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Averaged Controllability of the Klein-Gordon Equation with a Parametric
Electromagnetic Potential

Wissem Chougar and Abdelhak Hafdallah

abstract: In this paper, we consider the average null controllability problem for a Klein-Gordon equation
with an electromagnetic potential, which depends on a parameter, that represents the electromagnetic field
properties. These properties are affected by many different factors related to the behavior of particles. Thus,
to achieve the desired result, we apply the Hilbert Uniqueness Method, which provides direct and inverse
averaged inequalities. These inequalities assume the continuity and coercivity of a constructed operator, this
entails establishing a parameter independent control that brings the average (with respect to the parameter)
of the system to zero.

Key Words: averaged controllability, HUM, observability inequality, the Klein-Gordon equation, the
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1. Introduction

This paper addresses the following averaged control problem of the wave equation with potential
depending on a parameter: 

ytt −∆y + p(x, σ)y = 0
y = u
y = 0

y(x, 0) = y0 (x) , yt (x, 0) = y1 (x)

in Q,
on Σ0,
onΣ\Σ0,
in Ω.

(1.1)

With localized Dirichlet control u(x, t) ∈ L2(Σ0),Q = (0, T )×Ω, Ω ⊂ Rn is an open bounded domain
with a regular boundary Γ = ∂Ω, Σ = (0, T ) × Γ and Σ0 is a nonempty part of Σ. The potential
p (x, σ), dependent on the space variable and the real unknown parameter σ in [0, 1], is considered a
random variable that follows the uniform probability law. The potential is assumed to be in L∞ (Ω) for
all σ ∈ [0, 1] , and (y0, y1) are the initial datum independent of σ in H1

0 (Ω)× L2 (Ω). For each value of
σ ∈ [0, 1], y (x, t, σ) is the unique solution of (1.1) in C

(
0, T ;H1

0 (Ω)
)
∩C1

(
0, T ;L2 (Ω)

)
, (see [26]). One

of the most widely used models in quantum field theory is the Klein-Gordon equation, a fundamental wave
equation describing the behavior of spinless scalar particles; according to [22], this equation is likewise
regarded as a more practical form of the Schrodinger equation. We refined the Klein-Gordon equation
with an electromagnetic potential to explain the interaction of a charged particle with the electromagnetic
field. This is related to the electric and magnetic fields ( [16], [18]). Its exact controllability problem has
been studied in many works, such as [5], and [12]. In addition, the Klein-Gordon equation which has
electromagnetic potential is applicable in many fields, such as geophysics, medical imaging, hydrology,
and earth sciences (see [4], [3], [21], [24], [25], [17]). Its exact controllability in one dimension has been
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2 Wissem Chougar

studied in [15], [7], while the case of several dimensions has been shown in [19]. The electromagnetic
potential is a practical and powerful tool in the Klein-Gordon equations. It combines the electronic field
and the magnetic field into a single quantity that can clearly and accurately describe the interaction
of charged particles with electromagnetic fields at the quantum level. This interaction depends on the
properties of the electromagnetic field represented by the parameter defined in (0,1). To this effect, the
classical controllability notion in [14] could not lead us to the desired result more precisely and is not
enough to determine the exact controllability concering the potential coefficient. Hence, the concept of
averaged controllability is a suitable notion for obtaining the main result. The average controllability
significantly increased, just as it appeared in 2014 by E. Zuazua [6] due to its application in numerous
fields, such as microbiology, electromagnetics, and economics ( [1], [2], [3]), where their dynamic is
represented by parametric systems (PDEs, ODEs). In those systems, the parameter plays an important
role. The average controllability notion consists of manipulating the state average to find a parameter-
independent control, which differs from the classical notion. In this context, we find studies such as ( [2],
[8], [9], [19], and [26]) for parameter-dependent wave equations and for randomly evolving PDEs in [23].
In addition, other studies have reported the mean controllability in finite dimensions, such as [10]. Thus,
one of the user methods for solving controllability problems is the Hilbert uniqueness method proposed
by J. L. Lions [13], [11] for classical controllability problems, which consist of providing a uniqueness
theorem, a direct inequality, and an inverse inequality [1]. This article aims to study the controllability
of the wave equation concerning potential depending on the parameter used to determine the properties
of the mixture of media.

