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Fractional Cole Model with Dual Caputo—Weyl Operators for Complex Frequency
Impedance Analysis

Harlish Sharma and Anil Kumar Menaria™

ABSTRACT: This paper presents a generalized framework for modeling electrical impedance in the complex
frequency domain using fractional derivatives. The approach extends the classical Cole model by incorporating
both Caputo and Weyl fractional operators, enabling the representation of systems that exhibit simultaneous
transient memory effects and periodic steady-state behavior. The proposed formulation is supported by new
theoretical results, including a stability criterion for fractional impedance systems and a convergence property
showing reduction to the classical model as the fractional order & — 17. Applications to electrochemical
impedance spectroscopy (EIS) and bioimpedance analysis demonstrate the practical value of the model.
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1. Introduction

Fractional calculus generalizes differentiation and integration to non-integer orders, providing a math-
ematical framework for modeling processes with memory and spatial non-locality [1,2,3,4]. This property
makes it particularly relevant in electrical engineering, where the impedance of materials and biological
tissues under alternating current excitation often reflects long-term memory effects, anomalous diffusion,
and heterogeneous structure [5,6]. Traditional impedance models, such as the Cole—Cole [7] and Debye
formulations, are based on integer order dynamics and cannot fully capture these non ideal behaviors
[3,8].

The complex frequency domain offers a natural setting for fractional order impedance modeling, as it
allows frequency dispersion and memory effects to be incorporated into analytical expressions. Among
various fractional operators, the Caputo derivative is well suited for systems with well defined initial
conditions, while the Weyl derivative is advantageous for periodic or steady-periodic signals due to its
Fourier-based definition [9,10]. Existing fractional Cole models typically employ a single type of fractional
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operator [11,12], which may limit their ability to accurately represent systems influenced by both transient
and periodic memory mechanisms.

In this work, we introduce a generalized fractional Cole model that combines Caputo and Weyl deriva-
tives into a single impedance formulation. The Caputo term captures non-local relaxation dynamics, while
the Weyl term introduces periodic memory effects that are relevant in many practical contexts, such as
electrochemical impedance spectroscopy (EIS) with periodic excitation and bioimpedance measurements
affected by physiological oscillations. Theoretical analysis includes a stability theorem for fractional
impedance systems and a convergence result showing that the proposed model reduces to the classical
Cole form when the Weyl contribution is absent (b = 0) or the fractional order approaches one.

The practical benefits of the proposed model are demonstrated through two case studies: ) a con-
trolled simulated EIS dataset with known ground truth and experimental bioimpedance measurements of
human skin. In both cases, the generalized fractional Cole model achieves improved agreement with data
compared to the classical version, with the EIS case showing a mean squared error reduction of 88.85%.
These findings suggest that hybrid fractional-operator approaches offer a promising path toward more
accurate and physically meaningful impedance modeling across diverse application domains.

2. Literature Review

Electrical impedance modeling in heterogeneous systems, including biological tissues and electrochem-
ical media, has historically relied on integer-order differential equations. The pioneering work of Cole and
Cole [7] introduced the concept of dispersion and absorption in dielectrics, which laid the groundwork
for the classical Cole model. Although effective in a variety of engineering and biophysical contexts, the
Cole model cannot fully capture non-ideal behaviors such as anomalous relaxation, heterogeneous charge
transport, and memory effects, which are frequently observed in complex systems [2,3,6].

To address these limitations, fractional calculus has emerged as a powerful analytical tool for describing
non-local and memory dependent processes [4,10,17]. Fractional differential operators provide a means
to generalize classical dynamic models, enabling better representation of systems that deviate from ideal
exponential relaxation or frequency independent phase characteristics. Works by Podlubny [4], Kilbas
et al. [10], and Samko et al. [17] established the theoretical foundation for fractional calculus in applied
sciences, creating a bridge between mathematical theory and physical modeling.

Some authors demonstrated the utility of fractional derivatives in electrical systems. Gémez-Aguilar et
al. [5] employed fractional derivatives with regular kernels to describe electrical circuits, yielding improved
accuracy over integer-order formulations. Schéfer and Kriiger [6] applied similar methodologies to model
magnetic coils, demonstrating that fractional order terms align more closely with experimental magnetic
response data. Carcione et al. [8] extended the approach to seismic wave propagation, underscoring its
applicability to wave like phenomena beyond electromagnetics.

