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Heat Transfer and Entrance Flow Characteristics of Viscoplastic Fluid in a Circular
Cylinder Using the Bingham-Papanastasiou Model

Deepa Madivalar∗, Vishwanath Kadaba Puttanna, A. Kandasamy

abstract: This study investigates the laminar flow of an incompressible viscoplastic fluid in the entrance
region of a circular cylinder, with emphasis on heat transfer characteristics by considering two different thermal
boundary conditions: constant wall temperature and constant wall heat flux. The fluid behavior is modeled
using the regularized Bingham-Papanastasiou approach, and the analysis is conducted under the assumptions
of Prandtl’s boundary layer theory using the finite difference method. The study highlights the simultaneous
development of the velocity and thermal boundary layers. It presents a detailed analysis of the heat transfer
behavior of Bingham fluid flow in the cylindrical geometry. The impact of yield stress on the flow and thermal
parameters is thoroughly examined. The presence of yield stress significantly affects flow characteristics such
as velocity, pressure, and temperature distributions. It also influences heat transfer performance, particularly
the Nusselt number. The effects of key dimensionless parameters, such as the Bingham and the Prandtl
number, are also discussed. The obtained results are consistent with previously reported findings in certain
limiting cases, validating the current approach.

Keywords:Viscoplastic fluid, circular cylinder, entrance region, Bingham-Papanastasiou Model,
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1. Introduction

The simultaneous development of the velocity boundary layer and thermal boundary layer in the
entrance region of laminar flow through a circular cylinder has been extensively studied for various types
of fluids [14]. This problem is highly relevant to numerous engineering applications, particularly in the
design of heat exchangers [31].

In the case of Newtonian fluids, several studies have analyzed this problem through various numerical
and analytical approaches [5,11,4]. Further, in many cases, some of these fluids exhibit solid-like behavior
below a critical stress called yield stress, but begin to flow once this threshold is exceeded. These fluids
are commonly known as viscoplastic fluids. This characteristic influences the designing process of the
materials.
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Previous studies have examined laminar flow in the entrance regions of various geometries—such as
cylinders, annuli, and channels—for viscoplastic fluids [22,23,19,7,27,34,24,15,20,13,1,8,32,10,28]. The
common interest amongst these investigations was the entry length. The entry length is typically defined
as the distance required for the velocity to attain 99% of its fully developed value, as given in [22].
However, several studies have proposed modifications to this definition. For instance, Ookawara et al. [23]
revised the definition for the developing length at low Reynolds numbers for cylinder flow, characterizing
it as the axial distance where the velocity reaches 99% of its fully developed value at a radial position
corresponding to 95% of the plug radius. Due to computational limitations, their study did not explore
cases with smaller relative plug radii.

Later, Poole and Chhabra [27] used the same definition of entry length and investigated the entry
length of Bingham fluids under creeping flow conditions using both the biviscosity model and the regu-
larized Papanastasiou model. They employed the SIMPLER algorithm to solve the governing equations.
Their findings showed that, at high Reynolds numbers, the entry length behavior of Bingham fluids closely
follows that of Newtonian fluids. However, this alignment fails to occur when the Reynolds number is
low.

Pai and Kandasamy [24] analytically studied the entrance region flow behavior in an annular geometry
by applying mass conservation and momentum equations along with the ideal Bingham fluid model. Their
study focused on the plug core region and the entry length of viscoplastic fluid flow. Further investigations
into the entrance region of viscoplastic fluid flow for high-yield stress fluids with the assumption of flow
everywhere in an annular geometry were carried out by Kandasamy and Nadiminti [15]. They utilized
Prandtl’s boundary layer assumptions with the ideal Bingham model and a finite difference scheme to
examine the tangential, radial, and axial flow characteristics of viscoplastic fluids in a concentric annulus.