This paper is organized as follows: First, we introduce our problem with some key results to use in
the second part, where the HUM method is applied to demonstrate the average null controllability by
giving an averaged direct and inverse inequalities.

2. Averaged Null Controllability (Hilbert Uniqueness Method)

The average null controllability of the problem (1.1) is defined as follows:

Definition 2.1 [6] We say that the system (1.1) is average null controllable if there exists a control
u(x, t) in L2 (Σ) independent of the parameter σ such that(∫ 1

0

y (x, T, σ) dσ,

∫ 1

0

yt (x, T, σ) dσ

)
= (0, 0) . (2.1)

.

To achieve average null controllability, we apply the HUM method, which consists of proving a unique-
ness theorem, and direct and inverse inequalities [12]. Let us begin by establishing the precise definition
of the operator Λ to introduce the main theorem (the uniqueness theorem).

Now, we introduce the backward equation and the homogenous equation:
ψtt = ∆ψ − p(x, σ)ψ

ψ =
∫ 1

0
∂ϕ
∂η dσ

ψ = 0
ψ (x, T ) = 0 ;ψt (x, T ) = 0

in Q,
on Σ0,

on Σ⧹Σ0,
in Ω.

. (2.2)

 ϕtt −∆ϕ+ p (x, σ)ϕ = 0
ϕ = 0

ϕ (x, 0) = ϕ0 (x) ;ϕt (x, 0) = ϕ1 (x)

in Q,
on Σ,
in Ω.

(2.3)

For all (ϕ0, ϕ1) in the Hilbertian space of the initial data X is independent of the parameter σ.
We multiply the backward equation by ϕ and integrate on Q concerning σ using the integration by

parts to obtain: ∫ 1

0

∫
Q

ψttϕdxdtdσ −
∫ 1

0

∫
Q

∆ψϕdxdtdσ = −
∫ 1

0

∫
Q

p(x, σ)ψϕdxdtdσ.
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0

∫
Q

ψttϕdxdtdσ = −
∫ 1

0

∫
Ω

ψt (x, 0)ϕ (x, 0) dxdσ

+

∫ 1

0

∫
Ω

ψ (x, 0)ϕt (x, 0) dxdσ

+

∫ 1

0

∫
Q

ψϕttdxdtdσ.

We use Green’s formula,∫ 1

0

∫
Q

∆ψϕdxdtdσ =

∫ 1

0

∫
Q

ψ∆ϕdxdtdσ +

∫ 1

0

∫
Σ0

ψ
∂ϕ

∂η
dΓdtdσ.

Where η is the unit normal vector directed outward from Q and ηi is η’s i
Th component.

Implies that:

−
(∫ 1

0

ψ1 (x) dσ , ϕ0 (x)

)
L2(Ω)

+

(∫ 1

0

ψ0 (x) dσ, ϕ1 (x)

)
L2(Ω)

+

∫ 1

0

∫
Q

(ϕtt −∆ϕ+ p (x, σ)ϕ)ψdxdtdσ +

∫ 1

0

∫
Σ0

ψ
∂ϕ

∂η
dΓdtdσ = 0.

Where ψ0 (x) = ψ (., 0) and ψ1 (x) = ψt (., 0)∫ 1

0

∫
Σ0

ψ
∂ϕ

∂η
dΓdtdσ =

(∫ 1

0

ψ1 (x) dσ;ϕ0 (x)

)
L2(Ω)

−
(∫ 1

0

ψ0 (x) dσ;ϕ1 (x)

)
L2(Ω)

.

∫
Σ0

∣∣∣∣∫ 1

0

∂ϕ

∂η
dσ

∣∣∣∣2 dΓdt = (∫ 1

0

ψ1 (x) dσ;ϕ0 (x)

)
L2(Ω)

−
(∫ 1

0

ψ0 (x) dσ;ϕ1 (x)

)
L2(Ω)

.

Moreover, we define the operator Λ as follows:

Λ : X −→ X∗

Λ {ϕ0, ϕ1} =
{∫ 1

0
ψ1 (σ) dσ,−

∫ 1

0
ψ0 (σ) dσ

}
.

(2.4)

Where X∗ the adjoint space of X, and we define a semi norm on X as follows:

∥ϕ0, ϕ1∥2X =

∫
Σ

∣∣∣∣∫ 1

0

∂ϕ

∂η
dσ

∣∣∣∣2 dΓdt. (2.5)

Now, we prove the coercivity and the continuity of the operator Λ by introducing direct and inverse
inequalities.