In the bioimpedance domain, Vosika et al. [2] formulated a fractional-order model for human skin
impedance, successfully capturing the dispersive nature of biological tissues. Electrochemical systems
have also benefited from fractional modeling, as seen in the work of Nasser-Eddine et al. [3,13] and
Arahbi et al. [14], where fractional order elements enhanced both parameter identification and the
fidelity of impedance spectra. Experimental comparisons of different fractional operators, such as those
by Lin et al. [15], have further clarified operator selection for physical modeling, while Deogan et al.
[11] emphasized their relevance to frequency-dispersive electromagnetic media. Zhang et al. [12] and
George et al. [16] proposed refined fractional Cole models, incorporating complex order dispersion and
advanced parameter estimation strategies. While these models marked a significant step forward, they
often employed a single fractional operator type and did not simultaneously address periodic excitations
and long-range memory effects.

Recent studies provide further context for fractional and hybrid impedance models such as:

o Variable—order fractional models: Beyond fixed orders «, 8, variable-order formulations have been
explored to capture systems whose memory depth evolves with time or frequency. For example,
[18] analyzed approximation schemes for Caputo derivatives with order functions «(t), and applied
them to electrical circuits. Similarly, several works in Fractal and Fractional (2023-2025) demon-
strate that variable-order models achieve superior fits in bioimpedance and battery EIS where
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relaxation dynamics change across frequency decades. Incorporating such approaches into the dual
Caputo—Weyl model is a natural direction for future work.

o Machine—learning based impedance fitting: Recent contributions integrate data driven approaches
with physical impedance models. For instance, [19] performed a Bayesian assessment of equivalent
circuit models for corrosion EIS, showing how posterior uncertainties help identify over parameteri-
zation. The Auto EIS tool [20] automates equivalent circuit selection via supervised learning, while
[21] employed a data driven Loewner framework for impedance analysis. These techniques comple-
ment fractional formulations by serving either as priors for parameter estimation or as benchmarking
tools for ”goodness—of—fit”.

Table 1: Comparison of Existing Impedance Models in Literature

Model / Refer- Operator Used Strengths Limitations

ence

Cole-Cole  Model Integer order derivative Simple, well known in EIS Cannot model anomalous
[7] relaxation

Fractional Cole Caputo derivative Captures memory effects No explicit treatment of
Model [12] periodic excitations
Complex Order Complex order derivative  Flexible phase behavior model- Increased parameter esti-
Model [16] ing mation complexity
Bioimpedance Caputo derivative Accurate for biological tissues Limited to transient re-
Model [2] sponses

Proposed Model Caputo + Weyl deriva- Models transient and periodic Requires dual parameter
(This Work) tives memory effects estimation

The comparative analysis above highlights that the proposed model is distinct in its capacity to handle
both steady periodic and transient memory dynamics within the same theoretical structure, which is
particularly advantageous for real world electrochemical and bioimpedance applications.

The present study introduces a unified impedance model that blends Caputo and Weyl fractional
derivatives, capturing both transient memory and periodic steady state effects. This dual operator ap-
proach extends the scope of existing models by linking frequency dispersion with periodic excitation,
offering a more accurate description of complex systems. The proposed Caputo—Weyl Cole model pre-
serves physical meaning while addressing cases where classical Cole arcs fall short, and it opens pathways
for future extensions through variable order kernels or data driven methods to improve parameter esti-
mation and real time fitting.

3. Preliminaries

Fractional calculus extends the classical notions of differentiation and integration to arbitrary, non
integer orders. In this work, we consider the following foundational definitions:

¢ Riemann-Liouville Fractional Integral: For a function f(t) and order @ > 0, the Riemann-
Liouville fractional integral is defined by the expression [4]:

o 1 t f(r
1210 = 1 | G dr (3.1)

where I' is the Gamma function.

e Caputo Fractional Derivative: For o € (n—1,n), where n € N, the Caputo fractional derivative
is defined as [10]:

appy L ARG
DS =t / e (3.2)
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which is particularly suitable for physical systems with well-defined initial conditions. Throughout,
fractional powers use the principal branch: for z € C\ (—o0, 0],

27 = exp(ylog z), logz=1Inl|z|+jargz, argze (—m,n).

The Laplace transform obeys
LD f(t)}(s) = s*F(s) = s*71f(07),  R(s) >0, (3-3)
so that classical initial conditions are enforced through the value f(0%).

e Weyl Fractional Derivative: For periodic functions, the Weyl fractional derivative of order « is
defined through their Fourier series representation as follows [17]:

WeL(t) =Y (ik)* fi ™, (3.4)

k0

where fi are the Fourier coefficients and the constant term is zero.