Recently, Baioumy et al. [1] employed the boundary layer approach in conjunction with the momen-
tum integral method and used the ideal Bingham model to analyze Bingham fluid flow. Their results
show that the boundary layer thickness grows until the plug flow region becomes fully developed. Ad-
ditionally, they observed changes in pressure drop and centerline velocity at lower yield stress values.
Subsequently, Syrakos et al. [32] revisited the entry length of viscoplastic fluids using the regularized
Papanastasiou model within a finite element framework. They proposed alternative definitions for both
the developing length and the Reynolds number, highlighting the dependence of the entry length on yield
stress, the regularization parameter, and the Reynolds number. Additionally, Philippou [26] investigated
viscoplastic flow in pipes and channels with wall slip. Building on this, Gryparis et al. [10] addressed a
similar problem by analyzing flow in annular tubes under wall slip conditions.

The flow behavior of viscoplastic and Newtonian fluids in the entrance region of different geometries
plays a crucial role in determining heat transfer performance [3,21,17,9,2]. Therefore, it is essential
to examine both the thermal and hydrodynamic boundary layers simultaneously, focusing on the flow
parameters-velocity and temperature at the inlet of the domain for a comprehensive understanding.
Most research in this area has focused on three-dimensional computational simulations for heat transfer
problems. This was initially investigated by Vradis et al. [33], who studied Bingham fluid flow in a circular
pipe under constant wall temperature. They conducted a three-dimensional computational simulation
using the finite difference method and the bi-viscosity model. Their results revealed that the developed
velocity decreases with increasing yield number, and the Nusselt number is higher when viscous dissipation
effects are considered compared to cases where these effects are neglected. Later, Min et al. [18] studied the
convective heat transfer of Bingham plastic in a circular pipe by incorporating a viscous dissipation term
using a fractional method. They presented the heat transfer characteristics of Bingham fluids throughout
the pipe, applying the Bingham Papanastasiou model. Labsi et al. [17] analyzed temperature-dependent
viscosity for pipe flow with the Papanastasiou model and finite element method. Their results show that
the pressure drop is significant for constant plastic viscosity cases, and the Nusselt number increases as
the temperature difference rises for both heating and cooling scenarios.

Soares et al. [30] investigated the heat transfer behavior of Herschel-Bulkley fluids in the entrance
region of a pipe, neglecting viscous dissipation under two different thermal boundary conditions: uniform
wall heat flux and uniform wall temperature. Using the bi-viscosity model and implementing the finite
volume method, they demonstrated that the Nusselt number in the entrance region is consistently higher
for the case with uniform wall heat flux than that with uniform wall temperature. Later, E. J. Soares
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et al. [29] analyzed the same approach for the flow in the concentric annuli, and the results show that a
higher velocity gradient will give a higher Nusselt number.

From the above works, it is observed that the flow of viscoplastic fluids in various geometries has been
analyzed using three-dimensional simulations. Various authors have used different constitutive equations
to represent Bingham fluid flow, like the ideal Bingham model, the bi-viscosity model, and the regularized
Papanastasiou model. Among these models, the Papanastasiou model provides a better understanding
of viscoplastic fluid behavior, as it provides better insights into the flow of yield stress fluids through
computational analysis. Even though some of the works used the regularized Papanastasiou model, not
much work has been reported in the entrance region analysis using boundary layer assumptions.

We intend to investigate the effects of heat transfer in the entrance region of a circular cylinder
using the Bingham-Papanastasiou model, based on the assumption of Prandtl’s boundary layer theory,
and consider two thermal boundary conditions: constant wall temperature and constant wall heat flux.
This type of analysis is particularly important in various industrial applications involving the flow of
viscoplastic fluids, such as in the food, paint, pharmaceutical, cosmetic, and petroleum industries [16].

First, we formulate the boundary layer equations based on appropriate assumptions. Next, we present
the finite difference scheme along with its corresponding finite difference forms of the equations. We then
describe the solution technique, followed by the presentation of results, which include velocity, pressure,
temperature, bulk temperature, and the Nusselt number. These results are compared with findings from
previous studies for some particular cases.

2. Mathematical Formulation

Consider the laminar flow of a viscoplastic Bingham fluid in the entrance region of a horizontal circular
cylinder. The fluid enters the horizontal cylinder, which has a radius r1, with a uniform initial velocity
u0 and pressure p0, while a no-slip condition is imposed at the cylinder walls. The focus of this study is
to investigate heat transfer based on two thermal boundary conditions, viz., temperature is constant at
the wall and heat flux is constant at the wall, as depicted in Figure 1.