Therefore, we define the average energy for later use.
We multiply the homogenous equation by ϕt, and we integrate on Ω with respect to the parameter σ.
The average energy is defined in (2.6), ∀t ∈ (0, T ).

Ea (t) =
1

2

(∫ 1

0

∫
Ω

|ϕt|2 dx dσ +

∫ 1

0

∫
Ω

|∇ϕ|2 dx dσ +

∫ 1

0

∫
Ω

p (x, σ) |ϕ|2 dx dσ
)
. (2.6)

Hence, in the following lemma, we prove the conservation of the average energy in (2.6).

Lemma 2.1 We take ϕ = ϕ (x, t, σ) as the solution of the homogenous equation, then the average energy
(2.6) is conserved for all t ∈ (0, T ) .

Ea (0) = Ea (t) =
1

2

(∫ 1

0

∫
Ω

|ϕt|2 dxdσ +

∫ 1

0

∫
Ω

|∇ϕ|2 dxdσ +

∫ 1

0

∫
Ω

p (x, σ) |ϕ|2 dxdσ
)
.
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Proof: By multiplying the homogenous equation with ϕt, integrate on (0, 1)×Ω, using the Green formula
and the Fubini theorem, and taking boundary conditions into account, we find that for all t ∈ (0, T ):

∫ 1

0

∫
Ω

(ϕtt −∆ϕ+ p(x, σ)ϕt) dx dσ =
1

2

d

dt

∫ 1

0

∫
Ω

|ϕt|2 dx dσ +

∫ 1

0

∫
Ω

∇ϕt∇ϕdx dσ

−
∫ 1

0

∫
∂Ω

ϕt∇ϕ · η d∂Ω dσ +
1

2

d

dt

∫ 1

0

∫
Ω

p(x, σ) |ϕ|2 dx dσ

=
1

2

d

dt

(∫ 1

0

∫
Ω

|ϕt|2 dx dσ +

∫ 1

0

∫
Ω

|∇ϕ|2 dx dσ

+

∫ 1

0

∫
Ω

p(x, σ) |ϕ|2 dx dσ
)

=
d

dt
Ea(t).

Then,
d

dt
Ea (t) = 0.

This is precisely the assertion of the lemma. 2

3. Averaged Inverse and Direct Inequalities

We start by proving a lemma that we will use later.

Lemma 3.1 Let q = (qk) be a vector field in

[
C1

(
−
Ω

)]n
independent of the parameter σ then, for all

weak solutions for the homogenous equation (2.3), we have:

1

2

∫ 1

0

∫
Σ

qi |∇ϕ|2 .ηidΓdtdσ =

∫ 1

0

∫
Ω

ϕt

(
qi
∂ϕ

∂xi

)T

0

dxdσ (3.1)

+
1

2

∫ 1

0

∫
Q

∂qi
∂xi

(
|ϕt|2 − |∇ϕ|2 − p (x, σ) |ϕ|2

)
dxdtdσ

+

∫ 1

0

∫
Q

(
∂ϕ

∂xj

∂qi
∂xj

∂ϕ

∂xi

)
dxdtdσ

− 1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
qi |ϕ|2 dxdtdσ.

Proof: First, for simplicity of notation, the convention of repeated indices will be applied as follows:
qi

∂ϕ
∂xi

=
∑n

i=1 qi
∂ϕ
∂xi

. Then, we make the convention with the homogeneous equation, and qi
∂ϕ
∂xi

and
integrate on Q× [0, 1].

