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State Space Analysis of Measurable Functions in Symmetric Algebra via Approach
Structure
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abstract: This paper investigates the role of approach structures in the study of algebraic systems, with par-
ticular attention to the state spaces of measurable functions in symmetric algebras. By integrating techniques
from Banach algebra and approach theory, the research provides new insights into the structural properties
of measurable functions and their significance in functional analysis. The findings expand the theoretical
foundations of symmetric algebras, extend classical approaches to state space analysis, and demonstrate the
effectiveness of approach structures in linking measure-theoretic and algebraic perspectives. In addition, the
results point to potential applications in operator algebras and related areas of modern mathematics.
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1. Introduction

Recent advancements in functional analysis and topology have led to the development of various
generalized structures extending the classical Banach and normed spaces. Hussein and Kreeam [17,9]
introduced a new structure of random approach vector spaces and random approach normed space via
Banach space, offering novel insights into the relationship between probabilistic methods and functional
analysis. In the context of topological structures. Furthermore, Abed Ali and Hussein [4] proposed a
new type of vector space based on S-proximity structures, while Hussein and Washaych [10] explored
Q-bounded functions in symmetric Ψ-Banach algebras. Hussein and Wshyayeh [11,8] further extended
the study of state spaces of measurable functions in symmetric Banach algebras, presenting multiple
new results. In another contribution, Saeed and Hussein [25] investigated normed approach spaces via
β-approach structures, providing new analytical tools. The works of Kadhim and Hussein [14,13] on
proximit structures in topological vector and metric spaces further expanded the theoretical landscape
and proved proximit structure is equivalent to approach structure. Foundational concepts from Jameson
[12], Kaplansky [16], Wang [26], Fleming and Jamison [6], and Kadison and Ringrose [15] underpin
much of this research, as well as Hussein and Fahim [7], explored fuzzy soft ordered Banach algebras
and Neamah and Hussein contributed multiple studies [22,23,24] on tw-normed approach spaces and Ψ-
character in symmetric tw-Banach algebras, providing completion results and structural characterizations.

Additional advancements include Abbas and Hussein’s works [1,2,3] on topological approach vector
spaces and completion results for normed approach spaces. These studies are supported by the foun-
dational theories of approach spaces developed by Baekeland and Lowen [5] and Lowen [19], Lowen et
al. [20,21], and Li and Zhang [18]. Together, these contributions form a comprehensive foundation for
the ongoing exploration of generalized Banach-type structures, approach spaces, and their associated
topological and algebraic frameworks.
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2. Preliminaries

We start this work by definition of important notion, namely Ψ-approach distance.

Definition 2.1 [9] Let X be a non-empty set. A function Ψ : X× 2X → [0,∞] is called distance on X if
the following properties are satisfies:

D1. ∀d ∈ X : Ψ (d, {d}) = 0,

D2. ∀d ∈ X : Ψ(d, ∅) = ∞,

D3. ∀d ∈ X : ∀�,� ∈ 2X : Ψ(d,�
⋃

�) = minΨ {(d,�) ,Ψ(d,�)},

D4. ∀d ∈ X : ∀� ∈ 2X, ∀ε ∈ [0,∞] : Ψ (d,�) ≤ Ψ
(
d,�(ε)

)
+ ε.

� pair (X,Ψ) where Ψ is a distance is called an approach space and denoted by appr-spaces. Instead
of (D4′) for all d ∈ X and �,� ∈ 2X, Ψ(d,�) ≤ Ψ(d,�) + supb∈�Ψ(b,�) (D4′) is equivalent to (D4).

x

Definition 2.2 [17] Let (ℵ,Ψ) and (Y,Ψ) are appr- spaces. A function g : ℵ → Y is known as Ψ-
contraction if for all ω < ∞, and for all �,� ∈ 2ℵ,Ψ′(g(d), g(�)) ≤ Ψ(d,�),

Definition 2.3 [1] Let (ℵ,Ψ) be Ψ- appr-space, a sequence {�n}∞n=1 in the Ψ-appr- space ℵ is said to
be convergent sequence to d ∈ ℵ if limn→∞ infd∈� Ψ(dn,�) = 0 and limn→∞ supd∈�, Ψ(dn,�) = 0.

