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On the Global Existence of the Logarithmic Viscoelastic Petrovsky Equation with a Delay
Term

Abidi Khedidja, Saadaoui Mohamed

abstract: The paper examines a logarithmic viscoelastic Petrovsky equation with a delay term in a bounded
domain. We employ the energy method alongside the Faedo-Galarkin method to establish the existence of
global solutions in appropriate Sobolev spaces. The solution’s asymptotic behavior is derived using a suitable
Lyapunov functional.
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1. Introduction

In this paper, we study the logarithmic viscoelastic Petrovsky equation with a delay
|ut|p utt(x, t) + ∆2u(x, t) + ∆2utt (x, t)−

∫ t

0
g (t− s)∆2u (s) ds

+µ1ut (x, t) + µ2ut(x, t− τ) = ku ln |u| , in Ω× (0,+∞),
u (x, t) = ∂u

∂v (x, t) = 0, in Γ× (0,+∞),
u (x, 0) = u0 (x) , ut (x, 0) = u1(x), in Ω,

ut (x, t− τ) = f0 (x, t− τ)) in Ω×]0, τ [,

(1.1)

where Ω is a bounded domain in Rn (n ≥ 1) with a smooth boundary ∂Ω = Γ, p > 0, µ1 and µ2 are
positive real numbers. The function g is a positive non-increasing function defined on [0,+∞), τ > 0
represents a time delay, and u0, u1,f0 are the initial data in a suitable function space. The Petrovsky
problem has attracted considerable attention in recent years, particularly due to its relevance in the
mathematical modeling of elastic plates and beams where higher order operators naturally arise. In
such systems, damping mechanisms ranging from frictional to viscoelastic and delay-type damping play
a crucial role in determining both the well-posedness of the model and the long-time behavior of its
solutions. Several important contributions addressing existence, uniqueness, and asymptotic stability
under various damping structures can be found in [4,5,7]. Logarithmic nonlinearities frequently appear
in supersymmetric field theories and in cosmological inflation.From the perspective of Quantum Field
Theory, logarithmic source terms arise in nuclear physics, inflation cosmology, geophysics, and optics (see
[16,17]). For the literature review, we begin with the classical works of Birula and Mycielski [18,19]. The
authors investigated the following equation containing a logarithmic term:

utt − uxx + u− εu ln |u|2 = 0, (1.2)
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which represents a relativistic version of logarithmic quantum mechanics. They are considered pioneers
in the study of such logarithmic models. In 1980, Cazenave and Haraux [20] introduced the equation

utt −∆u = u ln |u|k, (1.3)

and proved the existence and uniqueness of solutions for the corresponding Cauchy problem. Gorka [17]
obtained global existence results for the one-dimensional case of equation (1.3), while Bartkowski and
Gorka [16] considered weak solutions and established existence results. In [23], Hiramatsu et al. studied
the equation

utt −∆u+ u+ ut + |u2|u = u lnu. (1.4)

Later, in [22], Han established the global existence of solutions for equation (1.4). In [3], Al-Gharabli
and Messaoudi studied a Petrovsky-type equation involving a logarithmic source term of the form

utt +∆2u+ h(ut) = k u ln |u|, (1.5)

where they established global existence via the Galerkin method and derived explicit decay estimates
using suitable multiplier techniques. In a related work, Kafini and Messaoudi [9] examined a wave
equation with both delay effects and logarithmic nonlinearity,

utt −∆u+ µ1ut(x, t) + µ2ut(x, t− τ) = |u|p−2u log |uk|, (1.6)

and proved results concerning local existence and finite-time blow-up. In [21], Park considered an equation
involving both delay and logarithmic nonlinearities of the form

utt −∆u+ αut(t) + βut(x, t− τ) = u ln |u|γ . (1.7)

The author established local and global existence results for equation (1.7). Furthermore, decay properties
and nonexistence results were also investigated for this model. On the other hand, Sabbagh et al. [13]
investigated a viscoelastic Petrovsky equation without logarithmic terms,

|ut|ℓutt(x, t) + ∆2u(x, t)−∆utt(x, t)−
∫ t

0

h(t− σ)∆2u(x, σ) dσ

+ µ1ut(x, t) +

∫ 1

0

µ2(s)ut(x, t− s) ds = 0,

(1.8)

and established both existence and stability results. More recently, additional investigations have focused
on Petrovsky-type models involving combinations of viscoelastic damping, logarithmic nonlinearities, and
delay effects; see, for instance, [2,8,14,15]. These studies highlight the rich dynamics associated with such
problems and the delicate analytical challenges they present. Despite these contributions, the combined
influence of logarithmic source terms, viscoelastic damping, and distributed delay remains only partially
understood. In particular, establishing global existence and obtaining sharp decay estimates in such
settings require new analytical techniques. The purpose of this paper is to advance this line of research
by investigating a Petrovsky-type system with logarithmic nonlinearity and internal distributed delay.
In Section 2, we introduce the assumptions and auxiliary lemmas required for our analysis. Section 3 is
devoted to proving the existence result, while Section 4 establishes the asymptotic decay of the associated
energy functional.

2. Preliminaries

In this section, to prove our main result, we provide the necessary tools using the Sobolev spaces
H2

0 (Ω) and the Lebesgue space L2(Ω), along with their standard scalar products and norms. We denote
the inner product in L2(Ω) by (., .). Throughout this work, the constant C represents a generic positive
constant. We consider the following assumptions:

(A1) Let g : [0,∞) → (0,∞) be a nonincreasing and differentiable function satisfying∫ ∞

0

g(s) ds = β < 1, g(0) > 0, 1−
∫ ∞

0

g(s) ds = l. (2.1)
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(A2) We assume that there exists a positive constant ξ that satisfies

g′(t) ≤ −ξg(t), (2.2)

(A3) We assume that
τ |µ2| < ξ < τ(2µ1 − |µ2|), µ1 > |µ2| (2.3)

(A4) The constant k in the equation (1.1) is defined as follows:

1 < k < 2πle3 (2.4)

The first eigenvalue of the spectral Dirichlet problem is assumed to be λ .

∆2u = λu, in Ω, u =
∂u

∂η
= 0 in Γ

∥∇u∥22 ≤ 1√
λ
∥∆u∥22, (2.5)

where ∥.∥2 = ∥.∥L2(Ω)

Next, we have a Sobolev-Poincaré inequality [1]

Lemma 2.1 Assume that q represents a number with

2 ≤ q < +∞, n = 1, 2

2 ≤ q ≤ 2n

n− 2
, n ≥ 3,

then, there exists a constant C (Ω, q) that satisfies

∥u∥q ≤ C ∥∇u∥2 ∀u ∈ H1
0 (Ω) (2.6)

Lemma 2.2 By using the direct calculations, for h, g ∈ C1([0,+∞[,R) we get∫
Ω

h ∗ φφtdx = −1

2
h(t)∥φ(t)∥22 +

1

2
(h′ ◦ φ)(t)

−1

2

d

dt

[
(h ◦ φ)(t)−

(∫ t

0

h(s)ds

)
∥φ(t)∥22

]
, (2.7)

where

(h ◦∆u)(t) =
∫ t

0

h(t− s) ∥∆u(s)−∆u(t)∥22 ds.

