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On the Global Existence of the Logarithmic Viscoelastic Petrovsky Equation with a Delay
Term

Abidi Khedidja, Saadaoui Mohamed

ABSTRACT: The paper examines a logarithmic viscoelastic Petrovsky equation with a delay term in a bounded
domain. We employ the energy method alongside the Faedo-Galarkin method to establish the existence of
global solutions in appropriate Sobolev spaces. The solution’s asymptotic behavior is derived using a suitable
Lyapunov functional.
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1. Introduction

In this paper, we study the logarithmic viscoelastic Petrovsky equation with a delay

[ue | wge (2, 1) + A2u(x, t) + Augy (v,t) — fot g(t—s)A%u(s)ds

+pug (z,t) + pour(x,t — 7) = kuln |ul in  x (0,400),
u(z,t) = (z,t) =0, in T x (0,40c0), (1.1)
u(z,0) = ug (), uz (z,0) = ur (), in Q,
ug (x,t —7) = fo(x,t — 1)) in 2x]0, 7],

where Q is a bounded domain in R"™ (n > 1) with a smooth boundary 9Q =T, p > 0, u; and pus are
positive real numbers. The function g is a positive non-increasing function defined on [0, +00), 7 > 0
represents a time delay, and wug, u1,fy are the initial data in a suitable function space. The Petrovsky
problem has attracted considerable attention in recent years, particularly due to its relevance in the
mathematical modeling of elastic plates and beams where higher order operators naturally arise. In
such systems, damping mechanisms ranging from frictional to viscoelastic and delay-type damping play
a crucial role in determining both the well-posedness of the model and the long-time behavior of its
solutions. Several important contributions addressing existence, uniqueness, and asymptotic stability
under various damping structures can be found in [4,5,7]. Logarithmic nonlinearities frequently appear
in supersymmetric field theories and in cosmological inflation.From the perspective of Quantum Field
Theory, logarithmic source terms arise in nuclear physics, inflation cosmology, geophysics, and optics (see
[16,17]). For the literature review, we begin with the classical works of Birula and Mycielski [18,19]. The
authors investigated the following equation containing a logarithmic term:

Ugt — Uge +u — culn|ul? =0, (1.2)
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which represents a relativistic version of logarithmic quantum mechanics. They are considered pioneers
in the study of such logarithmic models. In 1980, Cazenave and Haraux [20] introduced the equation

gy — Au = uln |ul®, (1.3)

and proved the existence and uniqueness of solutions for the corresponding Cauchy problem. Gorka [17]
obtained global existence results for the one-dimensional case of equation (1.3), while Bartkowski and
Gorka [16] considered weak solutions and established existence results. In [23], Hiramatsu et al. studied
the equation

gy — Au+u + ug + [u?|u = ulnu. (1.4)

Later, in [22], Han established the global existence of solutions for equation (1.4). In [3], Al-Gharabli
and Messaoudi studied a Petrovsky-type equation involving a logarithmic source term of the form

wgs + A%u 4 h(ug) = kuln|ul, (1.5)

where they established global existence via the Galerkin method and derived explicit decay estimates
using suitable multiplier techniques. In a related work, Kafini and Messaoudi [9] examined a wave
equation with both delay effects and logarithmic nonlinearity,

up — Au+ paug(x, 1) + poug(z,t — 7) = |ulP~?u log [u”], (1.6)

and proved results concerning local existence and finite-time blow-up. In [21], Park considered an equation
involving both delay and logarithmic nonlinearities of the form

uge — Au+ aug(t) + Pue(x,t —7) = uln |ul”. (1.7)