Definition 2.4 [3] A set � ∈ 2ℵ is said to be a cluster point in a APS (ℵ,Ψ) if there exists disjoint
sequence {dn}∞n=1 in ℵ such that infd∈�Ψ(dn,�) = 0, which is written by dn

∞
n=1 → d. We denoted the

set of all cluster point in APS Γ(ℵ).

Definition 2.5 [2] A sequence dn
∞
n=1 in ℵ is said to be Cauchy sequence in APS (Ψ–Cauchy sequence )

if for every cluster point �, limn→∞ infd∈�,υi∈�i
Ψ(dn,�) = 0, a sequence {dn}∞n=1 in ℵ is said to be Ψ-

convergent sequence in APS if there exist d ∈ ℵ for all � ∈ Γ(ℵ),Ψ(dn,�) = 0.

Definition 2.6 [1] A triple (ℵ,Ψ, ∗) is known as Ψ- appr- semi group if and only if

i. (ℵ,Ψ) is Ψ- appr- space;

ii. (ℵ, ∗) is a semi group;

iii. ∗ : ℵ ⊗ ℵ → ℵ : (a, b) 7→ a ∗ b is Ψ-contraction.

Definition 2.7 [2] The triple (ℵ,Ψ, ∗) is known as Ψ-appr- group if satisfy the following:

i. (ℵ,Ψ) is Ψ- appr- space;

ii. (ℵ, ∗) is a group;

iii. ∗ : ℵ ⊗ ℵ → ℵ : (a, b) 7→ a ∗ b is Ψ-contraction;

iv. ℵ → ℵ : a 7→ −a is Ψ-contraction.

Definition 2.8 [3] Let F be a field and let ℵ be a non-empty set with two binary operations: an addition
and a scalar multiplication, Ψ is an appr- distance on 2ℵ, then, a quadruple (ℵ,Ψ, ∗,⊙) is said to be Ψ-
vector approach space if satisfy the following:

1. (ℵ,Ψ, ∗) is Ψ- appr-group;

2. (ℵ,Ψ,⊙) is Ψ-appr- semi group;

3. m.d ∈ ℵ;
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4. m (d+ y) = md+m y for all m ∈ F , for all d, y ∈ ℵ;

5. (d+ y)m = dm+ ym for all m ∈ F , for all d, y ∈ ℵ;

6. (λ.m) .d = λ.(m.d), for all d ∈ ℵ and λ,m ∈ F ;

7. ⊙ : F × ℵ → X,⊙(m, d) = m.d is Ψ-contraction;

8. d = d, for all d ∈ ℵ.

Example 2.9 Let D be a set of all real numbers, then, for all ω < ∞, a quadruple (D,Ψ,+,⊙) with a
usual addition (+) and scalar multiplication (⊙) is Ψ-appr. Vector space such that

Ψ(�,�) =


∞ � ̸= ∅,� = ∅
0 � ̸= ∅,� ̸= ∅, � = �
infϱ∈�,d∈� |ϱ− d| � ̸= ∅,� ̸= ∅

Proposition 2.10 Let (V,Ψ,+,⊙) is Ψ- appr- vector space, then (V,Ψ,+,⊙) is a vector space.

Proof: The proof is direct according to definition of tω- vector appr-space, (V,Ψ,+,⊙) satisfy the con-
dition of vector space. 2

Remark 2.11 The convers of Proposition 2.10 is not true, we show that by the following example.

Example 2.12 Let (D,+, •) be a vector space of real numbers with an usual addition and a scalar mul-
tiplication

Ψ(�,�) =

{
0 if d ∈ �
5 � if d /∈ �

Obvious, (D,Ψ) is not Ψ-appr-space .