Lemma 2.3 (Logarithmic Sobolev inequality [7]) Let u be any function in H1
0 (Ω) and a > 0 be a

number. Then ∫
Ω

u2 ln |u| dx ≤ 1

2
∥u∥22 ln ∥u∥22 +

a2

2π
∥∇u∥22 − (1 + ln a)∥u∥22. (2.8)

Corollary 2.1 [2] Let u be any function in H2
0 (Ω) and a > 0 be a number. Then∫

Ω

u2 ln |u| dx ≤ 1

2
∥u∥22 ln ∥u∥22 +

a2

2π
∥∆u∥22 − (1 + ln a)∥u∥22 (2.9)

Lemma 2.4 (Logarithmic Gronwall inequality [7]) Suppose that C > 0, φ ∈ L1(0, T ;R+) and let
the function β : [0, T ] → [1,∞) satisfy

β(t) ≤ C

(
1 +

∫ t

0

φ(s)β(s) ln(β(s))ds

)
, ∀t ∈ [0, T ]. (2.10)

Then

β(t) ≤ C exp

(
C

∫ t

0

φ(s)ds

)
, ∀t ∈ [0, T ]. (2.11)
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Lemma 2.5 [2] For any ϵ0 ∈ (0, 1), there exists aϵ0 > 0 such that

s |ln s| ≤ s2 + aϵ0s
1−ϵ0 , ∀s > 0. (2.12)

Lemma 2.6 [2] Assume that g satisfies (A1). Then ,for any u ∈ H2
0 (Ω), we have∫

Ω

(∫ t

0

g(t− s)(u(t)− u(s)ds

)2

dx ≤ c(g ◦∆u)(t) (2.13)

and ∫
Ω

(∫ t

0

g′(t− s)(u(t)− u(s)ds

)2

dx ≤ c(g′ ◦∆u)(t). (2.14)

We introduce a new variable that is comparable to [11].

z (x, ρ, t) = ut (x, t− τρ) in Ω× (0, 1)× (0,+∞)

Then, we have

τzt (x, ρ, t) + zρ (x, ρ, t) = 0 in Ω× (0, 1)× (0,+∞)

As a result, problem (1.1) can be formulated as follows:

|ut|p utt(x, t) + ∆2u(x, t) + ∆2utt (x, t)−
∫ t

0
g (t− s)∆2u (s) ds

+µ1ut (x, t) + µ2z(x, 1, t) = ku ln |u| , in Ω×]0,+∞[,
τzt (x, ρ, t) + zρ (x, ρ, t) = 0 in Ω×]0, 1[×]0,+∞[,

u (x, t) = 0, on Γ× [0,+∞[ ,
z (x, 0, t) = ut (x, t) , in Ω× [0,+∞[,
u (x, 0) = u0 (x) , ut (x, 0) = u1(x), in Ω,
z (x, ρ, 0) = f0 (x,−ρτ) , in Ω×]0, 1[

(2.15)

The energy functional of (2.15) defined as follows

E (t) =
1

p+ 2
∥ut (t)∥p+2

p+2 +
1

2

∥∆ut (t)∥22 +

1−
t∫
0

g (s) ds

 ∥∆u (t)∥22

+ (g ◦∆u) (t))− k

2

∫
Ω

|u|2 ln |u| dx+
k

4
∥u (t)∥22

+
ϵ

2

∫
Ω

∫ t

0

|z (x, ρ, t)|2 dρdx (2.16)

Lemma 2.7 Under the assumptions (A1)-(A3), for any solution (u, z) of problem (2.15), the functional
E(t) defined in (2.16) satisfies

E′(t) ≤ −1

2
g(t) ∥∆u∥22 −

(
µ1 −

ϵ

2τ
− |µ2|

2

)∫
Ω

|ut(x, t)|2 dx

−
(
ϵ

2τ
− |µ2|

2

)∫
Ω

|z(x, 1, t|2 dx ≤ 0, ∀t ≥ 0 (2.17)

Proof: Multiplying the equation (2.15)1 by ut and integrating by parts over Ω, we have

d

dt

(
1

p+ 2
∥ut∥p+2

p+2 +
1

2
∥∆ut∥22 +

1

2
∥∆u∥22 −

k

2

∫
Ω

|u|22 ln |u| dx+
k

2
∥u∥22

)
+µ1 ∥ut∥22 +

∫
Ω

z(x, 1, t)utdx =

∫
Ω

∫ t

0

g(t− s)∆u(s)∆ut(t)dsdx. (2.18)
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By applying the Lemma 2.7, the term on the right-hand side of (2.18) can be rewritten as∫
Ω

∫ t

0

g(t− s)∆u(s)∆ut(t)dsdx+
1

2
g(t) ∥∆u∥22

=
d

2dt

[∫ t

0

g(s)ds ∥∆u∥22 − (g ◦∆u)(t)
]
+

1

2
(g′ ◦∆u)(t) (2.19)

Consequently, (2.18) becomes

d

dt

(
1

p+ 2
∥ut∥p+2

p+2 +
1

2
(1−

∫ t

0

g(s)ds) ∥∆u∥22

+
1

2
∥∆ut∥22 −

k

2

∫
Ω

|u|22 ln |u| dx+
k

2
∥u∥22 + (g ◦∆u)(t)

)
= −µ1 ∥ut∥22 −

∫
Ω

z(x, 1, t)utdx+
1

2
(g′ ◦∆u)(t)− 1

2
g(t) ∥∆u∥22 (2.20)

We multiply the equation (2.15)2 by ϵ
τ z and integrate the result over Ω× (0, 1), ϵ > 0, we obtain

ϵ

2

d

dt

∫
Ω

∫ 1

0

z2 (x, ρ, t) dρdx+
ϵ

τ

∫
Ω

∫ 1

0

z (x, ρ, t) zρ (x, ρ, t) dρdx = 0 (2.21)

Noticing that

− ϵ

τ

∫
Ω

∫ 1

0

z (x, ρ, t) zρ (x, ρ, t) ddx = − ϵ

2τ

(∫
Ω

∫ 1

0

∂

∂ρ
z2 (x, ρ, t) dρdx

)
=

ϵ

2τ

∫
Ω

(z2 (x, 0, t)− z2 (x, 1, t))dx

=
ϵ

2τ

∫
Ω

(
u2t − z2 (x, 1, t)

)
dx (2.22)

Combining (2.20) and (2.21) we get

E′(t) =
1

2
(g′ ◦∆u)(t)− 1

2
g(t) ∥∆u∥22 − (µ1 −

ϵ

2τ
)

∫
Ω

|ut(x, t)|2 dx

− ϵ

2τ

∫
Ω

|z(x, 1, t)|2 dx− µ2

∫
Ω

z(x, 1, t)ut(x; t)dx

By applying Young’s inequality, we obtain

|µ2

∫
Ω

z(x, 1, t)ut(x; t)dx| ≤
|µ2|
2

∫
Ω

(
|z(x, 1, t)|2 + |ut(x, t)|2

)
dx. (2.23)

Thus, we get

E′(t) ≤ −
(
µ1 −

ϵ

2τ
− |µ2|

2

)∫
Ω

|ut(x, t)|2 dx−
(
ϵ

2τ
− |µ2|

2

)∫
Ω

|z(x, 1, t|2 dx

From (2.3) the proof is complete. 2

Theorem 2.1 Let (u0, u1, f0) ∈ H2
0 (Ω)×H2

0 (Ω)×H2
0

(
Ω, H2 (0, 1)

)
satisfy the compatibility condition

f0 (., 0) = u1

Suppose that conditions (A1)-(A3) hold. Then, problem (1.1) has a weak solution:

u ∈ L∞ ([0,+∞);H2
0 (Ω)

)
, ut ∈ L∞ ([0,+∞);H2

0 (Ω)
)
,

utt ∈ L2
(
[0,+∞);H1

0 (Ω)
)
.

Theorem 2.2 Assume (A1)-(A3) hold. Then the energy functional E(t) satisfies,

E(t) ≤ k0e
−k1t ∀t > 0 (2.24)

where k0 and k1 are positive constants that will be determined later.
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3. Local existence

Proof: [Proof of Theorem (2.1)] Throughout this section we assume (u0, u1, f0) ∈ H2
0 (Ω) ×H2

0 (Ω) ×
H2

0

(
Ω, H2 (0, 1)

)
. We will use the Faedo-Galerkin method to prove the existence of a global solution.