Assuming the flow to be incompressible, laminar, steady with constant fluid physical properties, we
can neglect the diffusion of heat in the axial direction and any viscous dissipation. Based on these
assumptions, the Prandtl boundary layer equations for this fluid problem in cylindrical coordinates (r, x)
are given as follows [6]:

Figure 1: Entrance Region Flow of Cylinder
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In this context, vx and vr denote the velocity components in the axial(x) and radial(r) directions,
respectively, while p represents the pressure, T is the temperature, and ρ is the fluid density. The thermal
parameters of the fluid, namely, the specific heat capacity and thermal conductivity are denoted by cp
and k, respectively. The term τrx refers to the shear stress acting in the axial (x) direction on a surface
perpendicular to the radial (r) direction, and its value depends on the fluid’s rheological behavior.

The constitutive equation for the ideal Bingham model to explain the viscoplastic behavior is
τrx = τ0 + µp

∂vx
∂r

if τrx > τ0
∂vx
∂r

= 0 if τrx ≤ τ0

(2.4)

Here, τ0 denotes the fluid’s yield stress. In this model (2.4), the tracking of the yield surface is completely
eliminated for viscoplastic fluid flow. To overcome this problem, Papanastasiou proposed a model [25]
that provides a continuous viscoplastic equation, which is valid in both yielded and unyielded regions.

τrx =
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]
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(2.5)

The variable m represents the exponent term that regulates stress growth. In the limit as m → 0, the
fluid behaves like a Newtonian fluid, whereas as m → ∞, behavior is that of the ideal Bingham model
(2.4). Substituting this regularized constitutive Equation (2.5) in Equation (2.2) we get,
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Based on the flow configuration in Figure 1, the boundary conditions for the velocity and pressure are
given below in Equation (2.7),

At x = 0 and 0 < r < r1 : vx = u0, vr = 0

At x = 0 : p = p0

For x ≥ 0 and r = 0 :
∂vx
∂r

= 0, vr = 0

For x ≥ 0 and r = r1 : vx = 0, vr = 0

(2.7)

For a constant wall temperature, the thermal boundary conditions in [30] for the Equation (2.3) are

T (r, 0) = To,
∂T

∂r
(0, x) = 0, T (r1, x) = Tw; (2.8)

while, for constant wall heat flux, the thermal boundary conditions should be written as

T (r, 0) = To,
∂T

∂r
(0, x) = 0, k

∂T

∂r
(r1, x) = q; (2.9)

Using these velocity boundary conditions in Equation (2.7), the equation of continuity (2.1) in the integral
form can be written as ∫ r1

0

2πrvx dr = πr21u0. (2.10)

The equations (2.1), (2.6), (2.3), and (2.10) along with the boundary conditions from equations
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(2.7), (2.8),and (2.9) are non-dimensionalized using the following dimensionless parameters:
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vx
u0
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0
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k

,

θ =
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, for constant wall temperature,

k

qr1
(T − T0), for constant wall heat flux.

(2.11)

Here, B is the Bingham number, M is the regularization parameter, Re is the Reynolds number, and Pr
is the Prandtl number.

Based on the non-dimensional parameters in (2.11), the dimensionless forms of the equations (2.1),
(2.6), (2.3), and (2.10) can be written as follows:

∂U

∂X
+

1

R

∂(RV )

∂R
= 0 (2.12)

U
∂U

∂X
+ V

∂U

∂R
= − dP

dX
+

1

R

∂

∂R

{
R

[
1 +

B
(
1− exp(−M|∂U∂R |

)
|∂U∂R |

]
∂U

∂R

}
(2.13)

U
∂θ

∂X
+ V

∂θ

∂R
=

1

Pr

{
∂2θ

∂R2
+

1

R

∂θ

∂R

}
(2.14)

∫ 1

0
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1
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(2.15)

and the corresponding dimensionless boundary conditions are as follows,

At X = 0 and 0 < R < 1 : U = 1, V = 0

At X = 0 : P = 0

For X ≥ 0 and R = 0 :
∂U

∂R
= 0, V = 0

For X ≥ 0 and R = 1 : U = 0, V = 0

(2.16)