3. Ψ- Approach Banach Algebra

Definition 3.1 Let ℵ is a Ψ-approach linear space over the field F . Ψ- norm on ℵ is a function Ψ : ℵ →
R for all d, y ∈ ℵ,Ψ is an approach distance on ℵ, � pair (ℵ, ∥.∥Ψ) is called Ψ- approach normed space
if the following conditions:

1. ∥u∥Ψ ≥ 0.

2. ∥λu∥s ≤ ∥u∥Ψ |λ| ≤ 1.

3. limλ→0∥λu∥s = 0

4. ∥λu+ µv∥Ψ ≤ |λ+ µ| (∥u∥Ψ + ∥v∥Ψ), for all |λ|, |µ| ≥ 1.

The pair (Ω, ∥ · ∥Ψ) is called Ψ-normed space.

5. Ψ(d,�) = sup�∈2ℵ infa∈� ∥d − a∥Ψ

Definition 3.2 Let ℵ be a Ψ- approach normed space , then ℵ is complete Ψ- approach space if every
Cauchy sequence is convergent.

Definition 3.3 Let (ℵ,Ψ) be Ψ- appr-space over the field, then (ℵ,Ψ,+, ·) is called Ψ-approach linear
algebra if satisfies the following conditions:

1. (ℵ,Ψ,+, ·) is Ψ-approach linear space;

2. The operation of multiplicative defined on ℵ satisfies the conditions for all d, y, z ∈ ℵ and ϱ ∈ F :
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i. ϱ. (d.y) = (ϱ.d) .y = d.(ϱ.y);

ii. (d.y) · z = d · (y.z);
iii. (d+ y) · z = (d · z + y · z) and d · (y + z) = d · y + d · z;

If any d, y ∈ ℵ satisfies Ψ(d.y,�) = Ψ(y.d,�), then (ℵ,Ψ,+, .) is called commutative Ψ -approach linear
algebra Let ℵs ⊆ ℵ, then ℵs is said to be Ψ –approach subalgebra if satisfies the same conditions of Ψ
–approach linear algebra.

Definition 3.4 Ψ-approach linear space ℵ is said to be Ψ- appr- normed linear algebra if:

1. ℵ is Ψ- approach normed space;

2. ℵ is Ψ-appr- linear algebra;

3. For all , b ∈ ℵ, ∥ab∥Ψ ≤ ∥a∥Ψ∥b∥Ψ;

4. If ℵ with identity ,then ∥e∥Ψ = 1.

Definition 3.5 Let ℵ be a Ψ-approach normed algebra, then ℵ is a complete Ψ-approach algebra if every
Ψ -Cauchy sequence is convergent.

Definition 3.6 � complete Ψ- approach algebra is called a Ψ- approach Banach algebra.

Definition 3.7 Ψ- Banach algebra ℵ is called unital if it has a unit element e such that Ψ(e.d,�) =
Ψ (d.e,�) = Ψ(d,�), for all d, e ∈ ℵ,� ∈ 2ℵ.

Definition 3.8 Let S is an algebra. We say that S is symmetric algebra if:

1. S is algebra .

2. an operation is defined in S which assigns to each element r in S the element r∗ in S in such way
that the following conditions are satisfied:

i. (r∗)
∗
= r.

ii. (Ψr + µf)
∗
= Ψr∗ + µf∗.

iii. (rf)
∗
= r∗f∗.

The operation r → r∗ will be called involution on an algebra S (if satisfies (i) – (iii)) and the elements
r∗ and r will be said to be adjoint to each other.

Notation: Let Inv (S) symbols to the set of invertible elements.

Definition 3.9 A complete Ψ- approach normed algebra is called symmetric Ψ- approach Banach algebra.

Definition 3.10 [12] Let ℵ be a symmetric Banach algebra. A functional T in ℵ is said to be p-state
functional if T is the positive linear functional.