∫ 1

0

∫
Q

(ϕtt −∆ϕ+ p (x, σ)ϕ) qi
∂ϕ

∂xi
ηidxdtdσ =

∫ 1

0

∫
Q

ϕttqi
∂ϕ

∂xi
dxdtdσ

−
∫ 1

0

∫
Q

∆ϕqi
∂ϕ

∂xi
dxdtdσ

+

∫ 1

0

∫
Q

p (x, σ)ϕqi
∂ϕ

∂xi
dxdtdσ.
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Hence,

∫ 1

0

∫
Q

ϕttqi
∂ϕ

∂xi
dxdtdσ =

∫ 1

0

∫
Ω

(
ϕtqi

∂ϕ

∂xi

)T

0

dxdσ −
∫ 1

0

∫
Q

ϕtqi
∂ϕt
∂xi

dxdtdσ

=

∫ 1

0

∫
Ω

(
ϕtqi

∂ϕ

∂xi

)T

0

dxdσ − 1

2

∫ 1

0

∫
Q

qi
∂

∂xi
|ϕt|2 dxdtdσ

=

∫ 1

0

∫
Ω

(
ϕtqi

∂ϕ

∂xi

)T

0

dxdσ − 1

2

∫ 1

0

∫
Σ

qi |ϕt|2 dΓdtdσ

+
1

2

∫ 1

0

∫
Q

∂qi
∂xi

|ϕt|2 dxdtdσ

=

∫ 1

0

∫
Ω

(
ϕtqi

∂ϕ

∂xi

)T

0

dxdσ +
1

2

∫ 1

0

∫
Q

∂qi
∂xi

|ϕt|2 dxdtdσ.

For the second integral term, we obtain:∫ 1

0

∫
Q

∆ϕqi
∂ϕ

∂xi
dxdtdσ =

∫ 1

0

∫
Σ

∇ϕ
(
qi
∂ϕ

∂xi

)
ηidΓdtdσ −

∫ 1

0

∫
Q

∇ϕ∇
(
qi
∂ϕ

∂xi

)
dxdtdσ.

Then,

∇ϕ∇
(
qi
∂ϕ

∂xi

)
=

∂ϕ

∂xj

∂qi
∂xj

∂ϕ

∂xi
+

1

2
qi

∂

∂xi
|∇ϕ|2 j = 1, ..., n

Consequently,

∫ 1

0

∫
Q

∆ϕqi
∂ϕ

∂xi
dxdtdσ =

1

2

∫ 1

0

∫
Σ

qi |∇ϕ|2 ηidΓdtdσ −
∫ 1

0

∫
Q

(
∂ϕ

∂xj

∂qi
∂xj

∂ϕ

∂xi

)
dxdtdσ

−1

2

∫ 1

0

∫
Q

qi
∂

∂xi
|∇ϕ|2 dxdtdσ.

We thus obtain:

−1

2

∫ 1

0

∫
Q

qi
∂

∂xi
|∇ϕ|2 dxdtdσ = −1

2

∫ 1

0

∫
Σ

qi |∇ϕ|2 ηidΓdtdσ +
1

2

∫ 1

0

∫
Q

∂qi
∂xi

|∇ϕ|2 dxdtdσ.

Where, ∫ 1

0

∫
Σ

|∇ϕ|2 ηidΓdtdσ =

∫ 1

0

∫
Σ

∇ϕ ∂ϕ
∂xi

dΓdtdσ.

This gives:∫ 1

0

∫
Q

∆ϕqi
∂ϕ

∂xi
dxdtdσ =

1

2

∫ 1

0

∫
Σ

qi |∇ϕ|2 dΓdtdσ +
1

2

∫ 1

0

∫
Q

∂qi
∂xi

|∇ϕ|2 dxdtdσ

−
∫ 1

0

∫
Q

(
∂ϕ

∂xj

∂qi
∂xj

∂ϕ

∂xi

)
dxdtdσ.

The last integral is rewritten as follows:∫ 1

0

∫
Q

p (x, σ)ϕqi
∂ϕ

∂xi
dxdtdσ = −1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
qi |ϕ|2 dxdtdσ

−1

2

∫ 1

0

∫
Q

∂qi (x, σ)

∂xi
p (x, σ) |ϕ|2 dxdtdσ.
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Consequently,

1

2

∫ 1

0

∫
Σ

qi |∇ϕ|2 ηidΓdtdσ =

∫ 1

0

∫
Ω

ϕt

(
qi
∂ϕ

∂xi

)T

0

dxdσ +
1

2

∫ 1

0

∫
Q

∂qi
∂xi

|ϕt|2 dxdtdσ

−1

2

∫ 1

0

∫
Q

∂qi
∂xi

|∇ϕ|2 dxdtdσ +

∫ 1

0

∫
Q

(
∂ϕ

∂xj

∂qi
∂xj

∂ϕ

∂xi

)
dxdtdσ

−1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
qi |ϕ|2 dxdtdσ

− 1

2

∫ 1

0

∫
Q

∂qi
∂xi

p (x, σ) |ϕ|2 dxdtdσ

=

∫ 1

0

∫
Ω

ϕt

(
qi
∂ϕ

∂xi

)T

0

dxdσ

+
1

2

∫ 1

0

∫
Q

∂qi
∂xi

(
|ϕt|2 − |∇ϕ|2 − p (x, σ) |ϕ|2

)
dxdtdσ

+

∫ 1

0

∫
Q

(
∂ϕ

∂xj

∂qi
∂xj

∂ϕ

∂xi

)
dxdtdσ

− 1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
qi |ϕ|2 dxdtdσ.

