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Kind of bipartite graph associated on triple elements of subgroup of group

Yaqoob A. Farawi

ABSTRACT: Assume G is a non commutative group, H is a subgroup of G, in this paper we define a kind
of bipartite graph which denoted by Ap ¢ and define as a vertex set V.= MUN were M = {(r,r,7) €
HxHxH} /{(r,r,r) EH3: [t,3r] =1, Vt€EG} & N= G—{t € G: [t,3r] =1, Vr € H}. Two vertices t and
(r,r,7) are adjacent iff [t,,7,7] # 1 this graph has no isolated vertex ,also we introduce the relative 3-Engle
degree of H in ¢ and discuss the relation between it and the graph Apg, g.

Key Words: Bipartite graph, relative 3-Engle degree, diameter, girth, Hamiltonian graph, infinite
group.
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1. Introduction

Algebraic graph theory is one of important top in mathematics which is interested for both specialist
in the field of algebra and graph theory in the recent years. In algebraic graph theory, every graph
associated to a group , ring, module or any other algebraic structure. we many refer to some papers on
Engle graph[1], non- cyclic graph[3], Sub ring of graph[10], The Annihilatingldeal graph[14],zero-divisor
graph [12], intersection graph [16], a graph associated to proper non-small sub-semi-modules f a semi-
module [5] to explore more, the following research works may be reviewed [11,13,4,6,9,2,15,7,8]. The
derived subgroup [G,G] of a group G is a subgroup of G generated by its commutators, which is to say
G,G] ={[w, 2] : w,z € G}, let G be a group and 71,72, ...,7, € G. Then

[r1,72, ..., Tn] = [r1,72, .. .,rn_l]_lrn_l [r1,72, .oy, "] Tn, foralln>1. Ifro=--=r,,

then we refer [r1,72,...,7,] by [r1, (n — 1)r2]. The group G is an Engel group if for each pair (a,b) € T,
there exists an integer number n = n(a, b) such that [b,na] = 1. In this article we introduce a new kind of
bipartite graph which define as follows, let G be a group and H be a subgroup of G we denoted (AH,G)
as a bipartite graph whose vertex set MUN were M = {(r,r,7) € Hx H x H} /{(r,r,r) € H?: [t,3r] =
1, Vie G} &« N= G—-{te G:[t3r] =1, ¥r € H}. Two vertices ¢t and (r,r,r) are adjacent iff
[t,r,rr] £ 1

We studied and proved some important properties of this graph, such as that it does not have isolated
vertices, as well as calculating the diameter and girth of the graph, and we explained when there are not
Hamiltonian. Also we define relative 3-Engle degree of H in G and discuss the relation between it and
the graph Ap g. Also, use this probability to fined lower bounded on the number of edges in this graph.

2. Basic results

This section introduces a new class of bipartite graphs based on properties of set theory, providing
illustrative examples to help highlight the features of this type of graph. We then review a number of
key properties associated with the proposed graph. Apg.

Definition [1.1] suppose that G is a finite non commuting group and H be a subgroup of G, then we can
define a bipartite graph associated on triple elements of a subgroup H of G which is denoted by A g
as follows the vertices set is V( Agg ) = MUN were$ M = {(r,r,r) € H x H x H} /{(r,r,r) € H?:
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[t,3r] =1, Vt€e G} & N= G—-{te G:[t,3r] =1, Vr € H}. Two vertices ¢t and (r,r,r) are adjacent
iff [t,r,r,r] #£1

Example [1.2] Assume D1 = {e, a,a?, a3, a*, b, ab,a®b, a®b,a’b} and H={e,a?,b,a®b} then Ay p,, as
follows (see figure 1)

(b,b,b) (a®b, ab, a®b)

) 9,
(%) o @ O * ] (* ] ]
a a? a* a® ab a?b a*b a®b

Figure 1: A p,,

Lemma [1.3] Apg has no isolated vertices.