LetT > 0 be fixed and let {wn} be an orthogonal basis of the separable space H2
0 (Ω) . Let Vn =

span {w1, w2, ..., wn} . Now, we define, for 1 ≤ j ≤ n, the sequence φj(x, ρ) as follows:

φj(x, 0) = wj (3.1)

Then, we may extend φj(x, 0) by φj(x, ρ) over L
2(Ω×(0, 1)) such that {φj}j forms a basis of L2(Ω, H2

0 (Ω))

and denote Zn the space generate by {φn} .Let (un, zn) (n = 1, 2, 3, ...) be an approximate solutions in
the form

un (t) =

n∑
j=1

cjn (t)wj(x), zn (t) =

n∑
j=1

djn (t)φj(x) (3.2)

where cn,j and dn,j (j = 1, 2, ..., n) are defined by the ordinary differential systems

⟨|unt |
p
untt, wj⟩Ω + ⟨∆un,∆wj⟩Ω + ⟨∆untt (x, t) ,∆wj⟩Ω

−
∫ t

0

g (t− s) ⟨∆un (s) ,∆wj⟩Ω ds+ µ1 ⟨unt , wj⟩Ω

+µ2

∫ t

0

⟨zn (x, 1, t)) , wj⟩Ω ds

= k ⟨un ln |un| , wj⟩Ω (3.3)

zn(x, 0, t) = unt (x, t) (3.4)

un (0) = un0 =

n∑
j=1

(u0, wj)wj −→ u0, in H
2
0 (Ω) as n −→ +∞ (3.5)

unt (0) = un1 =

n∑
j=1

(u1, wj)wj −→ u1, in H
2
0 (Ω) as n −→ +∞ (3.6)

and

(τznt + znρ , φj) = 0, 1 ≤ j ≤ n (3.7)

zn (ρ, 0) = zn0 =

n∑
j=1

(f0,φj)φj −→ f0 in H2
0 (Ω, H

2(0, 1)) as n −→ +∞ (3.8)

Noticing that from the generalized Hölder inequality, we note that p
2(p+1) +

1
2(p+1) = 1

2 , the nonlinear

term (|unt |
p
untt, wj) in (3.3) makes sense. Taking into account, the Sobolev embedding, that H2

0 (Ω) ↪→
L2(p+1)(Ω) for 0 < p ≤ 2

n−3 if n ≥ 3. System (3.3)-(3.8) possesses a local solution in [0, tn), 0 < tn < T
for an arbitrary T > 0. Next, we have to prove that tn = T, ∀n ≥ 1 and that the local solution is
uniformly bounded independently of n and t.
First estimate. By Lemma 2.16, since the sequences un0 , u

n
1 and zn0 converge, we can find a positive
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constant C1 that is independent of n and satisfies

En(t)− En(0) ≤ −
(
µ1 −

ϵ

2τ
− |µ2|

2

)∫ t

0

∥unt (s)∥
2
ds

−
(
ϵ

2τ
− |µ2|

2

)∫ t

0

∫
Ω

|zn(x, 1, t|2 dxds

−1

2

∫ t

0

g(t) ∥∆un(s)∥2 ds+ 1

2

∫ t

0

(g′ ◦∆un)(s)ds

≤ −
(
µ1 −

ϵ

2τ
− |µ2|

2

)∫ t

0

∥unt (s)∥
2
ds

−
(
ϵ

2τ
− |µ2|

2

)∫ t

0

∫
Ω

|zn(x, 1, t|2 dxds (3.9)

As g is a positive non increasing function, so we obtain

En(t) +

(
µ1 −

ϵ

2τ
− |µ2|

2

)∫ t

0

∥unt (s)∥
2
ds (3.10)

+

(
ϵ

2τ
− |µ2|

2

)∫ t

0

∥zn(x, 1, t∥2 ds ≤ En(0) ≤ C1

where

En(t) =
1

p+ 2
∥unt (t)∥

p+2
p+2 +

1

2

(
∥∆unt (t)∥

2
2 +

(
1−

∫ t

0

g (s) ds

)
∥∆un (t)∥22

+ (g ◦∆un) (t))− k

2

∫
Ω

|un|2 ln |u|ndx+
k

4
||un||22

+
ϵ

2

∫
Ω

∫ 1

0

|z (x, ρ, t)|2 dρdx

By utilizing the Logarithmic Sobolev inequality, (3.10) follows.

∥unt (t)∥
p+2
p+2 +

(
l − ka2

2π

)
∥∆un (t)∥22 +

(
k

2
+ k(1 + ln a)

)
∥un (t)∥22

+(g ◦∆un) (t) + ∥∆unt (t)∥
2
2 +

∫
Ω

∫ 1

0

|zn (x, ρ, t)|2 dρdx+

∫ t

0

∥zn(x, 1, t∥2 ds

≤ C2 + ∥un∥2 ln ∥un∥2 ,

C2 is a positive constant. Picking a such that

e−3/2 < a <

√
2πl

k
, (3.11)

then

l − ka2

2π
> 0, (3.12)

and
k

2
+ k(1 + ln a) > 0. (3.13)

Thanks to (A4), this passage is now possible. As a result, we obtain the following:

∥unt (t)∥
p+2
p+2 + ∥∆un (t)∥22 + ∥un (t)∥22 + (g ◦∆un) (t)

+ ∥∆unt (t)∥
2
2 +

∫
Ω

∫ t

0

|z (x, ρ, t)|2 dρdx+

∫ t

0

∥zn(x, 1, t∥2 ds

≤ C
(
1 + ∥un∥2 ln ∥un∥2

)
(3.14)
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Noticing that

un(t) = un(0) +

∫ t

0

uns (s)ds

Applying Cauchy-Schwarz’s, we get

∥un∥2 ≤ ∥un(0)∥2 + 2

∥∥∥∥∫ t

0

uns (s)ds

∥∥∥∥2 (3.15)

≤ ∥un(0)∥2 + 2T

∫ t

0

∥uns (s)∥
2
ds

From (3.14), we get

∥un∥2 ≤ C

(
1 +

∫ t

0

∥un∥2 ln ∥un∥2 ds
)

(3.16)

which C = max
{
2TC, 2 ∥un(0)∥2

}
. Logarithmic Gronwall inequality yields

∥un∥ ≤ CeCT . (3.17)

Thus, from (3.14), we obtain

∥unt (t)∥
p+2
p+2 + ∥∆un (t)∥22 + ∥un (t)∥22 + (g ◦∆un) (t)

+ ∥∆unt (t)∥
2
2 +

∫
Ω

∫ 1

0

|zn (x, ρ, t)|2 dρdx+

∫ t

0

∥zn(x, 1, t∥ ds

≤ C
(
1 + CeCT ln(CeCT )

)
= A1 (3.18)

Then the solution (un, zn) can be extended to [0, T ) and we obtain

un is bounded in L∞
loc(0,∞,H2

0 (Ω)) (3.19)

unt is bounded in L∞
loc(0,∞,H2

0 (Ω)) (3.20)

zn(x, ρ, t) is bounded in L∞
loc(0,∞ ; L2(Ω× (0, 1)) (3.21)

zn(x, 1, t) is bounded in L2(Ω× (0, T )) (3.22)

Second estimate: Replacing wj by −∆wj in (3.3), multiplying by cjnt and summing over j from 1 to
n, it follows that

1

2

d

dt
[∥∇∆un∥2 + ∥∇∆unt ∥

2
]−
∫
Ω

|unt |
p
untt∆u

n
t dx

−
∫ t

0

g(t− s)

∫
Ω

∇∆un(t)∇∆unt (s)dxds

+

∫
Ω

∇zn(x, 1, t)∇unt dx+ µ1 ∥∇unt ∥
2

= −k
∫
Ω

∆unt u
n ln |un| dx (3.23)

The Green’s formula gives

−
∫
Ω

|unt |
p
untt ∆u

n
t dx

=
d

dt

∫
Ω

|unt |
p |∇unt |

2
dx− (p+ 1)