As a result, we obtain (3.1). 2

3.1. The average direct inequality

In this section, we prove the following theorem:

Theorem 3.1 (The direct inequality): Let ϕ, the solution of (2.3), verify the following inequality:∫
Σ

∣∣∣∣∫ 1

0

∂ϕ

∂η
dσ

∣∣∣∣2 dΓdt ≤ C

∫ 1

0

∫
Ω

[
|ϕ1|2 + |∇ϕ0|2 + p (x, σ) |ϕ0|2

]
dxdσ. (3.2)

C is a positive constant. Under the above result, we assume that the regularity property for the solution
of (2.3) holds.

∂ϕ

∂η
(x, t, σ) ∈ L2 (Σ× (0, 1)) . (3.3)

η is the outward unit normal vector.

Proof: Now, according to Lemma 1 and [12], we take q = h , h · η = 1 on Γ:

1

2

∫ 1

0

∫
Σ

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ =

∫ 1

0

∫
Ω

hϕt
∂ϕ

∂xi

T

0

dxdσ

+
1

2

∫ 1

0

∫
Q

∇h
(
|ϕt|2 − |∇ϕ|2 − p (x;σ) |ϕ|2

)
dxdtdσ

+

∫ 1

0

∫
Q

∇h ∂ϕ
∂xj

∂ϕ

∂xi
dxdtdσ

− 1

2

∫ 1

0

∫
Q

h
∂p (x, σ)

∂xi
|ϕ|2 dxdtdσ.

We estimate each integral then, ∫ 1

0

∫
Σ

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ ≤ CEa (0) .
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According to Cauchy-Schwarz, we obtain:

∫
Σ

∣∣∣∣∫ 1

0

∂ϕ

∂η
dσ

∣∣∣∣2 dΓdt ≤ K

∫ 1

0

∫
Σ

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ (3.4)

Where k > 0.

2

We obtain the average direct inequality defined in (3.2), which implies (3.3).

3.2. The average inverse inequality

In the following section, we will demonstrate a theorem to ensure the inverse inequality.

Theorem 3.2 (The inverse inequality) Assume R(x0) = ∥m (x)∥L∞(Ω) and

T
(
x0

)
= 2αR(x0)max

{
1, 1

α

}
where α > 0 then, for every T > T

(
x0

)
and every weak solution for

(2.3), the next averaged observability inequality holds:

(
T − T

(
x0

))
Ea (0) ≤

R
(
x0

)
2

∫
Σ(x0)

∣∣∣∣∫ 1

0

∂ϕ

∂η
dσ

∣∣∣∣2 dΓdt. (3.5)

To simplify the calculation, we use the following notations: following:

Let x ∈ Rn and x0 fixed in Rn, m (x) = x − x0 a partition of the boundary where
Γ0 = {x ∈ Γ;m (x) .η (x) > 0}where η (x) is a unit normal vector directed outward Ω [12].

m(x) = x− x0,

mi(x) = xi − x0i , 1 ≤ i ≤ n,

Γ
(
x0

)
= {x ∈ Γ m (x) .η (x) > 0} ,

Σ
(
x0

)
= Γ

(
x0

)
× ]0, T [ .