The author established local and global existence results for equation (1.7). Furthermore, decay properties
and nonexistence results were also investigated for this model. On the other hand, Sabbagh et al. [13]
investigated a viscoelastic Petrovsky equation without logarithmic terms,

t
g [Puge (2, 1) + A%u(x, t) — Aug(z,t) — / h(t — o) A%u(z,0) do
0
. (1.8)
+ prug(z,t) —|—/ pa(s) ug(x,t —s)ds =0,
0

and established both existence and stability results. More recently, additional investigations have focused
on Petrovsky-type models involving combinations of viscoelastic damping, logarithmic nonlinearities, and
delay effects; see, for instance, [2,8,14,15]. These studies highlight the rich dynamics associated with such
problems and the delicate analytical challenges they present. Despite these contributions, the combined
influence of logarithmic source terms, viscoelastic damping, and distributed delay remains only partially
understood. In particular, establishing global existence and obtaining sharp decay estimates in such
settings require new analytical techniques. The purpose of this paper is to advance this line of research
by investigating a Petrovsky-type system with logarithmic nonlinearity and internal distributed delay.
In Section 2, we introduce the assumptions and auxiliary lemmas required for our analysis. Section 3 is
devoted to proving the existence result, while Section 4 establishes the asymptotic decay of the associated
energy functional.

2. Preliminaries

In this section, to prove our main result, we provide the necessary tools using the Sobolev spaces
HZ(Q) and the Lebesgue space L?(2), along with their standard scalar products and norms. We denote
the inner product in L?(2) by (.,.). Throughout this work, the constant C' represents a generic positive
constant. We consider the following assumptions:

(A1) Let g:[0,00) — (0,00) be a nonincreasing and differentiable function satisfying

/Oog(s)ds:ﬁ<1, g(0) > 0, 1—/Oog(s)ds:l. (2.1)
0 0
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(A2) We assume that there exists a positive constant £ that satisfies
g'(t) < —€q(t), (2:2)

(A3) We assume that
Tlual <& < 7(2p1 — |p2l), p1 > [u2l (2.3)

(A4) The constant & in the equation (1.1) is defined as follows:

1<k <2nle? (2.4)
The first eigenvalue of the spectral Dirichlet problem is assumed to be A .
A%y = \u, in Q, u:%zoinf
on
1
Vu|? < —|Aul)?, 2.5
Vul); < ﬁ\l 13 (2.5)

where [.|[2 =[] L2()
Next, we have a Sobolev-Poincaré inequality [1]

Lemma 2.1 Assume that q represents a number with

2 < ¢ <400, n=12

2 < ¢g< 2n2, n >3,
then, there exists a constant C' (), q) that satisfies
lull, < CIVull, Vue Hy(R) (2.6)
Lemma 2.2 By using the direct calculations, for h, g € C1([0, +oo[,R) we get
1 1
| h s = S+ 500 )
1d i 2
—5 = |(hop)(t) - h(s)ds | [z |, (2.7)

where .

(hoAu)(t):/O h(t — 5) [ Auls) — Aut)|? ds.

Lemma 2.3 (Logarithmic Sobolev inequality [7]) Let u be any function in H}(Q) and a > 0 be a
number. Then

1 a?
[ wnfuldo < Sl n )3 + 5 1Vul3 - 1+ )l (28)
Q ™
Corollary 2.1 [2] Let u be any function in H3(Q2) and a > 0 be a number. Then
1 a?
/Quz I fu] dz < & fluf3 o Jull3 + 5[ Aul3 — (1+ na)|u3 (2.9)

Lemma 2.4 (Logarithmic Gronwall inequality [7]) Suppose that C > 0, ¢ € L*(0,T;R") and let
the function 5 :[0,T] — [1,00) satisfy

B(t) <C (1 +/0 w(s)B(s) ln(ﬂ(s))ds) ,Vt € [0,T7. (2.10)
Then .
B(t) < Cexp (C/o gp(s)ds) ,Vt € 10,T7]. (2.11)
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Lemma 2.5 [2] For any € € (0,1), there exists a., > 0 such that
s|ins| < 8%+ agys' ™, Vs > 0. (2.12)

Lemma 2.6 [2] Assume that g satisfies (A1). Then ,for any u € HZ(Q), we have

2

/Q (/Ot g(t — s)(u(t) — u(s)ds> dz < ¢(g o Au)(t) (2.13)

and
2

t
/ (/ g'(t—s)(ut) — u(s)ds) dz < c(g' o Au)(t). (2.14)
o \Jo
We introduce a new variable that is comparable to [11].
z(z,p,t) = ug (x,t —7p) in Q x (0,1) x (0,+00)

Then, we have
Tz (2, p,t) + 2, (2, p,t) =01in Q x (0,1) x (0, +00)