∫
Ω

|unt |
p ∇untt∇unt dx (3.24)



Logarithmic Viscoelastic Petrovsky Equation 9

Substituting φj by −∆φj in (3.7), multiplying by djn and summing up over j from 1 to n, it follows that

τ

∫
Ω

∇znt ∇zndx+

∫
Ω

∇znρ∇zndx = 0 (3.25)

Then, we obtain

τ

2

d

dt
∥∇zn∥22 +

1

2

d

dρ
∥∇zn∥22 = 0 (3.26)

We integrate over (0, 1) to find that

τ

2

d

dt

∫ 1

0

∥∇zn(x, ρ, t)∥22 dρ+
1

2
∥∇zn(x, 1, t)∥22 −

1

2
∥∇unt (t)∥

2
2 = 0 (3.27)

Considering Lemma 2.2, by combining (3.23) and (3.27), we get

1

2

d

dt

[(
1−

∫ t

0

g (s) ds

)
∥∇∆un∥2 + ∥∇∆unt ∥

2
+ (g ◦ ∇∆un)

+ τ

∫ 1

0

∥∇zn∥2 dρ+ 2

∫
Ω

|unt (t)|
p |∇unt |

2
dx
]
+

1

2
∥∇zn(x, 1, t)∥22

= (p+ 1)

∫
Ω

|unt |
p ∇untt∇unt dx− µ2

∫
Ω

∇zn(x, 1, t)∇unt dx− µ1 ∥∇unt ∥
2

+
1

2
∥∇unt (x, t)∥

2 − 1

2
g(t) ∥∇∆un∥2

+
1

2
(g′ ◦ ∇∆un)− k

∫
Ω

∆unt u
n ln |un| dx (3.28)

By applying Young’s inequality and the initial estimate of (3.18), we obtain for η > 0

(p+ 1)

∫
Ω

|unt |
p ∇untt∇unt dx ≤ (p+ 1)C

p/(p+2)+1/2
2 ∥∇untt∥2

≤ η ∥∇untt∥
2
+

(p+ 1)2C
2p/(p+2)+1
2

4η
(3.29)

Utilizing Young’s inequality, we have∫
Ω

∇zn(x, 1, t)∇unt dx ≤ 1

4η

∫
Ω

|∇ut|2 dx+ η

∫
Ω

|∇zn(x, 1, t)|2 dx (3.30)

≤ c(η) + η

∫
Ω

|∇zn(x, 1, t)|2 dx

Using Lemma (2.5), we can estimate the last term on the right-hand side of (3.28) with ϵ0 = 1/2 and the
embedding inequalities, as well as Young’s and Cauchy-Schwarz’s inequalities, as follows∣∣∣∣k ∫

Ω

∆unt u
n ln |un| dx

∣∣∣∣ ≤ k

∫
Ω

|∆unt | (|un|
2
+ dϵ0

√
|un|)dx

≤ k

(
η

∫
Ω

|∆unt |
2
dx+

1

4η

∫
Ω

(|un|2 + dϵ0
√
|un|)2dx

)
≤ kη

∫
Ω

|∆unt |
2
dx+

c

4η

(∫
Ω

|un|4 dx+

∫
Ω

|un| dx
)

≤ kη ∥∆unt ∥
2
+

c

4η

(
∥∇un∥4 + ∥un∥

)
, η > 0. (3.31)
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Taking into account (3.29)-(3.31), (3.28) gives

1

2

d

dt

1−
t∫
0

g (s) ds

 ∥∇∆un∥2 + ∥∇∆unt ∥
2
+ (g ◦ ∇∆un)

+ τ

∫ 1

0

∥∇zn∥2 dρ+ 2

∫
Ω

|unt (t)|
p |∇unt |

2
dx

]
+ (

1

2
− η) ∥∇zn(x, 1, t)∥22

≤ η ∥∇untt∥
2 − 1

2
g(t) ∥∇∆un∥2 + 1

2
(g′ ◦ ∇∆un)

+c(η) + kη ∥∆unt ∥
2
+

c

4η

(
∥∇un∥4 + ∥un∥

)
. (3.32)

Multiplying (3.3) by cjntt and summing over j from 1 to n, it follows that∫
Ω

|unt |
p |untt|

2
dx+

∥∥∆2untt
∥∥2 (3.33)

= −
∫
Ω

∆2ununttdx+

∫ t

0

g (t− s)

∫
Ω

∆un (s)∆untt(t)dxds

+k

∫
Ω

unttu
n ln |un| dx− µ1

∫
Ω

unt u
n
ttdx− µ2

∫
Ω

zn(x, 1, t)unttdx

Differentiating (3.7) with respect to t yields

(τzntt + zntρ, φj) = 0 (3.34)

Multiplying by djn and summing up over j from 1 to k, it follows that

τ

2

d

dt
∥znt ∥

2
2 +

1

2

d

dρ
∥znt ∥

2
2 = 0. (3.35)

Integrating over (0, 1) with respect to ρ, we obtain

τ

2

d

dt

∫ 1

0

∥znt ∥
2
2 dρ+

1

2
∥znt (x, 1, t)∥

2
2 −

1

2
∥untt(x, t)∥

2
2 = 0 (3.36)

Adding (3.33) and (3.36), we have∫
Ω

|unt |
p |untt|

2
dx+

∥∥∆2untt
∥∥2 + τ

2

d

dt

∫ 1

0

∥znt ∥
2
2 dρ+

1

2
∥znt (x, 1, t)∥

2
2

= −
∫
Ω

∆2ununttdx+

∫ t

0

g (t− s)

∫
Ω

∆un (s)∆untt(t)dxds+ k

∫
Ω

unttu
n ln |un| dx

−µ1

∫
Ω

unt u
n
ttdx− µ2

∫
Ω

zn(x, 1, t)unttdx+
1

2
∥untt(x, t)∥

2
2 (3.37)

By using Young’s inequality, the right hand side of (3.37) can be estimated as follows:∫
Ω

∆2ununttdx ≤ η ∥∇untt∥
2
+

1

4η
∥∇∆un∥2 , η > 0, (3.38)

and ∫ t

0

g (t− s)

∫
Ω

∆un (s)∆untt(t)dxds

= −
∫ t

0

g (t− s)

∫
Ω

∇∆un (s)∇untt(t)dxds

≤ η ∥∇untt∥
2
+
β2

4η
(1 + η) |∇∆un|2 + β

4η
(1 +

1

η
)(g ◦ ∇∆un). (3.39)
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Employing Young’s inequality, we get

µ1

∫
Ω

unt u
n
ttdx ≤ η ∥untt∥

2
+
µ2
1

4η
∥unt ∥

2

≤ ηC2
s ∥∇untt∥

2
+
C2

sµ
2
1

4η
∥∇unt ∥

2

≤ ηC2
s ∥∇untt∥

2
+ C(η), (3.40)

and ∫
Ω

zn(x, 1, t)unttdx ≤ ηC2
sµ1 ∥∇untt∥

2
+

1

4η
∥zn(x, 1, t)∥2 (3.41)

By combining (2.12) with ϵ0 = 1
2 and applying the Cauchy Schwarz, Young, and embedding inequalities

to the last term on the right-hand side of (3.37), we have

k

∫
Ω

unttu
n ln |un| dx ≤ c

∫
Ω

uktt (|un|
2
+ d

√
un)dx

≤ c

(
δ

∫
Ω

|untt|
2
dx+

1

4δ

∫
Ω

(|un|2 + d
√
un)2dx

)
≤ cδ ∥∇untt∥

2
+

c

4δ

(∫
Ω

|un|4 dx+

∫
Ω

|un|dx
)

≤ cδ ∥∇untt∥
2
+

c

4δ

(
∥∆un∥4 + ∥un∥

)
, η > 0. (3.42)