The non-dimensional thermal boundary conditions [30] for constant wall temperature are given by,

θ(R, 0) = 0,
∂θ

∂R
(0, X) = 0, and θ(1, X) = 1. (2.17)

and for constant wall heat flux,

θ(R, 0) = 0,
∂θ

∂R
(0, X) = 0, and

∂θ

∂R
(1, X) = 1. (2.18)

The set of equations (2.12) - (2.15) along with the boundary conditions from equations (2.16),(2.17),
and (2.18) can be solved to determine flow parameters such as velocity, pressure and temperature, using
the method of finite differences described in the following section.

3. Methodology

The finite Difference Method (FDM), described by Hornbeck [12], includes the necessary boundary
conditions. Figure 2 illustrates the grid generation process in the axial direction, which uses a step length
of 10−6 from 0 to 0.1, and a step length of 2.5× 10−5 from 0.1 onward. A step length of 0.002 is utilized
in the radial direction. At a given point (i, j), the values of the flow parameters are assumed to be known,
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while those at (i, j + 1) remain unknown. This method utilizes a central difference scheme in the radial
direction and a backward difference scheme in the axial direction. Finite difference approximations are
applied to dimensionless Equations (2.12), (2.13), (2.14), and (2.15) at location (i, j+1). The subsequent
sections discuss the application of FDM in solving the hydrodynamic and thermal aspects of the problem.

Figure 2: Finite Difference Scheme

3.1. Computing Velocities and Pressure drop in Flow Domain

The hydrodynamic aspect of the problem is addressed using the non-dimensional continuity equation
(2.12), the x-momentum equation (2.13), and the integral form (2.15) using the following finite difference
scheme computationally with extension of work in [12].

The finite difference form of the continuity equation is given.

Ui+1,j+1 − Ui+1,j + Ui,j+1 − Ui,j

2∆X
+

1

Ri

Vi+1,j+1Ri+1 − Vi,j+1Ri

∆R
= 0 (3.1)

which on simplification can be written as,

Vi+1,j+1 = Vi,j+1

(
Ri

Ri+1

)
− ∆R

2∆X

(
Ri

Ri+1

)
[Ui+1,j+1 − Ui+1,j + Ui,j+1 − Ui,j ]

(3.2)
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The finite difference form of the x-momentum equation
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n∑
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n∑
i=0
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In the hydrodynamic part, the variables (U, V, P) are the unknowns that need to be determined.
To find these unknowns, the linearized set of Equations (3.3) and (3.4) are solved using the Gauss
elimination method to obtain U and P in each cross-section. The value of V is explicitly determined
using the U values from previous calculations and solving the continuity Equation (3.2). The method
for solving these equations is discussed by Coney and El-shaarawi [6].

3.2. Computing Temperature in the Flow Domain

The thermal part of the problem is solved using Equation (2.14) in the flow region. The finite
difference form of the energy Equation (2.14) used by Hornbeck [12] is implemented.
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This equation is applied for i = 1 to n. At R = 0 , apply the limiting process as R → 0
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The Equations (3.5) and (3.6) simplify to:
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Under the constant wall temperature boundary condition, numerically solving the linear Equations (3.7)
and (3.8) using the Gauss elimination method, the temperature at the j+1 level is determined. Continuing
this process downstream allows us to analyze the thermal boundary layer within the flow domain.

For a constant wall heat flux condition. To solve this, the wall heat flux condition from Equation (2.18)
provides the necessary additional equation, which is formulated using a finite difference approximation
as follows:

3θn+1,j+1 − 4θn,j+1 + θn−1,j+1

2(∆R)
= 1 (3.9)

where, θn+1,j+1 represents the wall temperature. To analyze the thermal boundary layer under the
constant wall heat flux condition, the temperature field is obtained by numerically solving Equations
(3.7), (3.8), and (3.9).

3.3. Computing Heat Transfer Parameters

This section analyzes heat transfer parameters, including the local Nusselt Number at the wall and
the bulk temperature, using the flow parameters within the flow domain.