4. Main Result

Definition 4.1 Let (ℵ,F, µ) be a measure space, and define Lp ((ℵ,F, µ)) = Lp(µ) to be the space of
all measurable functions with the usual convention about identifying functions equal almost everywhere.
Then a new space can be defined on Lp(µ) is called p-state space of measurable functions and denoted by
SC (Lp (µ)) such that SC (Lp (µ)) = {p|p : Lp (µ) → C is a state functional}.

Therefore Lp(µ) is Ψ- approach normed space, so, it is a symmetric Ψ - approach Banach algebra.

Theorem 4.2 Let SC (Lp (µ)) be the set of all p-state functional in Lp (µ), with the usual distance Ψ :
2SC(L

p(µ)) × 2SC(L
p(µ)) → [0,∞] defined on SC (Lp (µ)) and for all ∀ω < ∞, p1, p2 ∈ SC (Lp (µ)) , �,� ∈

2SC(L
p(µ)),

Ψ(�,�) =

{
infp1∈�,p2∈�,d̸=0

|p1(ϱ)(d)−p2(ϱ)(d)|
|d| if � and � ̸= ∅

∞ if � or � ̸= ∅
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Proof: First: (I) we must prove that Lp(µ),Ψ, dϵ) is Ψ -appr- space.

a. Let Ψ(D,T) = 0 then supϱ1∈D infϱ2∈T

∫ |ϱ1(ȷ)−ϱ2(ȷ)|
1+|ϱ1(ȷ)−ϱ2(ȷ)|dµ(ȷ) = 0 implies that ϱ1 (ȷ) = ϱ2(ȷ) so there

exist a ∈ ϱ1 (ȷ) ∩ ϱ2(ȷ) hence ϱ1 (ȷ) ∩ ϱ2(ȷ) ̸= ∅.

b. If D = ∅ then Ψ(D,T) = Ψ (∅,T) = ∞. If T = ∅ implise Ψ(D,T) = Ψ (D, ∅) = ∞.

c. Let D,T,C ∈ 2L
◦(µ).

Ψ(D,T ∩ C) = Ψ(D, ∅) = ∞ = supϱ1∈D infϱ2∈T

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ) V ∞

= maxΨ(D,T),Ψ(D,C)

*If T = ∅,C = ∅ then

Ψ(D,T ∩ C) = Ψ(D, ∅) = ∞ = max∞,∞ = maxΨ(D,T),Ψ(D,C)

*If T ̸= ∅,C ̸= ∅ then

Ψ(D,T ∩ C) = supϱ1∈D infϱ2∈T∩C

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ)

= supϱ1∈D infϱ2∈T

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ)V supϱ1∈D infϱ2∈C

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ)

= max supϱ1∈D infϱ2∈T

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ)V supϱ1∈D infϱ2∈T

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ)

= maxΨ(D,T),Ψ(D,C)

d. Let D,T ∈ 2L
p(µ) and ϵ, γ ∈ R+.

Ψ(Dϵ,T) = supϱ1∈D infϱ2∈T

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ)

= supϱ1∈D infϱ2∈T

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ)

≤ supϱ1∈D infϱ2∈T

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ) + ϵ+ γ

= supϱ1∈D infϱ2∈T

∫
|ϱ1 (ȷ)− ϱ2(ȷ)|

1 + |ϱ1 (ȷ)− ϱ2(ȷ)|
dµ(ȷ) + ϵ+ γ

= Ψ(D,T) + ϵ+ γ.

Then (Lp(µ),Ψ, dϵ) is Ψ-approach sp Let ω < ∞, ϱ ∈ Lp (µ) , υi ∈ ℵ, i = 1, . . . , n,D,T ∈ 2L
p(µ) : ϱ1 ∈

A, ϱ2 ∈ T 2

Theorem 4.3 Let Lp(µ) to be the space of all measurable functions with the usual convention about
identifying functions equal almost everywhere and SC (Lp (µ)) be a space of all p-state on Lp. Then
SC (Lp (µ)) is Ψ-appr-linear space

Proof: We prove that (Lp(µ),Ψ) be Ψ-appr- linear apace. The operations +, · are addition and multi-
plication defined as:

(p1 + p2) (ϱ(d)) = p1 (ϱ)(d) + p2 (ϱ)(d);

(p1.p2) (ϱ(d)) = p1 (ϱ)(d).p2 (ϱ)(d);
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With

∥p (ϱ)(d)∥Ψ =

∫ |p (ϱ)(d)|
1 + |p (ϱ)(d)|

dµ(d).