Considering of (3.38)-(3.42), (3.37) gives∫
Ω

|unt |
p |untt|

2
dx+

∥∥∆2untt
∥∥2 + τ

2

d

dt

∫ 1

0

∥znt ∥
2
2 dρ+

1

2
∥znt (x, 1, t)∥

2
2

+(1− η(2 + C2
s + C2

sµ1)− cδ) ∥∇untt∥
2

≤ 1

4η
(1 + β2(1 + η) ∥∇∆un∥+ β

4η
(1 +

1

η
)(g ◦ ∇∆un)

+
1

4η
∥zn(x, 1, t)∥2 + C(η) +

c

4δ
(∥∆un∥4 + ∥un∥) (3.43)

Thus, using (3.32) and (3.34), we have

1

2

d

dt

[
(1−

∫ t

0

g (s) ds) ∥∇∆un∥2 + ∥∇∆unt ∥
2
+ (g ◦ ∇∆un)

+ τ

∫ 1

0

∥∇zn(x, ρ, t∥2 dρ+ 2

∫
Ω

|unt (t)|
p |∇unt |

2
dx

]
+(

1

2
− η) ∥∇zn(x, 1, t)∥22 +

(
1− η(3 + C2

s + C2
sµ1

)
−cδ) ∥∇untt∥

2
+

∫
Ω

|unt |
p

≤ −1

2
g(t) ∥∇∆unt ∥

2
+

1

2
(g′ ◦ ∇∆un) +

1

4η
(1 + β2(1 + η) ∥∇∆un∥

+
β

4η
(1 +

1

η
)(g ◦ ∇∆un) +

1

4η
∥zn(x, 1, t)∥2

+C(η) +
c

4δ

(
∥∆un∥4 + ∥un∥

)
(3.44)
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Choosing η < 0 and δ sufficiently small such that 1 − η(3 + C2
s + C2

sµ1) − cδ > 0, and integrating over
(0, t), we obtain

1

2

[
(1−

∫ t

0

g (s) ds) ∥∇∆un∥2 + ∥∇∆unt ∥
2
+ (g ◦ ∇∆un)

+ τ

∫ 1

0

∥∇zn(x, ρ, t∥2 dρ+ 2

∫
Ω

|unt (t)|
ρ |∇unt |

2
dx

]
+(

1

2
− η)

∫ t

0

∥∇zn(x, 1, t)∥22 ds

+(1− η(3 + C2
s + C2

sµ1)− cδ)

∫ t

0

∥∇untt∥
2
ds

+

∫ t

0

∫
Ω

|unt |
p |untt|

2
dxds+

∫ t

0

∥∥∆2untt
∥∥2 ds

≤ −1

2
g(t)

∫ t

0

∥∇∆unt ∥
2
ds+

1

2

∫ t

0

(g′ ◦ ∇∆un)ds

+
1

4η
(1 + β2(1 + η)

∫ t

0

∥∇∆un∥ ds+ β

4η
(1 +

1

η
)

∫ t

0

(g ◦ ∇∆un)ds

+
1

4η

∫ t

0

∥zn(x, 1, t)∥2 ds+ C(η)T +
c

4δ

∫ t

0

(
∥∆un∥4 + ∥un∥

)
ds

Taking g1 = min {h(t) for all t ≥ t0} and using Gronwall’s Lemma, we have

∥∇∆un∥2 + ∥∇∆unt ∥
2
+ (g ◦ ∇∆un) +

∫ 1

0

∥∇zn(x, ρ, t∥2 dρ

+

∫ t

0

∥∇zn(x, 1, t)∥22 ds+
∫ t

0

∥∇znt (x, ρ, t∥
2
ds+

∫ t

0

∥∇znt (x, ρ, t∥
2
ds

+

∫ t

0

∥∇untt∥
2
ds ≤ C3 (3.45)

From (3.18) and (3.45), we have

un is uniformly bounded in L∞(0, T,H2
0 (Ω)) (3.46)

unt is uniformly bounded in L∞(0, T, Lp+2(Ω)) ∩ L∞(0, T ;H2
0 (Ω)) (3.47)

untt is bounded in L2(0, T ;H2
0 (Ω)) (3.48)

which implies the existence of a subsequence of un (still denoted by un), such that

un → u weakly star in L∞(0, T ;H2 (Ω)) (3.49)

unt → ut weakly star in L∞(0, T ;Lp+2(Ω)) ∩ L∞(0, T ;H2
0 (Ω)) (3.50)

un → u weakly in L2(0, T ;H2
0 (Ω)) (3.51)

unt → ut weakly in L2(0, T ;Lp+2(Ω)) ∩ L2(0, T ;H2
0 (Ω)) (3.52)

untt → utt weakly in L2(0, T ;H2
0 (Ω)) (3.53)

The nonlinear terms analysis:
(1) Term (un ln |un|) : From (3.45), utilizing the embedding of H2

0 (Ω) in L∞(Ω)(Ω ⊂ R2), (un) is
bounded in L∞(0, T ;H2

0 (Ω)) which implies the boundness of (un) in L2 (Ω× (0, T )). In a similar way
(unt ) is bounded in L2 (Ω× (0, T )). Next, by using Aubin-Lions theorem, we have a subsequence such
that

un −→ u strongly in L2 (Ω× (0, T )) (3.54)
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which implies

un −→ u a.e. in Ω× (0, T ) (3.55)

Since of the maps s −→ ks ln |s| is continuous, the following convergence hold:

kun ln |un| −→ ku ln |u| a.e. in Ω× (0, T ). (3.56)

From the embedding of H2
0 (Ω) ↪→ L∞(Ω)(Ω ⊂ R2), we confirm that (kun ln |un|) is bounded in

L∞ (Ω× (0, T )). Now, taking into account the Lebesgue bounded convergence theorem, we get

kun ln |un| −→ ku ln |u| strongly in L2
(
0, T ;L2(Ω

)
) (3.57)

(2) Term |unt |p |unt | : From (3.45), (unt ) is uniformly bounded in L∞(0, T ;H2(Ω)) which implies utilizing
the the boundness of (unt ) in L∞ (Ω× (0, T )) ⊂ L2 (Ω× (0, T )).Also, we know that (untt) is bounded in
L2 ((0, T ) ;H2

0 (Ω)), which implies that(untt) is bounded in L2 (Ω× (0, T )).
From the first estimate in (3.18) and Lemma 2.6, we have

∥|unt |
p
unt ∥L2(0,T ;L2(Ω)) =

∫ T

0

∥unt ∥
2(p+1)
2(p+1) dt

≤
(
Cs√
λ

)2(p+1) ∫ T

0

∥∆unt ∥
2(p+1)
2 dt

≤
(
Cs√
λ

)2(p+1)

C
2(p+1)
3 T (3.58)

Employing Aubin-Lions theorem, (Lions [10]), there exists a subsequence still denoted by {un}, such
that

unt −→ ut strongly in L2
(
0, T ;L2(Ω

)
), (3.59)

which implies

unt −→ ut a.e in Ω× (0, T ) (3.60)

Thus,

|unt |
p
unt −→ |ut|p ut a.e in Ω× (0, T ) (3.61)

Therefore, applying (3.59)-(3.61) and Lion’s Lemma, we obtain

|unt |
p
unt −→ |ut|p ut weakly in L2

(
0, T ;L2(Ω

)
). (3.62)

Multiplying (3.3) by θ(t) ∈ D(0, T ) and integrate on (0, T ), we have

−1

p+ 1

∫ T

0

(|unt (t)|
p
unt (t), wj)θ

′
(t)dt+

∫ T

0

(∆un,∆wj)θ(t)dt

+

∫ T

0

(∆untt,∆wj)θ(t)dt−
∫ T

0

∫ t

0

g (t− s) (∆un (s) ,∆wj)θ(t)dsdt

+µ1

∫ T

0

(unt , wj)θ(t)dt+ µ2

∫ T

0

∫ t

0

(zn(x, 1, t), wj)θ(t)dsdt

= k

∫ T

0

(un(t) ln |un(t)| , wj)θ(t))dt (3.63)

multiplying (3.7) by θ(t) ∈ D(0, T ) and integrate on (0, T )× (0, 1), to obtain∫ T

