 39[(9)P -1]¢

dlag <(1+5p)1\/17 e (1+58)M R W ®e Q+59)M R
Nyl

@132 -3V |¢

~ . (1159
Z(T?( y)—Qa2y ),C) = ding | GG

T ®PI3ZP-3)N ¢
(1+59)M

b
(I+59)M +|\y\|g
Nyl N
@132 —3)N ¢ T TEe32e (3N
T 3) ‘((115@”(»1) 13

3)9(3)20 —(3)N|¢ ’
= l((1)+5w)z<w) ‘ JFH?!Hg

for ally € V1 and all ¢ > 0.

Proof: One can routinely verify that all hypotheses in Theorem 4.2 hold. From (4.1) and (4.4), we have
Was (y,¢) = Was (%39 C)

rdrgenurg

diag <1v< e i ®e

1 1 N
= o B 3N3‘;)””@ 4o B 3N£\@ (4.14)
diag 3@4 M —. e WQ N AT ST 1\14 ® e M
+ow llylly St vl
and
2p

Was (Fry, F}° ¢)

=W (Fry, Fry, F?9 ¢) @ W ( Fry,0, F29 ¢

[ 1Y, 1y, 'y C M 1Y, Y,

+ 27
F2¥¢  FY¢ pEee L
Al 1
dlag( e T e @ew Was (v, £¢)

— FN vl FN oy = 4.15
oo e RS e TR )
lag 20 ,6 M I 2¢p ®6 M W ( lC

F20¢ F20¢ 25 \Y, .
T I L=+ FN |lylly z¢)

The following cases can be obtained from (4.14) and (4.15). For the cases

0 L — 1 1 920 1-L£ _ 1-372% _ 92
I—O,E—Flzp*:gz@*:g P’£1707 3-2¢ 37 —1,
L, 1 1 920, 1-L£ __ 2
I=LL=5%= T =3 == =137,
348

from (4.7), we have

2(Qual) = Tat0).) =W (v s s ) @ W (10t 1)

1+5¢ L= 1459
. 39[99 — 1)¢ ~wmr=e 3°[9¢ — 1)¢ oI
=d (A+59)M (A+59)M
1ag<(1+5@)M’e Ty VI ’
N - ¢ 1-£ ¢
Z(@ay) = Talw),¢) =W (y Y FT T ) n W (yoglf 1+5w>

. [3°[1—99]¢ ~wmevc 3°[1—9°)¢  weei
= dlag -, (I+59)M ,—— ® e TH59IM )
(1+59)M (1+59)M
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In addition, for the cases

N—2 2 N
1=0;L= Fz@%zv = 32@% = 3N_2K)§ él_—ﬁﬂ = 151%7%@ =3 Zz_vg )
I
N 2
I=1°L= (i)lm—zv = (%)gp—zv = 32@_N§ él_—[i =1-3%N==1% 3_1\? @7
Fr
it follows from (4.7) that

Z(Qxly) ~ aw) )

1-L ¢ 1-L ¢

739([3%7)3NK - 30[3“;@“%N]< 7?’?)([3%7)31\]]4 - smség”g)fﬁc
. 1+59)M 39[329 —3N]¢ 1459) M 39[320 —(3)N]¢
= diag 3P[0 _3N]C € TFsM | SN ~ ®e (1+59) 01 ,
s T WG “igsenar - T YIS

Z(Q:) - B).¢)

1-L ¢ 1-L ¢
tw(y’y’ﬁlf'l—kf)ﬁﬂ ) ®MW<y70’£1[' 1+5@)

. 1+59) M 3R[37 —3°0]¢ 1+59) M 39[3Y —3)7]¢

= diag P BN 3] o ||N’6 AFsP)M s Tl HN ®e (1F59) M

(1159)M Ylle (1159 M Yllp

The proof in now complete. O

4.3. Quintic case GZ-N stability analysis

This subsection is devoted to establish Hyers-Ulam stability of functional equation (1.3) for quintic
case. A similar method of the proof of Theorem 4.1 can be used for the odd case of (1.3) as follows and
hence we do not include its proof.

Theorem 4.2 Let W : V; x V1 x RT — xg, be a function with the condition
lim W (FIDx,F,D%FfD@g) —1, (4.16)
D—oo

for ally € V1 and all ¢ > 0, where Fy is defined in (4.3) Moreover, there exists L = L(I) such that the
function Was has the property

W25 (yac) = W25 (%’350 C) ) W25 (FlyaF[sp C) = W25 (y7 ZC) ) (4]‘7)

for ally € Vi and all { > 0, where Was (y,() = W (y,y,ﬁ ) @y W (y,O, H%) Suppose that
Qs : V1 — Vs be an odd function satisfying the inequality
Z(DQs(w,9),¢) = W(z,y,Q),

where
W(l’,y, C) = dzag [W1(1'7y, C)v WQ(xaya C)a Wl(xa y,C) ® W2($7y, C):|a

for all z,y € V1 and all ¢ > 0, in which Wy : V1 X V1 x Rt — ©1 and Wy : V; x Vi — (0,1] are
functions. Then, there exists a unique quintic mapping Ts : Vi — Vs satisfying equation (1.3) and

5(@5(3/) — 7‘5(9%4) = Wos (y 151_?<> ;

for ally € Vy and all { > 0.
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Corollary 4.2 Given positive numbers M and N. Let Qs : Vi1 — Vo be an odd mapping fulfilling the
imequality

Z(DQs(@.9).¢)

diag (Ac/l,e
A=l Hlvl Y U= +nwn gy

¢

c g
M M

— M e M — M ______®e M

=Y+l N} DYyl } ’

=
diag

for all z,y € V1. Then, there exists a unique quintic mapping Ts : V1 — Vo satisfying equation (1.3)
and

S B I U
. 39|243° —1|¢ 392439 —1]C 391243 —1|¢ 3P [243F —1]C
i LA L (IF59)M BN GE=y van
dwﬂ( agse)ar 2 € M e @€ )
g
39350 —3N|¢
(1+59) M

391350 —3N |¢
(AF59) M

Z(%(y) - Q5(y)’ C) t dZ(lg 39350 3N |¢ +Hy||g ) €

(1150 M

Hyll Y
© 50 _aN —,7KJ
G o TERE
5
3@\35@731\’\(4_” [N ’
(1+59)M ylly

for ally € V1 and all ¢ > 0.