R
(
x0

)
= ∥m(x)∥L∞(Ω) = sup

x∈Ω

∥∥x− x0
∥∥ ,

T
(
x0

)
= 2R

(
x0

)
,

We put qi (x) = mi (x) = xi − x0i , 1 ≤ i ≤ n

∂qi
∂xj

= δij , where δij =

{
1 si i = j
0 si i ̸= j

n∑
i=1

∂qi
∂xi

=

n∑
i=1

∂

∂xi

(
xi − x0i

)
= n

∂ϕ

∂xj

∂qi
∂xj

∂ϕ

∂xi
=

∂ϕ

∂xi

∂qi
∂xi

∂ϕ

∂xi
= n |∇ϕ|2 .
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Proof: We rewrite Lemma 2 as follows:

1

2

∫ 1

0

∫
Σ

mi (x)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 .ηi (x) dΓdtdσ =

∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi

)T

0

dxdσ

+
1

2

∫ 1

0

∫
Q

n
(
|ϕt|2 − |∇ϕ|2 − p (x, σ) |ϕ|2

)
dxdtdσ

+

∫ 1

0

∫
Q

|∇ϕ|2 dxdtdσ

− 1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
mi (x) |ϕ|2 dxdtdσ

=

∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi

)T

0

dxdσ +
n

2

∫ 1

0

∫
Q

|ϕt|2 dxdtdσ

+
2− n

2

∫ 1

0

∫
Q

|∇ϕ|2 dxdtdσ

− n

2

∫ 1

0

∫
Q

p (x, σ) |ϕ|2 dxdtdσ

− 1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
mi (x) |ϕ|2 dxdtdσ

≤
∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi

)T

0

dxdσ +
n

2

∫ 1

0

∫
Q

|ϕt|2 dxdtdσ

+
2− n

2

∫ 1

0

∫
Q

|∇ϕ|2 dxdtdσ

− n

2

∫ 1

0

∫
Q

p (x, σ) |ϕ|2 dxdtdσ.

In the next steps, we estimate each integral, and we use the Cauchy-Schwarz inequality on Σ
(
x0

)
as

follows:

0 < m (x) .η (x) ≤ ∥m (x)∥ ∥ηi (x)∥ ≤ R
(
x0

)
.

We estimate the first member,

1

2

∫ 1

0

∫
Σ

mi (x) .ηi (x)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ ≤ 1

2

∫ 1

0

∫
Σ

n∑
i=1

mi (x) .ηi (x)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ

≤ ∥m (x)∥ ∥ηi (x)∥
1

2

∫ 1

0

∫
Σ(x0)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ

≤
R
(
x0

)
2

∫ 1

0

∫
Σ(x0)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ.

We take,

F =

∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi

)T

0

dxdσ − 1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
mi (x) |ϕ|2 dxdtdσ.

We thus obtain:

F +
n

2

∫ 1

0

∫
Q

|ϕt|2 dxdtdσ +
2− n

2

∫ 1

0

∫
Q

|∇ϕ|2 dxdtdσ − n

2

∫ 1

0

∫
Q

p (x, σ) |ϕ|2 dxdtdσ

≤
R
(
x0

)
2

∫ 1

0

∫
Σ(x0)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ.
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Moreover, we have:

F +
n

2

∫ 1

0

∫
Q

|ϕt|2 dxdtdσ +
2− n

2

∫ 1

0

∫
Q

|∇ϕ|2 dxdtdσ

−n
2

∫ 1

0

∫
Q

p (x, σ) |ϕ|2 dxdtdσ +
1

2

∫ 1

0

∫
Q

|ϕt|2 dxdtdσ

−1

2

∫ 1

0

∫
Q

|ϕt|2 dxdtdσ +
1

2

∫ 1

0

∫
Q

p (x, σ) |ϕ|2 dxdtdσ

−1

2

∫ 1

0

∫
Q

p (x, σ) |ϕ|2 dxdtdσ

= F +
1

2

∫ 1

0

∫
Q

[
|ϕt|2 + |∇ϕ|2 + p (x, σ) |ϕ|2

]
dxdtdσ

+
n− 1

2

∫ 1

0

∫
Q

[
|ϕt|2 − |∇ϕ|2 − p (x, σ) |ϕ|2

]
dxdtdσ.

Implies that:

F +
n− 1

2

∫ 1

0

∫
Q

[
|ϕt|2 − |∇ϕ|2 − p (x, σ) |ϕ|2

]
dxdtdσ + TEa (0)

≤
R
(
x0

)
2

∫ 1

0

∫
Σ(x0)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ.

We take,

G =

∫ 1

0

∫
Q

[
|ϕt|2 − |∇ϕ|2 − p (x, σ) |ϕ|2

]
dxdtdσ.

F +
n− 1

2
G+ TEa (0) ≤

R
(
x0

)
2

∫ 1

0

∫
Σ(x0)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ. (3.6)

Now, we return to the homogenous equation, multiply it by ϕ, and integrate it into (0, 1)×Q, we obtain:

∫ 1

0

∫
Q

ϕ (ϕtt −∆ϕ+ p (x, σ)ϕ) dxdtdσ = 0.