0

∫ 1

0

(τznt + znρ , ϕj)dρdt = 0 (3.64)
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Using the convergence of (3.49)-(3.53) and (3.62) to pass to the limit in (3.63) and (3.64);

−1

p+ 1

∫ T

0

(|ut|p ut, w)θ′(t)dt+
∫ T

0

(∆u,∆w)θ(t)dt

+

∫ T

0

(∆utt,∆w)θ(t)dt−
∫ T

0

∫ t

0

g (t− s) (∆u (s) ,∆w)θ(t)dsdt

+µ1

∫ T

0

(ut, w)θ(t)dt+ µ2

∫ T

0

(z(x, 1, t), w)θ(t)dt

= k

∫ T

0

(u(t) ln |u(t)| , w)θ(t)dt,

and ∫ T

0

∫ 1

0

(τzt + zρ, ϕ)dρdt = 0.

Integrating on (0, T ), we have∫ T

0

(
|ut|p utt +∆2u+∆2utt

)
ds−

∫ t

0

g (t− s)∆2u(s)ds

+µ1ut + z(x, 1, t))θ(t)dt

= k

∫ T

0

(u(t) ln |u(t)| , w)θ(t)dt

The proof is completed. 2

4. Global existence

In this section we show that the solution for the problem (1.1) is global. First, we define the the
following functionals

I(t) =

(
1−

∫ t

0

g(s)ds

)
∥∆u∥2 + ∥∆ut∥2 + (g ◦∆u)(t)− 3k

∫
Ω

u2 ln |u| dx (4.1)

J(t) =
1

2

((
1−

∫ t

0

g(s)ds

)
) ∥∆u∥2 + ∥∆ut∥2 + (g ◦∆u)(t)− k

∫
Ω

u2 ln |u| dx
)

+
k

4
∥u∥2

=
1

3
[(1−

∫ t

0

g(s)ds ) ∥∆u∥2 + ∥∆ut∥2 + (g ◦∆u)(t)] + k

4
∥u∥2 + 1

6
I(t). (4.2)

Noticing that

E(t) = J(t) +
1

p+ 2
∥ut∥p+2

p+2 +
ϵ

2

∫ 1

0

∥z(x, ρ, t∥2 dρ. (4.3)

Lemma 4.1 From [2], we have the following inequalities

−kd0
√
|Ω| c3∗ ∥∆u∥

3/2
2 ≤ k

∫
Ω

u2 ln |u| dx ≤ kc3∗ ∥∆u∥
3
2 , ∀u ∈ H2

0 (Ω), (4.4)

where d0 = sup0<s<1

√
s |ln s| = 2

e , |Ω| is the Lebesgue measure of Ω and c∗ is the smallest embedding
constant; (∫

Ω

|u|3 dx
)1/3

≤ c∗ ∥∆u∥2 , ∀u ∈ H2
0 (Ω), (4.5)

c∗ exists thanks to the embedding of H2
0 (Ω) ↪→ L∞(Ω) and Ω ⊂ R2
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Lemma 4.2 Suppose that (A1)-(A3) . Let (u0, u1) ∈ H2
0 (Ω)×H2

0 (Ω) such that

I(0) > 0 and
√
54c3∗

(
E(0)

l

)1/2

< l (4.6)

Then
I(t) > 0, ∀t ∈ [0, T ). (4.7)

Proof: The proof is similar to [2], [12], hence, we omit it. Consequently, we completed the proof of
Theorem 2.1 2

5. Asymptotic Behavior

This section presents the asymptotic behavior result for our problem by constructing a suitable Lya-
punov functional. Firstly, we define the functional L as follows

L(t) = NE(t) +N1ψ(t) + χ(t) +N2ϕ(t), (5.1)

where N , N1 and N2 are positive real numbers. Besides, let define:

ψ(t) =
1

p+ 1

∫
Ω

|ut|p utudx+

∫
Ω

∆u∆utdx, (5.2)

χ(t) = −
∫
Ω

(
∆2ut +

1

p+ 1
|ut|p ut

)∫ t

0

g(t− s)(u(t)− u(s))dsdx, (5.3)

ϕ(t) =

∫
Ω

∫ 1

0

e−2τρz2(x, ρ, t)dρdx. (5.4)

The following lemmas are required in order to obtain our primary result:

Lemma 5.1 Assuming that (A1)-(A3) and (4.6) hold, let ϵ0 ∈ (0, 1) and

0 < E(0) <
elπ

4
. (5.5)

Then, the functional L(t), for N sufficiently large, satisfies

λ0E(t) ≤ L(t) ≤ λ1E(t), ∀t ≥ 0, (5.6)

where λ0 and λ1 are positive constants depending on N1, N2 and N. Hence, L ∼ E and for any t0 > 0,
there exists a positive constant m1, such that

L′(t) ≤ −m1E(t) + c∗(g ◦∆u)(t) + cϵ0(g ◦∆u)1/(1+ϵ0)(t), ∀t ≥ t 0 (5.7)

Proof: The proof is similar to [2], [12], so we leave it here. 2

Lemma 5.2 For η > 0, the functional ψ(t) satisfies

ψ′(t) ≤ 1

p+ 1
∥ut∥p+2

p+2 −
(
1− β − η − 2ηC2

s

λ
µ1

)
∥∆u∥2

+
β

4η
(g ◦∆u) +

(
µ1C

2
s

4η
+ 1

)
∥∆ut∥2 +

1

4η
∥z(x, 1, t∥2

+k

∫
Ω

u2 ln |u| dx (5.8)

for any solution (u, z) of problem (2.15).
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Proof: Taking the derivative of ψ(t) from equation (2.15) and integrating by parts, we obtain

ψ
′
(t) =

1

p+ 1
∥ut∥p+2

p+2 + ∥∆ut∥2 − ∥∆u∥2 +
∫
Ω

∆u

∫ t

0

g(t− s)∆u(s)dsdx

−µ1

∫
Ω

uutdx− µ1

∫
Ω

z(x, 1, t)udx+ k

∫
Ω

u2 ln |u| dx (5.9)

Using Sobolev embedding and Young’s inequality, from (5.9) we get

∣∣∣∣∫
Ω

∆u

∫ t

0

g(t− s)∆u(s)dsdx

∣∣∣∣ ≤ (β + η) ∥∆u∥2 + β

4η
(g ◦∆u) , (5.10)

Since

∣∣∣∣µ1

∫
Ω

uutdx

∣∣∣∣ ≤ η
µ1C

2
s

λ
∥∆u∥2 + C2

s

4η
∥∆ut∥2 , (5.11)

and

∣∣∣∣µ1

∫
Ω

z(x, 1, t)udx

∣∣∣∣ ≤ η
µ1C

2
s

λ
∥∆u∥2 + 1

4η
∥z(x, ρ, t)∥2 . (5.12)

The estimate of (5.8) was obtained by substituting (5.10)-(5.12) into (5.9). Therefore, we have completed
the proof.. 2

Lemma 5.3 The function,χ(t) satisfies

χ′(t) ≤ δ(2β2 + 1 +
1

4
) ∥∆u∥2 +

(
δ +

δa0
p+ 1

− g0

)
∥∆ut∥2

− 1

p+ 1
g0 ∥ut∥p+2

p+2 + β

(
2δ +

1

4δ
+
µ1C

2
s

2δλ
+

c

δβ

)
(g ◦∆u) (t)