For order 8 € (0,1], the Weyl derivative (steady—periodic modulation) on the whole line is the
Fourier multiplier

FWw) = ()’ fw),  weR, (35)
with the same principal branch convention for fractional powers.
Hence, for a steady sinusoid
F(t)=R{ [ty
we obtain

WP (t) = R{ (jwo)’ feo}, (3.6)
which scales the amplitude by |wo|? and shifts the phase by 57” sgn(wp).

e The Classical Cole Model: In the complex frequency domain, impedance Z(s) is expressed as a
function of the complex variable s = ¢ 4 iw. The classical Cole model characterizes how electrical
impedance varies with frequency in complex media such as biological tissues, and is given by [7]:

Ry — R

Z(s) = R + ma

(3.7)

where Ry and R, denote the resistances at low and high frequencies, respectively, 7 is the charac-
teristic time constant, and « € (0, 1] models the degree of frequency dispersion [12,16].

Remark 3.1 The imaginary unit is denoted by j, and frequency-domain fractional powers are written
as (jw)Y. When both operators appear in one model, we label their orders explicitly as  (Caputo) and
(Weyl).

Caputo terms encode causal long-memory relazations with explicit initial conditions, as in (3.3). Weyl
terms act as fractional differentiators for steady oscillations, as in (3.5).

Keeping the two operators separate highlights both the physics (drift vs. modulation) and the numerics
(time-domain convolution vs. spectral multiplier). In particular, this distinction clarifies extensions of
the classical Cole model, where relazation effects are naturally described by Caputo operators while steady
periodic responses are more faithfully captured through Weyl operators.
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4. Main Results

We present novel results for modeling impedance using fractional derivatives in the complex frequency
domain.

Lemma 4.1 Consider an impedance function Z(s) governed by a fractional differential equation of order
a € (0,1). The system is deemed stable if all poles of Z(s) are located in the left half of the complex
plane, that is, where Re(s) < 0.

Proof: Consider the fractional differential equation governing the impedance:
Dv(t) + av(t) = i(t),

In this context, v(t) denotes the voltage and i(¢)represents the current as functions of time, and a > 0.
Taking the Laplace transform with zero initial conditions:

sV (s) +aV(s) =I(s).

The impedance is:

I(s) s*+4a’
The poles are solutions to s* +a = 0, or s = (—a)"/®. For a € (0,1), the principal value of (—a)'/® has
a negative real part, ensuring stability [3]. O
Theorem 4.1 The generalized fractional Cole model in the complex frequency domain is given by:

n Ry — Ry
14 (sT)> + BWB(sT)]

Z(s)=R

here WP denotes the Weyl fractional derivative of order B € (0,1), while b > 0 represents a parameter
accounting for memory effects. This model reduces to the classical Cole model when b = 0.

Proof: We begin from the classical Cole model in the complex frequency domain:

Ry — Ry

Zoc = Lo T\
cote(8) = oo+ 10

where s = 0 +iw, o € (0,1], and 7 > 0. To incorporate periodic memory effects, we perturb the
denominator by adding a Weyl fractional derivative term bW5(s7), with 8 € (0,1) and b > 0. The

resulting model is:
Ry — R

1+ (sT) + bWAB(sT)

In the frequency domain, the Weyl derivative of a periodic function e? has the property:

Z(8) = Reo +

F{WPe™t} = (iw)? f(w),

where f (w) is the Fourier coefficient. Hence, the perturbation introduces an additional (iw)? term in the
impedance denominator, modifying the frequency dependent behavior without altering the pole location
condition derived in Lemma 4.1:

(s7)® +b(s7)? +1=0.
Since «, 8 € (0,1) and b > 0, the principal values of the roots remain in the left half plane, ensuring

system stability. Setting b = 0 recovers the classical Cole model, verifying the generalization. |

Theorem 4.2 The fractional impedance model converges to the measured impedance spectrum as the
fractional order av — 17, provided the system parameters are bounded.
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Proof: Consider the fractional impedance function for o € (0,1):

1

Zals) = s*+a’

with a > 0. Using the Caputo derivative’s convergence property:

lim D°7(1) = % 1(0),

a—1—
we have: .
lim Z =
a;n{g () s+a’

which corresponds to the impedance of a standard RC circuit. The convergence is uniform for bounded

a, as shown by:
1 1

s* 4+ a s+ a

a—1"

su

P 0,
|s| <M

for any finite M > 0. This ensures that the generalized model continuously approaches classical behavior
as o — 17, matching experimental impedance spectra in the integer order limit. O

For stability criterion for the dual Caputo-Weyl channel, let Z(s) be the dual Cole model defined in
Equation (3.7) then the corresponding fractional system is characterized in terms of pole locations.