Hence,

∫ 1

0

∫
Q

ϕ (ϕtt −∆ϕ+ p (x, σ)ϕ) dxdtdσ =

∫ 1

0

∫
Ω

(ϕtϕ)
T
0 dx dσ −

∫ 1

0

∫
Q

|ϕt|2 dxdtdσ

+

∫ 1

0

∫
Q

|∇ϕ|2 dxdtdσ +

∫ 1

0

∫
Q

p (x, σ)ϕ2dxdtdσ

= 0.

Implies that: ∫ 1

0

∫
Ω

(ϕtϕ)
T
0 dxdσ = Y.
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We have,

F +
n− 1

2
G =

∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi

)
dxT0 dσ +

n− 1

2

∫ 1

0

∫
Ω

(ϕtϕ)
T
0 dxdσ

− 1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
mi (x) |ϕ|2 dxdtdσ

=

∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi
+
n− 1

2
ϕ

)T

0

dxdσ

− 1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
mi (x) |ϕ|2 dxdtdσ.

Moreover, we use Cauchy ε−inequality to find that:∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi
+
n− 1

2
ϕ

)
dxdσ ≤ ε

2

∫ 1

0

∫
Ω

|ϕt|2 dxdσ (3.7)

+
1

2ε

∫ 1

0

∫
Ω

∣∣∣∣mi (x)
∂ϕ

∂xi
+
n− 1

2
ϕ

∣∣∣∣2 dxdσ.
∫ 1

0

∫
Ω

∣∣∣∣mi (x)
∂ϕ

∂xi
+
n− 1

2
ϕ

∣∣∣∣2 dxdσ =

∫ 1

0

∫
Ω

∣∣∣∣mi (x)
∂ϕ

∂xi

∣∣∣∣2 dxdσ
+

(
n− 1

2

)2 ∫ 1

0

∫
Ω

|ϕ|2 dxdσ

+ (n− 1)

∫ 1

0

∫
Ω

∣∣∣∣mi (x)
∂ϕ

∂xi
ϕ

∣∣∣∣ dxdσ.
Additionally, we have that:∫ 1

0

∫
Ω

mi (x)
∂ϕ

∂xi
ϕdxdσ =

1

2

∫ 1

0

∫
Ω

mi (x)
∂

∂xi
|ϕ|2 dxdσ.

We use the Green formula:

1

2

∫ 1

0

∫
Ω

mi (x)
∂

∂xi
|ϕ|2 dxdσ = −n

2

∫ 1

0

∫
Ω

|ϕ|2 dxdσ.

We rewrite (3.8) as follows:∫ 1

0

∫
Ω

∣∣∣∣mi (x)
∂ϕ

∂xi
+
n− 1

2
ϕ

∣∣∣∣2 dxdσ =

∫ 1

0

∫
Ω

∣∣∣∣mi (x)
∂ϕ

∂xi

∣∣∣∣2 dxdσ
+

(
n− 1

2

)2 ∫ 1

0

∫
Ω

|ϕ|2 dxdσ

−n (n− 1)

2

∫ 1

0

∫
Ω

|ϕ|2 dxdσ

=

∫ 1

0

∫
Ω

∣∣∣∣mi (x)
∂ϕ

∂xi

∣∣∣∣2 dxdσ − n2 − 1

4

∫ 1

0

∫
Ω

|ϕ|2 dxdσ.

Implies that: ∫ 1

0

∫
Ω

∣∣∣∣mi (x)
∂ϕ

∂xi
+
n− 1

2
ϕ

∣∣∣∣2 dxdσ ≤
∫ 1

0

∫
Ω

∣∣∣∣mi (x)
∂ϕ

∂xi

∣∣∣∣2 dxdσ
≤ ∥mi (x)∥2

∫ 1

0

∫
Ω

|∇ϕ|2 dxdσ

≤ R
(
x0

)2 ∫ 1

0

∫
Ω

|∇ϕ|2 dxdσ.
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Now, by taking ε = R
(
x0

)
in (3.7), we obtain:∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi
+
n− 1

2
ϕ

)
dxdσ ≤

R
(
x0

)
2

∫ 1

0

∫
Ω

|ϕt|2 dxdσ +
R
(
x0

)
2

∫ 1

0

∫
Ω

|∇ϕ|2 dxdσ.