Proof: let x be arbitrary vertices in Ap g then there are two cases x € N or z € M, if x € N then
from definition of Ay gthere exist r € H such that [z, 3r] # 1, thus x is adjacent to (r,r,r) and this gives
that x is not isolated vertices if x€ M by similar method then x is not isolated vertices and the proof is
complete.

Theorem [1.4] let H abelian subgroup of G and [G : H] = 2 Then daim ( Agg) = 2 if and only if
|M|>1.

Proof

since H is an abelian subgroup of G and [G : H] = 2, then G = HU X H, were X; € G and |N| < |X; H],
also |[M| > 1, this implies that there exist b € N such that b is adjacent to an element of M, a € M,
a = (r,r,r), b= (Xit) and this gives that [Xit,r,r,7] # e, so [X1,r,r,7] # e, for all (r,r,r) € A,
this deduce that element of N is adjacent of all elements of M because [X1t,r,r,r]= [[X t,7],r],7] =
[[[z1, r]t, r],r]=[X1,r,7,r] # e, Thus the graph Ap g is a complete bipartite graph and the result holds.
The converse follows from daim( Ag g)=2.

Theorem [1.5] Assume x is a vertex of Apg and |z| > 2,then girth ( Ay g) =4

Proof if x € N |, since |z| > 2 So there exist at least two vertices of M a1 , zo € M, x1=(r1,71,71), T2 =
(ro,79,79) . such that x adjacent with zy and x5 ,s0 [z,71,71,71] # e and [z,79,79,72] # e and this
given that [z,,r1,71,71]= [, 1], 71],71] = [z, 71]7 [z, 1], r1], m1]= [®, 71,71, 1] # ejalso [z, 79,70, 72] =
[x,72,72,72] # e .there for we have

L1 AL AN"Xyg DTy N

So the result holds.

If x € M, x = (r,r,r) then there exist z1,29 € N ,such that x adjacent with xz;andzs and this give
that [z1,7r,7,7] # e and [za,7r,7,7] # e we have that ziandzs adjacent with x3 = [zr, zr, zr] because
[@1, 27, 21, 27])= [[X4, 27], 27], 27|= [21,7, 7, 7] # € ,50 for x4 ,thus we have

1 Tz DTy NT T

Lemma [1.6] Assume H is a commutative subgroup of a group G, then graph Ap ¢ is star graph, if
|[M|=1or |N|=1,

Proof: since H is a commutative sub group of G , so [G,H] = 2 and this given that |N| = |zH| = |H]
, for some z ¢ H, therefor if |[N| = 1, this contradiction, so |[M| = 1. If A singleton set since this graph
with out isolated vertex, so the proof is complete.

Theorem[1.7] Assume H is a commutative subgroup of a group G, then Ay g is not Hamilton if
M| < |N]
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Proof: let M = {mi,mo,...,m;} , N = {ni,n9,...,n_1,Mn,Niy1,...,n;}, let Apg ¢ has Hamilton
cycle C, we can see that after 2i edges, were C start at mq = (r1,71,71)

mp~n; ~>Mig N1 N Mj—1 NNy N1 N N

Hence j-i vertices in N out of the cycle C, so C is not Hamilton cycle

Definition [1.8] suppose that H is a subgroup of G, then the relative 3-Engle group of H in G is denoted
by ds(H, G) and define as follows

ds(H,G) = HHGI {(r,t) e HxG: [t,r,7,7] = 1}|, it’s clear that G is 3-Engle group were d3(H,G) = 1
and H=G

We define the sets of all elements of H and G, where [t r,r,r] =1 as follows Cy(t)={r € H: [t,r,r,7] =1}
and Cg(r)={t 6 G: [t,r,r,r] =1}.S0 ds (H G) = |HHG| > ren 1Ce(r)]

=d; (H,G) = |]HIHG| > iec |Cu(t)] .we can see that Cg(t) and Cg(r) are not necessary subgroups of H and
G resp. Put Cg (H) = (1, Cc(r) and Cu (G) = (,cq Cul(t)

Let k1 denoted the set of all centralizers Cy(t) in H and Cg (r) in G where both Cg(t) and Cg (r) are
subgroups of their respective groups.”