The bulk temperature for this flow is given in [6],

Tb =

∫ r1
0

2πrvxT dr∫ r1
0

2πrvx dr
(3.10)

After non-dimensionality,

θb = 2

∫ R

o

URθ dR (3.11)

Here, θb is the non-dimensional bulk temperature. Applying Simpson’s rule allows for the numerical
calculation of the bulk temperature, which results in

θb

∣∣∣
j+1

=
2(∆R)

3

 n∑
i=1,3,5,7,9,...

4Ui,j+1Riθi,j+1 +

n−1∑
i=2,4,6,8,...

2Ui,j+1Riθi,j+1

 (3.12)

The local Nusselt number is expressed as follows:

Nux =
2hr1
k

(3.13)

Two thermal boundary conditions were examined here: the Nusselt number for the corresponding bound-
ary conditions:

For constant wall temperature,

h(Tw − Tb) = k ∂T
∂r (3.14)

Nux =
− ∂T

∂r

∣∣
w
2r1

Tb − Tw
(3.15)

and dimensionless form of Equation (3.15)

NuX

∣∣∣
j+1

=
2 ∂θ

∂R

∣∣
w

1− θb
=

2
[
3θn+1,j+1−4θn,j+1+θn−1,j+1

2(∆R)

]
1− θb|j+1

(3.16)

For constant wall heat flux,

h(Tw − Tb) = q (3.17)

Nux =
−q(2r1)

k(Tb − Tw)
(3.18)
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and dimensionless form of Equation (3.18),

NuX

∣∣∣
j+1

=
−2

(θb − θw)j+1
(3.19)

Equations (3.12), (3.16), and (3.19) are used to calculate heat transfer parameters of fluid flow in the
domain. The graphical analysis of the flow parameters is detailed in the next section.

4. Results and Discussions

The governing equations were numerically resolved to evaluate the flow parameters, including ve-
locities, pressure, and temperature, for various Bingham numbers (B=0,10,50) and Prandtl numbers
(Pr=1,5,10).

4.1. Discussions on Velocity and Pressure in Flow domain.

In this section, velocity and pressure in the flow domain are analyzed. Figure 3 illustrates the devel-
opment of axial velocity at different locations and for various values of Bingham numbers. This profile
clearly shows the plug region of the Bingham fluid, and it becomes evident that as the Bingham number
increases, the thickness of the plug also increases. This trend is consistently observed in the simulations
for Bingham fluids modeled using the Papanastasiou regularization, with the exponent M set to 10,00,000.
Figure 4 shows the fully developed velocity at the dimensionless axial location X = 0.25. It indicates
that as the Bingham number rises, the maximum velocity decreases and the entry length—defined as the
distance at which the velocity reaches 99% of its fully developed value—also decreases due to the forma-
tion of the plug region in the flow. On comparison, our results of velocity are found to be in agreement
with the results obtained by Vradis et al. [33] for the fully developed case as depicted in Figure 5 and
our results match the fully developed axial velocity profiles reported by Baioumy et al. [1].

Figure 6 illustrates the pressure drop along the axial direction, which decreases in the axial direc-
tion (X) of the cylinder from the entrance region. As the Bingham number increases, the pressure drop
also decreases, which demonstrates that a higher yield stress fluid leads to a larger pressure drop. This
is consistent with the previous results reported in [1].
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X=0.0001 X=0.01 X=0.25X=0.0001 X=0.01 X=0.25X=0.0001 X=0.01 X=0.25B=0
B=10
B=50

Figure 3: Fully developed axial velocity profile
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Figure 4: Axial velocity profile at X=0.25
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Figure 5: Comparing fully developed axial velocity profile with previous result of Vradis et al. [33]
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Figure 6: Pressure drop profile.
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4.2. Discussions on Temperature profiles in Flow domain.