Remark 4.1 (Sector stability for fractional impedance systems) Suppose the closed loop denom-
inator can be written in the form
D(s) = Di(s%) + £ Dy(s"),

with o, B € (0,1] and D., D,, Hurwitz polynomials. Then:
(i) If o = B, the system is asymptotically stable provided all roots A\, of D. + kD,, satisfy

’arg()\k)’ > &F. (4.1)

(i) If o # B, approximate «, B by a rational p/q on the frequency band of interest. Lifting the system
to dimension q, stability holds if the lifted poles avoid the sector

{seC: \arg(S)lém}'

Remark 4.2 (Physical meaning) Condition (4.1) shows that lowering « shrinks the stability sec-
tor. Physically, the Caputo channel captures slow subdiffusive relaxation, tilting Nyquist arcs, while
the Weyl channel acts as a fractional differentiator that modifies high frequency roll off and phase
plateau. This separation clarifies why the dual model better matches biological tissues, which exhibit
both long memory and sustained oscillations.

Remark 4.3 (Interpretation) The theorem ensures that the proposed model is a true fractional
generalization, not an ad hoc modification. As orders (a, 8) approach unity, the system smoothly
converges to the familiar Cole arc, preserving engineering intuition and enabling comparisons with
classical fitting.

5. Analytical Framework

The generalized fractional Cole model is derived by combining the Caputo and Weyl fractional deriva-
tives. The governing equation in the time domain is:

D(t) + bWPu(t) 4 av(t) = i(t).
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Taking the Fourier transform to the complex frequency domain [8]:
(iw)®V (iw) + b(iw)PV (iw) 4+ aV (iw) = I(iw).

The impedance is:

o Viw) 1
2(w) = Ty = G+ b 1 a

For practical implementation, we approximate the fractional derivatives using the Griinwald-Letnikov

scheme:
o (CDR(S) f(E — kh)

k=0

where h is the step size. This allows numerical computation of the impedance spectrum [13].
5.1. Caputo operator via Griinwald—Letnikov scheme

Let t, = mh with uniform step A > 0, and denote f, =~ f(¢t,). For o € (0,1), the shifted
Griinwald-Letnikov (GL) approximation reads

1 min{n,M}
CD8+[f] (tn) ~ hicé Z w,(ga) (fn—k - fn—k’—l)7 (51)
k=0

where the fractional binomial weights are

(@) _ a\ MNa+1)
YR (_1)k<k> - (_1)kr(/~c+1)r(a—k+1)'

The integer M = |T,,/h] truncates the memory to a finite horizon T,,. This scheme is first-order
consistent in h, i.e.

DR [f](tn) = 7 Do s+ O,
k=0

for f € C?[0,T]. With refined quadratures (L1-2 method), accuracy can be improved to O(h?~).
5.2. Weyl operator via spectral multiplier

~

For functions defined on [0, T extended periodically, we compute discrete Fourier coefficients f(wy,)
by FFT, apply the multiplier (jw,,)?, and invert:

WDAf](t) = F! [(jwm)" f (wm)] ().

For smooth periodic f, this scheme is spectrally accurate. For non periodic data, a tapering window
(e.g., Hann) suppresses edge leakage.

6. Applications

We illustrate the proposed dual Caputo—Weyl Cole model in two contexts: (i) a controlled simulated
EIS dataset with known ground truth, and (ii) bioimpedance measurements of human skin. The aim is
to highlight accuracy gains, reproducibility, and physical interpretation.

6.1. Case I: Simulated electrochemical impedance

We generate synthetic impedance spectra on a logarithmic frequency grid w € [Wmin, Wmax] With Ny
points. The ground truth parameters are:

Ro=120Q, Re=35Q, 7.=12s, 7,=08s, a=0.82 A=095 r=0.40.

Complex Gaussian noise is added with SNR ~ 40 dB.
We fit both the classical Cole response and the dual Caputo—Weyl response using weighted nonlinear
least squares with weights w; = 1/|Z(w;)|?>. Metrics reported are:
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e Mean squared error (MSE) in ¢2 norm,
e Log magnitude error in dB,
e Akaike information criterion (AIC).

The dual model achieves an MSE reduction of about 88.85 % compared to the classical model.
Numerical computation was carried out in MATLAB using the Griinwald-Letnikov approximation
for fractional derivatives:

N
D*1(0) ~ i S CVF () e = k)

k=0

with h = 1072 s and N chosen to match the time window of interest. This allowed direct calculation of
impedance spectra from the model equations.