Example[1.9]: Let G = Dg;H = {e,a,a?} then d3(H,G) =
ds(H,G) = 1, Dg is a relative 3-Engle group for subgroup H
Theorem[1.10]: Suppose that Agg is a graph, then if Cg(t) NCg(H) # () where t € N |

girth ( Agg )=4

Proof: since ¢t € N there exist 1 € M , x1 = (r,r,7) such that ¢ adjacent to z; and Cg(t) NCg(H)
40 3 h e Cg(t) N Ce(H) and we have t;, v 1 because [ty, r, 7, 7]= [[[tn,],7],7] = [[tn, )" [k, 7], 7], 7]
:[[[tha T]a T]a T} #e

With a similar method, we can see that ¢ and ¢, are adjacent to (r., 7., 7.) and the proof is complete.
Theorem [1.11]: Assume H is a subgroup of finite group G, then |E ( Apg)| = H| |G| (1 —ds (H,G)).
Proof : From definition of d3 (H, ®) we have the following :

ds (H,G) H| |G| = |{(r,t) e H* G : [t,r,r,7] = 1}| , also we have

HI |G| = {(r,t) e Hx G : [t 7,7, r] = 1} + [{(r,t) e Hx G : [t,r,r,7] # 1}
Thus [H] |G| = ds (H, G) [H] G| + | ( Awg)|. There for |E (A )| = [H| |G| (1 - ds (H,G)).
Example [1.12]: Let G = S5 and H be a subgroup of G defined as H = {e, (123),(132)}. Then
|E (Am,s, )| = [H||S5] (1 — ds (H, S3)) = (3) (6) (1 — 5) = 6.

Theorem [1.13]: Let H be a commutative subgroup of a non-commutative group G. Then

IH\

\H1|G| {(r,t) e HxG : [t,r,r,7] =1}| So

(IG| = |Cs (H)]) < |E (Ane)|-

Proof: Let |E(Ampg)| = H||G| (1 —d3 (H,G)) e voe- (44
Since d3 (H,G) = \GI Y e |Cu(t)]

:|H|1|G| S ocal+ S (Ca)]

teCg(H) t¢ Cg (H)

1 |
< g |HI1Cs 61+ (61 - I )
1

1 |G| [H]
=——— |- |H||Cq (H —_
Ce(H)
(1+ ‘ ‘GGl |) ......... (***)
By creating a (4x) I (44x) €quation we get :

IE (Aug)| > [H] |G| (1 - <1+ |C<|s¢g >|> )

IHI

(IG] = |Cg (H)]) -
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3. Conclusions

A novel family of bipartite graphs linked to subgroups of groups with three components each was
presented and thoroughly investigated in this work. The algebraic and structural features of the graph
Ay ¢ were investigated once it was characterized in terms of subgroup-group relations and commutator
conditions. A number of significant outcomes were confirmed: 1. It was established that there were
no isolated vertices, demonstrating Apy ¢ intrinsic connectivity. 2. Under various group-theoretic
assumptions, the graph’s diameter and girth were determined, paying particular attention to situations
in which the subgroup H is abelian.

3. It was determined under what circumstances the graph turns into a star graph or a complete bi-
partite graph. 4. It was shown that Ay ¢ is non-Hamiltonicity under specific cardinality requirements
of the vertex sets. 5. The notion of a subgroup’s relative 3-Engel degree within a group was presented,
along with its relationship to the graph’s structure. A lower constraint on the graph’s edge count was
also obtained using this relation. 6. The basic results were confirmed by providing precise computations
of Ap ¢ the girth, and the Engel degree using a number of instructive instances, such as dihedral
and symmetric groups. A graph structure that exhibits higher commutator interactions connects group
theory with graph theory, expanding algebraic graph theory to Engel-related subgroup characteristics.
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