4.4. Quadratic-quintic case GZ-N stability analysis

In this subsection, we prove the Hyers-Ulam stability of functional equation (1.3) when the corre-
sponding mapping has no any condition.

Theorem 4.3 Let W : V) X Vi x RT — zg, be a function with conditions (4.2) and (4.16). Moreover,
there exists £ = L(I) such that the properties (4.4) and (4.17) hold for all y € V1 and all > 0. Suppose
that Q : V1 — Va be a mapping satisfying the inequality

Z(DQ(,1),¢) = W(w,y,0), (4.18)
where
W(l’, Y, C) = dlag |:W1(17, Y, C)a WQ(xv Y, C)a Wl(xa Y, C) ® WQ(Ia Y, C):| )

for all z,y € V1 and all ¢ > 0, in which Wy : V1 x Vi x Rt — Oy and W5 : V; x Vi — (0,1] are
functions. Then, there exist a unique quadratic mapping Tz : Vi —> Vo and a unique quintic mapping
Ts : V1 — Vs satisfying (1.3) and

Z(Qw) - Ty) — Ts(w). )
1-£ ¢ 1-£ ¢
>W(y,y,£1_l1+5p>®k[W<_ya_y7£1_Il Sp)

_l’_
(1-2) ¢ 1-L ¢
®MW<y707 EI_I 1+5K3 <>BMI/I/ 7y70aﬁ'7

(o b 1 e (s )

Y,Y, )Cl*] 1+5@ 1+5@
- ¢ - ¢
w 0,——— ——— Wi-y,0,—+—+ —— 4.19
®M (Z% 7£17[ 1+5p> ®M ( Y, 7£171 1+5p>’ ( )

for ally € Vy and all ¢ > 0.
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Proof: Assume that Q.,Q, : V1 — Vs as defined in the proof of Theorem 3.3. The mapping (). satisfies
(4.18) and so it follows from (3.19) and Theorem 4.1 that

2(Qu(0) - Tl —=-)

"1459
1-L ¢ 1-L ¢
- =5 . — >
W(y,y, [1-1 1+5p) @MW( Y, Y, L1-1 (1+5p) >
1-£ ¢ 1-£ ¢
®MW<?J70’£1_I'H_5@> ®MW(ZJ70,£1_I'1+5@)7 (4.20)

for all y € V; and all ¢ > 0. Moreover, since Q, : Vi — Vs satisfies (4.18), relation (3.21) and Theorem
4.2 necessitate that

Z(Quw) - To(w). =)

T145¢0
1-L ¢ 1-L ¢
-W —_— Wl -y, -y, ——F ——
- (y7y7 Cl_[ 1+ 59 ) @M < Y Y, ACl—f 1+ 5% )

1-L ¢ 1-L ¢
bl —y,0, = . 4.21
®MW<?J’0’£I 1_'_5@) ®MW( y70a ri-1 1_’_5@), ( )
for all y € V; and all ¢ > 0. It deduces from (3.20), (4.20) and (4.21) that relation (4.19) is valid. O

The following corollary is a immediate consequence of Theorem 4.3 concerning the stabilities of (1.3)
in the general case.

Corollary 4.3 Let M and N be positive numbers. Suppose that Q : V1 — Vs is a mapping satisfies
Z(DQ(a,y).¢)

_ .
diag(l\%,e fw,]\i@ez@>

> =S +nwndy =S vy

Iq

% q
— . e M
SN+l N}

£ s
M ® e
DSl Iyl ) ’

diag

forallx,y € V1 and all { > 0. Then, there exist a unique quadratic mapping T2 : V1 — Vs and a unique
quintic mapping Ts : V1 — Va fulfills equation (1.3) and

Z(Qw) - Taly) - To(y), &¢)

— 1 _ 1
. . 3P|9P,1‘C 3KJ‘2435:71|C . 3P[9® —1[¢ 3@\243?;’—1\(
dmg (mln [ T159)M (1459 M ,min (e (1+59)M , € (1+59)M ,

1 1
3P[9P —1]C 302439 —1]C
min | 27127 -1I¢ ® e A+59)M 773“243&_1'( ®e (F59)M ])

(1+59)M (1+59)M
3)P[3%2¢ 3N |¢ 39350 _3N |¢
. : (169 M (1+59) M
diag { min | s —sn N 3P[35e 3N ¢ ~
(1+5%)M +||pr (159 )M +Hy||g.)
_ Hyll g
> . (3)¢[320 —3N|¢ 391350 —3N|¢
- min |e oM e (I+59)M
Nyl
3P‘32K973N‘< —73@‘32&)7@31\,
min (1+58) M e W)J\/Ilc
3@\32@73N|4+H [y ’
(I+59)M Yl
Hylly
391(3)%¢ —3N |¢ ~3PEte_3N|c

(1+569)M
39350 —(3)V

e (1+59)M
[§
(AF5%)M I +||yHg

for ally € Vy and all ¢ > 0.
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