−g(0)
4δλ

(
1 +

C2
s

p+ 1

)
(g′ ◦∆u) (t) + µ1δ ∥ut∥2 + µ1δ ∥z(x, 1, t∥2

+cϵ0,δ (g ◦∆u)
1/(1+ϵ0) (t)

for any solution (u, z) to problem (2.15), and any δ > 0, where
∫ t

0
g(s)ds ≥

∫ t0
0
g(s)ds = g0, ∀t ≥ t0.
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Proof: The first equation of (2.15) together the Leibnitz formula, gives

χ′(t) = −
∫
Ω

(∫ t

0

g(t− s)∆u(s))ds

)(∫ t

0

g(t− s)(∆u(t)−∆u(s)ds

)
dx

+

∫
Ω

∆u(t)

(∫ t

0

g(t− s)(∆u(t)−∆u(s)ds

)
dx

+µ1

∫
Ω

ut(t)

(∫ t

0

g(t− s)(u(t)− u(s))ds

)
dx

+

∫
Ω

z(x, 1, t)

∫ t

0

g(t− s)(u(t)− u(s))dsdx

−
∫
Ω

∆ut(t)

(∫ t

0

g′(t− s)(∆u(t)−∆u(s))ds

)
dx

− 1

p+ 1

∫
Ω

|ut|p ut
∫ t

0

g
′
(t− s)(u(t)− u(s)dsdx

−k
∫
Ω

u ln |u|
∫ t

0

g(t− s)(u(t)− u(s)dsdx

−
∫ t

0

g(s)ds ∥∆ut∥2 −
1

p+ 1

∫ t

0

g(s)ds ∥ut∥p+2
p+2

= I1 + ...+ I7 −
∫ t

0

g(s)ds ∥∆ut∥2 −
1

p+ 1

∫ t

0

g(s)ds ∥ut∥p+2
p+2

Now ,we will estimate I1, ..., I7 Hence, for δ > 0, we obtain

|I1| ≤ δ

∫
Ω

(

∫ t

0

g(t− s)∆u(s)ds)
2
dx

+
1

4δ

∫
Ω

(

∫ t

0

g(t− s) |∆u(t)−∆u(s)| ds)2dx

≤ 2δ(

∫ t

0

g(s)ds)
2 ∥∆u∥2 + (2δ +

1

4δ
)

∫ t

0

g(s)ds(g ◦∆u)(t)

≤ 2δβ2 ∥∆u∥2 + β(2δ +
1

4δ
)(g ◦∆u)(t).

In a similar way

|I2| ≤ δ ∥∆u∥2 + β

4δ
(g ◦∆u)(t),

|I3| ≤ δµ1C
2
s ∥∆ut∥

2
+
βµ1C

2
s

4δλ
(g ◦∆u)(t),

|I4| ≤ δ ∥z(x, 1, t∥2 + βµ1C
2
s

4δ
(g ◦∆u)(t),

|I5| ≤ δ ∥∆ut∥2 −
g(0)

4δλ
(g′ ◦∆u)(t),

|I6| ≤
δa0
p+ 1

∥∆ut∥2 −
g(0)C2

s

4δλ(p+ 1)
(g′ ◦∆u)(t),

where a0 = C
2(p+1)
s (2E(0))p.
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Applying (2.12) for s = |u| and employing the embedding H2
0 (Ω) ↪→ L∞(Ω), for any δ∗ > 0 and any

ϵ0 ∈ (0, 1), we estimate I7 as follows

|I7| ≤ −k
∫
Ω

u ln |u|
∫ t

0

g(t− s)(u(t)− u(s))dsdx

≤ k

∫
Ω

(
u2 + dϵ0 |u|

1−ϵ0
) ∣∣∣∣∫ t

0

g(t− s)(u(t)− u(s))dsdx

∣∣∣∣
≤ c

∫
Ω

|u|2
∣∣∣∣∫ t

0

g(t− s)(u(t)− u(s))ds

∣∣∣∣ dx+ δ∗

∫
Ω

u2dx

+cϵ0,δ∗

∫
Ω

∣∣∣∣∫ t

0

g(t− s)(u(t)− u(s))ds

∣∣∣∣2/(1+ϵ0)

dx

≤ cδ∗ ∥∆u∥2 +
c

δ∗

∫
Ω

∣∣∣∣∫ t

0

g(t− s)(u(t)− u(s))ds

∣∣∣∣2 dx
+cϵ0,δ∗

∫
Ω

∣∣∣∣∫ t

0

g(t− s)(u(t)− u(s))ds

∣∣∣∣2/(1+ϵ0)

dx,

Putting δ/4 = cδ∗ and utilizing Hölder’s inequality, from Lemma (2.6) we have

−k
∫
Ω

u ln |u|
∫ t

0

g(t− s)(u(t)− u(s)dsdx

≤ δ

4
∥∆u∥2 + c

δ
(g ◦∆u)(t) + cϵ0,δ(g ◦∆u)1/(1+ϵ0)(t) (5.13)

2

Lemma 5.4 The functional ϕ(t) satisfies

ϕ′(t) ≤ −c
τ

∫
Ω

z2(x, 1, t)dx+
1

τ

∫
Ω

u2t (x, t)dx− 2ϕ(t) (5.14)

where c is a positive constant.

The proof of Theorem (2.2) is given as follows

Proof: Using (2.17), (5.1), (5.8), (5.13) and (5.14), we reached the following estimation

L′(t) ≤ −N
(
µ1 −

ϵ

2τ
− |µ2|

2

)
∥ut∥2 −

1

p+ 1
(g0 −N1) ∥ut∥p+2

p+2

−
(
cN2

τ
− N1

4τ
− µ1δ +N

(
ϵ

2τ
− |µ2|

2

))
∥z(x, 1, t)∥2

−

(
N
2 g(t) +N1

(
1− β − η − 2ηC2

s

λ µ1

)
−δ
(
2β2 + 1 + 1

4

) )
∥∆u∥2

−
(
g0 − δ − δa0

p+ 1
−N1 −

N1C
2
sµ1

4η
+N2

C2
s

τ

)
∥∆ut∥2

+

(
N1β

4η
+ β

(
2δ +

1

4δ
+
µ1C

2
s

2δλ
+

c

δβ

))
(g ◦∆u)(t)

+

(
N

2
− g(0)

4δλ

(
1 +

C2
s

(p+ 1)

))
(g′ ◦∆u)(t)− 2N2ϕ(t)

+kN1

∫
Ω

u2 ln |u| dx+ cϵ0,δ(g ◦∆u)1/(1+ϵ0)(t)
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The definition of E(t) gives

L′(t) ≤ −mE(t)−N

(
µ1 −

ϵ

2τ
− |µ2|

2

)
∥ut∥2

−
(
g0 −N1

p+ 1
− m

ρ+ 2

)
∥ut∥p+2

p+2

−
(
cN2

τ
− N1

4τ
− µ1δ +N(

(
ϵ

2τ
− |µ2|

2

))
∥z(x, 1, t)∥2

−

(
N
2 g(t) +N1

(
1− β − η − 2ηC2

S

λ µ1

)
−δ
(
2β2 + 1 + 1

4

)
− m(1−g0)

2

)
∥∆u∥2

−

(
g0 − δ − δa0

p+1 −N1 − N1C
2
sµ1

4η

+N2
C2

s

τ + µ1δC
2
s − m

2

)
∥∆ut∥2

+

(
N1β

4η
+ β

(
2δ +

1

4δ
+
µ1C

2
s

2δλ
+

c

δβ

))
(g ◦∆u)(t)

+

(
N

2
− g(0)