It is very clear that (Lp(µ),+) is a group.
Now, we prove + : Lp(µ) ⊕ Lp(µ) → Lp(µ) : (ϱ1, ϱ2) → ϱ1 + ϱ2 is Ψ– contraction for all ω <

∞, ϱ1, ϱ2, ϱ3, ϱ4 ∈ Lp(µ),�,�, C,D ∈ 2L
p(µ) : ϱ1 ∈ �, ϱ2 ∈ �, ϱ3 ∈ C, ϱ4 ∈ D.

Ψ′ (g (�,�) , g (C,D)) = infϱ1∈�,ϱ2∈�,ϱ3∈C,ϱ4∈D

n∑
i=1

(
|(ϱ1 + ϱ2)(υi)− (ϱ3 + ϱ4)(υi)|

1 + |(ϱ1 + ϱ2)(υi)− (ϱ3 + ϱ4)(υi)|

)

= infϱ1∈�,ϱ2∈�,ϱ3∈C,ϱ4∈D

n∑
i=1

(
|(ϱ1(υi) + ϱ2(υi))− (ϱ3(υi) + ϱ4(υi))|

1 + |(ϱ1(υi) + ϱ2(υi))− (ϱ3(υi) + ϱ4(υi))|

)

≤ infϱ1∈�,ϱ2∈�,ϱ3∈C,ϱ4∈D

( n∑
i=1

(
|(ϱ1(υi) + ϱ2(υi))− ϱ3(υi)|

1 + |(ϱ1(υi) + ϱ2(υi))− ϱ3(υi)|

)

+

n∑
i=1

(
|ϱ4 (υi)− (ϱ1(υi) + ϱ2(υi))|

1 + |ϱ4 (υi)− (ϱ1 (υi) + ϱ2(υi)|

))

≤ infϱ1∈�,ϱ2∈�,ϱ3∈C

n∑
i=1

(
|(ϱ1(υi) + ϱ2(υi))− ϱ3(υi)|

1 + |(ϱ1(υi) + ϱ2(υi))− ϱ3(υi)|

)

+ infϱ1∈�,ϱ2∈�,ϱ4∈D

n∑
i=1

(
|(ϱ1(υi) + ϱ2(υi))− ϱ4(υi)|

1 + |(ϱ1(υi) + ϱ2(υi))− ϱ4(υi)|

)

≤ infϱ1∈�,ϱ3∈C

n∑
i=1

(
|ϱ1(υi)− ϱ3(υi)|

1 + |ϱ1(υi)− ϱ3(υi)|

)

+ infϱ2∈�,ϱ4∈D

n∑
i=1

(
| ϱ2(υi)− ϱ4(υi)|

1 + | ϱ2(υi)− ϱ4(υi)|

)
= Ψ(�, C) + Ψ (�, D) ≤ Ψ(�, C) + Ψ (�, D) ,

Ψ′ (g (�) , g (�)) = Ψ′ (−�,−�)

= infϱ1∈�,ϱ2∈�

n∑
i=1

(
| − ϱ1(υi)− (−ϱ2(υi))|

1 + | − ϱ1(υi)− (−ϱ2(υi))|

)

= infϱ1∈�,ϱ2∈�

n∑
i=1

(
|ϱ1(υi)− ϱ2(υi)|

1 + |ϱ1(υi)− ϱ2(υi)|

)
= Ψ(�,�) ,

Then (Lp(µ),Ψ,+) is Ψ- approach group. it is clear that (ϱ1 (d) + ϱ2 (d)) , (ϱf) (d) , ϱ1(d)ϱ2(d) are
measurable functions . Then (SC (Lp (µ)) ,Ψ,+, ) is Ψ-approach linear space. 2

Theorem 4.4 Let SC (Lp (µ)) be the set of all p-state functional in Lp (µ). Then SC (Lp (µ)) is symmetric
and complete space.