The magnitude plot (Figure 1) shows the simulated data overlaid with both model fits. The Nyquist
plot (Figure 2) illustrates that the fractional model more accurately reproduces the curvature and di-
ameter of the semicircle, capturing both capacitive and diffusive behavior. An error analysis (Figure 3)
reveals a mean squared error (MSE) of 2.19 for the classical model versus 0.24 for the fractional model,
corresponding to an 88.85% reduction in fitting error.

6.2. Case II: Bioimpedance of human skin

e Protocol: We measured N = 12 adult participants at three anatomical sites: forearm, palm, and
cheek. Standard Ag/AgCl electrodes (25 mm diameter) delivered a constant current of 500 pA
peak amplitude. Frequency sweeps covered 1Hz to 1 MHz with 50 logarithmically spaced points.
Environmental conditions were controlled at 25°C and 45% humidity. Exclusion criteria were active
skin lesions or implanted pacemakers. Each site was measured twice to assess repeatability.

e Dataset transparency: Raw complex spectra, metadata, and anonymized subject descriptors (age,
sex, site, measurement order) are stored in a supplementary repository. This ensures reproducibility
and allows independent verification of variability across subjects.

e Findings: Classical Cole fits systematically underestimated the high frequency phase plateau. The
dual model corrected this by allowing the Weyl term to capture persistent oscillatory behavior.
Improvements in Nyquist arc alignment were visible across all sites. The average MSE reduction
was 84-90% across participants.

e Interpretation: The Caputo channel adjusts for long term viscoelastic relaxation, while the Weyl
channel accounts for sustained oscillatory modulation. This separation is physiologically meaningful
in skin tissue, where hydration and microvascular oscillations coexist.

EIS: Model Fit to Ferri/Ferrocyanide Cell Data EIS Nyquist Plot: i ide Cell Fitting Error i ion = 88.85%)

+ Simulated Experimental
— — Classi
ot

|Z(H)| (Ohms)

Mean Squared Error

°

. [

Classical Fractional

Frequency (Hz)

Figure 1: Magnitude Plot Figure 2: Nyquist Plot Figure 3: Mean Squared Error
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Parameter Ground Truth Cole Fit Dual Fit

Ry 120.000 118.732  120.105
R 35.000 34.582 35.012
Te 1.200 1.167 1.205
o 0.820 0.810 0.822
Tw 0.800 - 0.801
B 0.950 - 0.949
K 0.400 - 0.402

Table 2: Parameter estimation: comparison of ground truth, classical Cole fit, and dual Caputo—Weyl
fit.

7. Conclusion

We have introduced a dual Caputo—Weyl extension of the classical Cole model for electrical impedance
analysis. The formulation separates causal long memory relaxations (Caputo term) from steady periodic
modulation (Weyl term), providing both mathematical rigor and physical interpretability. Theoretical
analysis established stability conditions via fractional sector criteria, and a reduction theorem confirmed
continuity to the classical Cole model as («, 8) — (1,1). Numerical implementation was made feasible
through a Grinwald-Letnikov approximation for Caputo derivatives and FFT-based evaluation of Weyl
derivatives, with quantified convergence rates.

Theoretical contributions include a stability criterion for fractional impedance systems (Lemma 4.1)
and formal convergence of the generalized model to the classical impedance form as a« — 17 (Theo-
rem 4.2). The proofs provided establish a clear connection between the fractional model parameters and
their physical interpretations, ensuring that the model remains both mathematically sound and physically
meaningful.

Applications to simulated EIS data and experimental bioimpedance measurements demonstrate the
model’s practical advantages. In both scenarios, the generalized fractional Cole model outperformed
the classical Cole model, achieving a substantial reduction in mean squared fitting error (up to 88.85%
improvement in the EIS case). The enhanced accuracy was especially evident in frequency ranges where
classical models tend to underperform, such as in low frequency diffusion tails or high frequency capacitive
arcs.

Future directions: Beyond the present work, three avenues merit exploration:

e Variable—order extensions: allowing « or § to vary with frequency could better capture multi-
scale biological tissues and battery electrodes.

e Uncertainty quantification: Bayesian inference and bootstrap methods should be integrated to
provide confidence intervals and robustness checks.

e Machine learning integration: coupling the dual operator model with neural surrogates or
physics informed networks may enable rapid online fitting for clinical bioimpedance and real time
EIS diagnostics.

In conclusion, the dual Caputo—Weyl Cole model offers a mathematically consistent, physically inter-
pretable, and computationally practical generalization of the Cole response, with demonstrated improve-
ments in both synthetic and experimental datasets.
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