4δλ

(
1 +

C2
s

p+ 1

))
(g′ ◦∆u)(t) + 4N2

ϵ
E(t) +

mk

4
∥u∥2

+k
(
N1 −

m

2

)∫
Ω

u2 ln |u| dx+
mϵ

2

∫
Ω

∫ 1

0

z(x, ρ, t)dρdx

+cϵ0,δ(g ◦∆u)1/(1+ϵ0)(t),

the Logarthmic Sobolev inequality assure that

L′(t) ≤ −mE(t)−N

(
µ1 −

ϵ

2τ
− |µ2|

2

)
∥ut∥2

−
(
g0 −N1

p+ 1
− m

p+ 2

)
∥ut∥p+2

p+2

−
(
cN2

τ
− N1

4τ
− µ1δ +N

(
ϵ

2τ
− |µ2|

2

))
∥z(x, 1, t)∥2

−

(
N
2 g(t) +N1

(
1− β − η − 2ηC2

s

λ µ1

)
− δ

(
2β2 + 1 + 1

4

)
−m(1−g0)

2 −
(
N1 − m

2

)
ka2

2π

)
∥∆u∥2

−
(
g0 − δ − δa0

p+ 1
−N1 −

N1C
2
sµ1

4η
+N2

C2
s

τ
+ µ1δC

2
s − m

2

)
∥∆ut∥2

+

(
N1β

4η
+ β

(
2δ +

1

4δ
+
µ1C

2
s

2δλ
+

c

δβ

))
(g ◦∆u)(t)

−
(
N1 −

m

2

) k
2

(
2(1 + ln a)− ln ∥u∥2

)
∥u∥2

+(
N

2
− g(0)

4δλ

(
1 +

C2
s

p+ 1

)
)(g′ ◦∆u)(t) + 4N2

ϵ
E(t) +

mk

4
∥u∥2

+
mϵ

2

∫
Ω

∫ 1

0

z(x, ρ, t)dρdx + cϵ0,δ(g ◦∆u)1/(1+ϵ0)(t)

Let 0 < N1 < g0, δ, λ, β, and µ1 be sufficiently small, while N2, and N should be sufficiently large such
that

γ0 =
1

p+ 1
(g0 −N1) > 0,

γ1 =
N

2
g(t) +N1

(
1− β − η − 2ηC2

S

λ
µ1

)
− δ

(
2β2 + 1 +

1

4

)
> 0,
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γ2 = g0 − δ − δa0
p+ 1

−N1 −
N1C

2
sµ1

4η
− µ1C

2
s (1 + δ) > 0,

N

2
− g(0)

4δλ

(
1 +

C2
s

p+ 1

)
> 0,

N

(
µ1 −

ϵ

2τ
− |µ2|

2
− µ1δ −

N2

Nτ

)
> 0,

cN2

τ
− N1

4τ
− µ1δ + µ

(
ϵ

2τ
− |µ2|

2

)
> 0,

Consequently, we get

L′(t) ≤ −(m− 4N2

ϵ
)E(t)− (

g0 −N1

p+ 1
− m

p+ 2
) ∥ut∥p+2

p+2

−
(
γ1 −

m(1− g0)

2
−
(
N1 −

m

2

) ka2
2π

)
∥∆u∥2

−
(
γ2 −

m

2

)
∥∆ut∥2 +

(
c+

m

2

)
(g ◦∆u)(t) + mk

4
∥u∥2

−
(
N1 −

m

2

) k
2

(
2(1 + ln a)− ln ∥u∥2

)
∥u∥2

+
mϵ

2

∫
Ω

∫ 1

0

z(x, ρ, t)dρdx + cϵ0,δ(g ◦∆u)1/(1+ϵ0)(t)

Finally, we choose m, k such that m > N2 and m ≤ N1 so that

mk

4
≤
(
N1 −

m

2

) k
2
,

γ1 −
m(1− g0)

2
−
(
N1 −

m

2

) ka2
2π

> 0,

γ2 −
m

2
> 0,

g0 −N1

p+ 1
− m

p+ 2
> 0,

m− 4N2

ϵ
> 0,

we get

L′(t) ≤ −m1E(t) + cϵ0(g ◦∆u)1/(1+ϵ0)(t) + c∗(g ◦∆u)(t)

−
(
N1 −

m

2

) k
2

(
1 + 2 ln a− ln ∥u∥2

)
∥u∥2 , (5.15)

using (2.16), (4.2) and (5.5), we get

ln ∥u∥2 ≤ ln

(
4

k
J(t)

)
≤ ln

(
4

k
E(t)

)
≤ ln

(
4

k
E(0)

)
≤ ln

(
elπ

k

)
.

Picking a such that

max

{
e

−3
2 ,

√
lπ

k

}
< a <

√
2lπ

k
.

The assertion (3.11) is satisfied, and we provide

1 + 2 ln a− ln ∥u∥2 ≥ 0
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From (2.16), (5.7) and (5.15), we get

L′(t) ≤ −αE(t), ∀t ≥ 0 (5.16)

For some α > 0. By combining (5.6) and (5.16) satisfies

L′(t) ≤ −k1L(t), ∀t ≥ 0 (5.17)

where k1 = α/α1. Therefore, integrating (5.17) on (0, t) we produce

L′(t) ≤ L(0)e−k1t, ∀t ≥ 0, (5.18)

hence, the proof is completed 2
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12. E. Pişkin, J. Ferreira, H. Yuksekkaya, and M. Shahrouzi, Existence and asymptotic behavior for a logarithmic viscoelas-
tic plate equation with distributed delay Int. J. Nonlinear Anal. Appl.13(2022) 2,763-788.

13. Z. Sabbagh, A. Khemmoudj, M. Ferhat and M. Abdelli, Existence of global solutions and decay estimates for a
viscoelastic Petrovsky equation with internal distributed delay, Rend. Circ. Mat. Palermo Ser. (2) 68 (2019), 477-498.

14. S.T. Wu, Blow-up of solution for a viscoelastic wave equation with delay, Acta Math. Sci. 39B (2019), no. 1, 329-338.

15. Z. Yang, Existence and energy decay of solutions for the Euler-Bernoulli viscoelastic equation with a delay, Z. Angew.
Math. Phys. 66 (2015), 727-745.

16. K. Bartkowski and P. Gorka, One dimensional Klein-Gordon equation with logarithmic nonlinearities, J. Phys. A:
Math. Theor. 41 (2008), no. 35, 355201.

17. P. Gorka, Logarithmic Klein–Gordon equation, Acta Phys. Polon. B 40 (2009), no. 1, 59–66.

18. I. Bialynicki-Birula and J. Mycielski, Wave equations with logarithmic nonlinearities, Bull. Acad. Polon. Sci. Ser. Sci.
Math. Astronom. Phys. 23 (1975), no. 4, 461–466.

19. I. Bialynicki-Birula and J. Mycielski, Nonlinear wave mechanics, Ann. Phys. 100 (1976), no. 1–2, 62–93.

20. T. Cazenave and A. Haraux, Equations d’evolution avec non-linearite logarithmique, Ann. Fac. Sci. Toulouse Math. 2
(1980), no. 1, 21–51.



22 A. Khedidja and S. Mohamed

21. S. H. Park, Global existence, energy decay and blow-up of solutions for wave equations with time delay and logarithmic
source, Adv. Differ. Equ. 2020 (2020), 631.

22. X. Han, Global existence of weak solutions for a logarithmic wave equation arising from q-ball dynamics, Bull. Korean
Math. Soc. 50 (2013), no. 1, 275–283.

23. T. Hiramatsu, M. Kawasaki and F. Takahashi, Numerical study of q-ball formation in gravity mediation, J. Cosmol.
Astropart. Phys. 2010 (2010), no. 6, 008.

Abidi Khedidja,

Laboratory of Pure and Applied Mathematics,

03000 Laghouat, Algeria.

Amar Teledji University, Laghouat Algeria.

E-mail address: k.abidi@lagh-univ.dz

and

Saadaoui Mohamed,

Department of Technical Sciences,

Laboratory of Pure and Applied Mathematics,

Amar Teledji University, Laghouat 03000, Algeria.

E-mail address: saadaouik16@gmail.com


	Introduction
	Preliminaries
	Local existence
	Global existence
	Asymptotic Behavior