Proof: First: To prove SC (Lp (µ)) symmetric Let ∗ : SC (Lp (µ)) → SC (Lp (µ)) defined by ∗
(
p(ϱ)(d)

)
=

p(ϱ)(d), ∗ is satisfying involution axioms such that ∥ p ∥Ψ =
∫
|p|dµ(d)

1.
(
p(ϱ)(d)

)∗∗
= (p(ϱ)(d)), since

(
p(ϱ)(d)

)∗∗
= ((p(ϱ)(d))

∗
)
∗
, We obtain p∗(ϱ)(d) =

((
p(ϱ)(d)

))∗

=(
p(ϱ)(d)

)
=

(
p(ϱ)(d)

)
;
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2.
[
ϱp1(ϱ)(d) + βp2(ϱ)(d)

]∗
= ϱp1(ϱ)(d) + β p2(ϱ)(d)

= ϱ̄p∗1(ϱ)(d) + β̄p∗2(ϱ)(d);

3. [p1.p2]
∗
(ϱ)(d) =

1
2

[
(p1 + p2)

2
(ϱ)(d) − p12 (ϱ)(d) − p22 (ϱ)(d)

]
= 1

2

[(
p1 (ϱ)(d) + p2 (ϱ)(d)

)2

− p12 (ϱ)(d) − p22 (ϱ)(d)

]
= p∗1(ϱ)(d).p

∗
2(ϱ)(d).

Now, we must prove The function ∗ : SC (Lp (µ)) → SC (Lp (µ)) : p → p∗ is Ψ − contractionforallω <
∞, f ∈ Lp (µ) ,�,� ∈ 2SC(L

p(µ)).

Ψ′ (g (�) , g (�)) = Ψ′ (�∗
,�∗) = infp1∈�, p2∈�|p∗1(ϱ)(d) − p∗2(ϱ)(d)|

= infp1∈�, p2∈�

∣∣∣(p1)∗(ϱ)(d) − (p2)
∗
(ϱ)(d)

∣∣∣ = infp1∈�, p2∈�

∣∣∣∣(p1 (ϱ)(d)) −
(
p2 (ϱ)(d)

)∣∣∣∣
= infp1∈�,p2∈�

∣∣∣p1 (ϱ)(d) − p2 (ϱ)(d)

∣∣∣ = tω (�,�) ≤ ktω (�,�) , for some k ∈ [0, 1].

Thus, (SC (Lp (µ)) , ∥.∥Ψ,Ψ∥.∥Ψ
) is symmetric Ψ - approach space.

Second: Now, we must prove that (SC (Lp (µ)) , ∥.∥Ψ, Ψ∥.∥Ψ
) is a complete Ψ-approach normed algebra.

Now, let �n,� ∈ 2SC(L
p(µ)) and let {�n}∞n=1 be a Ψ-Cauchy sequence in (SC (Lp (µ))),Ψ), {�n}∞n=1 →

�, we denoted the set of all cluster points in Ψ-approach space by Γ (SC (Lp (µ))) ,� ∈ Γ (SC (Lp (µ)))
and

Ψ(�,�) =

{
infpi(ϱ)∈�i,p(ϱ)∈�,d̸=0

|pi(ϱ)(d)−p(ϱ)(d)|
|d| , i = 1, . . . n ∈ Z+ if �n and � ̸= ∅

∞ if {�n} = ∅ or � = ∅

This means, for all � ∈ Γ
(
2SC(L

p(µ))
)
, limn→∞ infpi(ϱ)∈�i,p(ϱ)∈�,d̸=0 Ψ(�n,�) = 0, i = 1, . . . , n ∈ Z+,

so, by Definition 2.3,

limn→∞ inf
�∈Γ

(
2(SC(Lp(µ)))

) inf
pn(ϱ)∈�n,p(ϱ)∈�,d̸=0

|pn (ϱ)(d) − p (ϱ)(d)|
|d|

= 0,

and

limn→∞ sup
�∈Γ

(
2(SC(Lp(µ)))

) inf
pn(ϱ)∈�n,p(ϱ)∈�,d̸=0

|pn (ϱ)(d) − p (ϱ)(d)|
|d|

= 0.