Then,∣∣∣∣F +
n− 1

2
G

∣∣∣∣ =

∣∣∣∣∣
∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi
+
n− 1

2
ϕ

)T

0

dxdσ − 1

2

∫ 1

0

∫
Q

∂p (x, σ)

∂xi
mi (x) |ϕ|2 dxdtdσ

∣∣∣∣∣
≤

R
(
x0

)
2

∫ 1

0

∫
Ω

|ϕt|2 dxdσ +
R
(
x0

)
2

∫ 1

0

∫
Ω

|∇ϕ|2 dxdσ.

Conversely, we have:∣∣∣∣∣
∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi
+
n− 1

2
ϕ

)T

0

dxdσ

∣∣∣∣∣ ≤ 2

∥∥∥∥∫ 1

0

∫
Ω

ϕt

(
mi (x)

∂ϕ

∂xi
+
n− 1

2
ϕ

)
dxdσ

∥∥∥∥
L∞(0,T )

.

This implies that: ∣∣∣∣F +
n− 1

2
G

∣∣∣∣ ≤ 2R
(
x0

)
Ea (0) .

We take 2R
(
x0

)
= T

(
x0

)
, ∣∣∣∣F +

n− 1

2
G

∣∣∣∣ ≤ T
(
x0

)
Ea (0) .

Consequently,

F +
n− 1

2
G+ TEa (0) ≤

R
(
x0

)
2

∫ 1

0

∫
Σ(x0)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ.

and,

TEa (0)− T
(
x0

)
Ea (0) ≤ TEa (0)−

(
F +

n− 1

2
G

)
≤ F +

n− 1

2
G+ TEa (0)

≤
R
(
x0

)
2

∫ 1

0

∫
Σ(x0)

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dΓdtdσ.

Implies that: (
T − T

(
x0

))
Ea (0) ≤

R
(
x0

)
2

∫
Σ(x0)

∫ 1

0

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dσdΓdt.

Moreover, ∫
Σ(x0)

∫ 1

0

∣∣∣∣∂ϕ∂η
∣∣∣∣2 dσdΓdt ≤ ∫

Σ(x0)

(∫ 1

0

∂ϕ

∂η
dσ

)2

dΓdt.

Which yields: (
T − T

(
x0

))
Ea (0) ≤

R
(
x0

)
2

∫
Σ(x0)

∣∣∣∣∫ 1

0

∂ϕ

∂η
dσ

∣∣∣∣2 dΓdt.
Which is the averaged inverse inequality. 2

Theorem 3.3 (Uniqueness theorem) ϕ is a solution for the homogeneous equation, if ∂ϕ
∂η (x, t, σ) = 0

on Σ × (0, 1) then, ϕ = 0 in Q× (0, 1).

Consequently, ||ϕ0, ϕ1||2X =
∫
Σ

∣∣∣∫ 1

0
∂ϕ
∂η dσ

∣∣∣2 dΓdt is a norm on X, (see [11]).
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Proof: In the context of the HUM method, the uniqueness theorem depends on proving direct and
inverse effects. In detail, the averaged inequalities show that the seminorm in (2.5) is a norm on X(the
Hilbert space of the initial data), which is identified in H1

0 (Ω)× L2 (Ω):

2

R (x0)

(
T − T

(
x0

))
Ea (0) ≤

∫
Σ(x0)

∣∣∣∣∫ 1

0

∂ϕ

∂η
dσ

∣∣∣∣2 dΓdt
≤ C

∫ 1

0

∫
Ω

[
|ϕ1|2 + |∇ϕ0|2 + p (x, σ) |ϕ0|2

]
dxdσ. (3.8)

Importantly, Λ is an isomorphism on H1
0 (Ω)×L2 (Ω) to H−1

0 (Ω)×L2 (Ω). More specifically (2.4) has a
unique solution given by

{ϕ0, ϕ1} = Λ−1

(∫ 1

0

ψ1 (σ) dσ,−
∫ 1

0

ψ0 (σ) dσ

)
H−1

0 ×L2(Ω)

. (3.9)

This approach aims to design parameter-independent control to achieve the averaged null controlla-
bility of the problem in (1.1) mentioned in (2.1).

2
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