The results presented focus on the thermal boundary layer under two distinct boundary conditions:
constant wall temperature and constant wall heat flux. Figure 7 shows the temperature profiles along
the radial direction at a fixed axial location X = 0.25, for various Bingham numbers B = (0, 10, 50)
and Prandtl numbers Pr = (1, 5, 10). Subfigures 7(a), 7(c), and 7(e) correspond to the constant wall
temperature case, while Subfigures 7(b), 7(d), and 7(f) represent the constant wall heat flux condition.
The temperature variation along the wall differs significantly between the two boundary conditions. In
particular, for the constant wall heat flux case, higher Bingham numbers result in lower wall temperatures,
as evident in Sub figures 7(b), 7(d), and 7(f). These results indicate that the thermal boundary layer
extends farther downstream than the hydrodynamic boundary layer, especially at higher Prandtl numbers.
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Figure 7: Comparison of temperature for different Prandtl numbers (Pr = 1, 5, 10) under two thermal
boundary conditions: (7a,7c,7e) constant wall temperature, and (7b,7d,7f) constant wall heat flux.
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Figure 8: Temperature profile with constant wall temperature and Pr=1
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Figure 9: Temperature profile with constant wall heat flux and Pr=1
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Figure 10: Bulk temperature for different Prandtl numbers (Pr = 1, 5, 10) under constant wall temper-
ature condition
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Figure 11: Bulk temperature for different Prandtl numbers (Pr = 1, 5, 10) under constant wall heat flux
condition

The development of temperature profiles along radial direction at some axial locations for various
Bingham numbers B = (0, 10, 50) and Prandtl number Pr = 1 are illustrated in Figure 8 for the constant
wall temperature case, and in Figure 9 for the constant heat flux case.

4.3. Heat Transfer Parameters

The commonly analyzed heat transfer parameters in the study of boundary layers are bulk tempera-
ture, wall temperature, and Nusselt number, which will be discussed in the following two sections.

4.3.1. Bulk Temperature and Wall Temperature. For the constant wall temperature condition,
the bulk temperature θb varies nonlinearly along the axial direction X for different Bingham numbers
and Prandtl numbers. The influence of both the Bingham number and the Prandtl number is more
pronounced in this case. Specifically, the bulk temperature increases with increasing Bingham number,
and for a fixed Bingham number, lower Prandtl numbers result in higher bulk temperatures due to greater
thermal diffusivity. These trends are illustrated in Figure 10.

In contrast, under the constant wall heat flux condition, the bulk temperature increases nearly linearly
along the axial direction as seen in Figure 11. The effect of the Bingham number on bulk temperature
is minimal, but the Prandtl number still plays a role—higher Prandtl numbers lead to lower bulk tem-
peratures, attributed to lower thermal diffusivity and a thinner thermal boundary layer. Additionally,
for this case, the wall temperature varies axially, and the lower Bingham number results in a higher wall
temperature compared to a larger Bingham number, as shown in Figure 12 for different Prandtl numbers.

Figure 13 illustrates the variation of the dimensional bulk temperature with the dimensional axial
distance(X) for different Bingham numbers, corresponding to three Prandtl numbers (1, 5, 10), under the
constant wall temperature. It is evident from Figure 13 that the bulk temperature is lower for smaller
Bingham numbers compared to higher ones. Moreover, the difference between these cases becomes more
pronounced as the Prandtl number increases.

4.3.2. Nusselt Number. Figure 14 illustrates how the local Nusselt number varies along the axial
direction of the cylinder under these two distinct boundary conditions: constant wall temperature, as
shown in Subfigures 14(a), 14(c), 14(e), and constant wall heat flux, as seen in Subfigures 14(b), 14(d),
14(f). The analysis takes into account three different Prandtl numbers (1, 5, and 10) and three different
Bingham numbers (0, 10, and 50).

In each scenario, a higher Bingham number correlates with a greater local Nusselt number compared
to a lower Bingham number due to decreases in axial conduction for larger yield stress. This observation
indicates that the local heat transfer rate per unit area is higher for more viscous fluids, as indicated by
the Bingham number. Additionally, at the cylinder entrance, the local Nusselt number is higher when a
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greater Prandtl number is present. This behavior is associated with the formation of the thermal boundary
layer, demonstrating that heat transfer is more significant at the entrance and gradually decreases as the
flow develops. The percentage increase in between the yield stress fluid and Newtonian fluid Nusselt
number increases with the Bingham number as shown in Figure 15.