Thus, {�n}∞n=1 is convergent in (SC (Lp (µ))) ,Ψ).

Now, we must prove that (SC (Lp (µ))), ∥.∥Ψ,Ψ∥.∥Ψ
) is complete Ψ -approach normed algebra. Let

{�n} ∞
n=1 be a Ψ -Cauchy sequence in (SC (Lp (µ)) ,Ψ),�n,� ∈ 2SC(L

p(µ)) and let p(ϱ) ∈ �,This means,

for all � ∈ Γ
(
2SC(L

p(µ))
)
, limn→∞ infpi(ϱ)∈�i,p(ϱ)∈�,d̸=0 Ψ(�n,�) = 0, i = 1, . . . , n ∈ Z+

0 = limn→∞ inf
pi(ϱ)∈�i,p(ϱ)∈�,d̸=0

Ψ(�n,�) = limn→∞ inf
pi(ϱ)∈�i,p(ϱ)∈�

d (pi (ϱ) , p (ϱ))

= limn→∞ inf
pj(ϱ)∈�j⊆�

inf
pi(ϱ)∈�i

d (pi (ϱ) , pj (ϱ))

= limn→∞ inf
pj(ϱ)∈�j⊆�

inf
pi(ϱ)∈�i

∥pi (ϱ)− pj (ϱ) ∥Ψ;

j = 1, . . . , n ∈ Z+;
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that is,

limn→∞ inf
pi(ϱ)∈�i,p(ϱ)∈�

∥pi (ϱ)− p (ϱ) ∥Ψ

= limn→∞ inf
pi(ϱ)∈�i,p(ϱ)∈�

∫
|pi (ϱ) (d)− p (ϱ) (d)|

1 + |pi (ϱ) (d)− p (ϱ) (d)|
dµ (d)

≤ limn→∞ inf
pi(ϱ)∈�i,p(ϱ)∈�

∫
|pi (ϱ) (d)|

1 + |pi (ϱ) (d)|
dµ(d)

+ limn→∞ inf
pi(ϱ)∈�i,p(ϱ)∈�

∫
|p (ϱ) (d)|

1 + |p (ϱ) (d)|
dµ(d) = 0.

2

Then, for all pi (ϱ) , p (ϱ) ∈ SC (Lp (µ)) limn→∞ infpi(ϱ)∈�i,p(ϱ)∈� ∥pi (ϱ)− p (ϱ) ∥Ψ = 0
Thus, (SC (Lp (µ)) , ∥∥Ψ,Ψ∥.∥Ψ

) is complete Ψ- approach normed algebra.
Therefore, SC (Lp (µ)) is Ψ - Ψ- approach normed space, so, it is a symmetric Ψ- approach Banach

algebra.

5. Conclusion

In this paper, we introduced some important definitions and we construct that the Ψ - approach
normed space (SC (Lp (µ)) , ∥.∥Ψ,Ψ∥.∥Ψ

) are complete Ψ- approach normed algebra, also, they are sym-
metric Ψ- approach Banach algebra.

References

1. R. K. Abbas and B. Y. Hussein, New results of completion normed approach space, AIP Conference Proceedings 2845
(2023), 050036.

2. R.K. Abbas and Boushra Y. Hussein, New results of normed approach space, Iraqi Journal of Science 63 (2022), no. 5,
2103–2113.

3. R.K. Abbas and B.Y. Hussein, A new kind of topological vector space: Topological approach vector space, AIP Conference
Proceedings 2386 (2022), no. 1, 060008.

4. Safia S. Abed Ali and Boushra Y. Hussein, New kind of vector space via ş-proximit structure, E3S Web of Conferences
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