Furthermore, when comparing the results under both thermal boundary conditions, the Nusselt num-
ber is observed to be higher under the constant wall heat flux condition. This discrepancy arises from
the boundary condition at the wall, which influences the Nusselt number. The corresponding values of
the Nusselt number for different Bingham and Prandtl numbers are summarized in Table 1.
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Figure 12: Wall temperature of a constant wall heat flux boundary condition.
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Figure 13: Bulk temperature for different Prandtl numbers 1,5,10 and constant wall temperature condition
shows in Figures (13a,13c,and13e) and percentage increase in bulk temperature with respect to Newtonian
fluids shows in Figures (13b, 13d, and 13f).
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Figure 14: Comparison of Nusselt number for different Prandtl numbers (Pr = 1, 5, 10) under two
thermal boundary conditions: (14a, 14c, 14e) constant wall temperature, and (14b, 14d, 14f) constant
heat flux. The results highlight the effect of boundary conditions and fluid properties on convective heat
transfer.
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Figure 15: Percentage increase in Nusselt number with respect to Newtonian fluid (B=0) for different
Bingham numbers (B=10,50) and different Prandtl numbers (Pr = 1, 5, 10) under two thermal boundary
conditions.
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Table 1: Nusselt number for different Prandtl and Bingham numbers under two thermal boundary con-
ditions

Pr x
Constant Wall Temperature Constant Wall Heat Flux

B = 0 B = 10 B = 50 B = 0 B = 10 B = 50

1

0.001 22.9161 22.9513 23.3818 31.3986 31.4441 31.5995

0.01 8.4301 8.8685 10.3672 11.3348 11.7554 13.3557

0.25 3.6622 4.4851 5.0662 4.4554 5.5061 6.4883

5

0.001 39.4624 39.5348 40.3562 54.0602 54.1557 54.4742

0.01 14.3098 15.0910 17.8731 19.1248 19.8524 22.6481

0.25 4.5742 5.5524 6.3919 5.8276 6.9954 8.3494

10

0.001 49.5886 49.6859 50.7451 68.3139 68.4412 68.8622

0.01 18.0801 19.0842 22.6615 24.1224 25.0516 28.6141

0.25 5.5193 6.6708 7.8315 7.0456 8.3884 10.0844

100

0.001 99.8195 100.0658 102.0181 147.6267 147.9271 148.7712

0.01 38.8837 41.1450 49.1666 52.4835 54.5711 62.5208

0.25 11.6433 13.9536 16.8664 14.7315 17.3407 20.9828

5. Conclusion

The computational investigation focuses on the simultaneous development of hydrodynamic and ther-
mal boundary layers at a cylindrical entrance for the incompressible, laminar flow of a viscoplastic Bing-
ham fluid, utilizing the regularized Bingham-Papanastasiou model. In this study, a finite difference
method is employed to solve the governing Prandtl boundary layer equations.

We analyzed the hydrodynamic solution in terms of velocity profiles and pressure drop distributions
in the entrance region of the cylinder, and the results are concluded as follows:

• Similar to Newtonian fluids, Bingham fluids display velocity overshoots in the entrance region of the
cylinder; however, the magnitude of these overshoots decreases as the Bingham number increases..

• The Bingham number significantly influences the pressure drop along the axial direction in the flow
domain.

The thermal boundary layer parameters were analyzed under two distinct thermal boundary conditions:
constant wall temperature and constant wall heat flux. This study investigates heat transfer charac-
teristics, including bulk temperature, wall temperature, and the local Nusselt number, all of which are
affected by variations in the Bingham number and Prandtl number. The key findings are summarized as
follows:

• The bulk temperature is higher for a greater Bingham number compared to a lower one under the
thermal boundary condition of constant wall temperature; bulk temperature changes are negligible
in the case of constant wall heat flux with respect to Bingham number.

• In examining both thermal boundary conditions, we find that in the entrance region, the Nusselt
number remains nearly the same for all Bingham numbers, indicating that it is not dependent on
the Bingham number in this region. However, beyond a certain axial location, the Nusselt number
for Bingham fluids surpasses that of Newtonian fluids, enhancing the local heat transfer rate at
those points.

• A comparison of the local Nusselt number for both thermal boundary conditions reveals that it
is consistently higher under the constant wall heat flux condition compared to the constant wall
temperature condition.
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