As a result, problem (1.1) can be formulated as follows:

|ue|? g (2, 1) + A2u(w,t) + A%uy (2,t) fo (t —s) A%u(s)ds
+paug (z,t) + poz(z, 1,t) = ku ln lu|, in Qx]() +ool,
Tz (z,p,t) + 2, (z, p,t) = 0 in 2x]0,1[x]0, 400,
u(z,t) =0, on T x [0,+o0], (2.15)
2 (2,0,t) = ug (z,t), in Q x[0,400],
u(xz,0) = ug (z), us (x,0) = uy(x),in Q,
z(z,p,0) = fo(z,—p7), inQ2x]0,1]

The energy functional of (2.15) defined as follows

t

1 1
B = 5l @IS+ (18w o]+ 1—/g<s>ds A (5)]2
0
T (go Au)( ~/|u| tn ul e+ ()]
€ 2
e / / 1= (e p. )| dpde (2.16)
0

Lemma 2.7 Under the assumptions (A1)-(A3), for any solution (u, z) of problem (2.15), the functional
E(t) defined in (2.16) satisfies

1 €
B < -po18u3 - (- 5 - 22 [t oo

_(;_W?>/| (z,1,t)*dz <0, ¥t >0 (2.17)
-

Proof: Multiplying the equation (2.15); by u; and integrating by parts over 2, we have

d 1 9o k 2 k 2
o (g Il + 5 18wl + 3 1auld - 5 [ il de+ 5 Jul?

¢
+p1 ||ut||§ +/ z(z, 1, )ude = / / g(t — s)Au(s)Au(t)dsdr. (2.18)
Q o Jo
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By applying the Lemma 2.7, the term on the right-hand side of (2.18) can be rewritten as

[ att = 98uts)dun(ydsds + 500 | Aul
QJ0

d t 1,,
— i | 9as 180l ~ (o s + 5o aue) (2.19)
0
Consequently, (2.18) becomes
d t
dt( sl + 50— [ go)as) |2l
0

k
1wl - 5 [ il de+ £l + (g0 2u0)
2 2 Jo 2

1, 1
=l [ 21 uda + 56 0 M) = 50(0) Al (2.20)

We multiply the equation (2.15)2 by £z and integrate the result over 2 x (0,1), € > 0, we obtain

2dt// (z,p,t) dpdx + — // (@, p,t) 2p (x, p,t) dpdz = 0 (2.21)
c 1
_7// Z(xapat) Zp (xapat) ddz (// J? pv dpdx)
T JaJo Q

= —/ (z,0,t) — 22 (x,1,t))dx

Noticing that

_ 2
= 27 Q(u 2% (2,1,t)) dz (2.22)
Combining (2.20) and (2.21) we get

1 1 €

(M) = (oo 8u)(®) - 590 [Bul} ~ (m — ) [ Jue.0) do
T Ja
—i/ |z(m,17t)\2dac—u2/z($71,t)ut(:1c;t)d:v
2T Q 0

By applying Young’s inequality, we obtain

qu/ 2,1, )y (w; t)de| < @/ (|z(x71,t)|2+|ut(x,t)|2> dz. (2.23)
Q Q
Thus, we get
B < (py— £ - 12l / DPdo— (£ = kel / 1,t%d
0= (-5 -2 [luofar- (5 - 22 [ as
From (2.3) the proof is complete. O

Theorem 2.1 Let (ug,u1, fo) € HZ (Q) x HZ (Q) x HZ (Q,H?(0,1)) satisfy the compatibility condition
fo(,0) =uy
Suppose that conditions (A1)-(A3) hold. Then, problem (1.1) has a weak solution:
u e L™ ([0,+00); Hi (), up € L™ ([0,400); HS (Q)),
uy € L? ([0,400); Hy (2)) .
Theorem 2.2 Assume (A1)-(A8) hold. Then the energy functional E(t) satisfies,
E(t) < koe ™' Vvt >0 (2.24)

where kg and ki are positive constants that will be determined later.
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3. Local existence

Proof: [Proof of Theorem (2.1)] Throughout this section we assume (ug,uy, fo) € HZ (Q) x HZ () x
Hg (Q,H?(0,1)). We will use the Faedo-Galerkin method to prove the existence of a global solution.
LetT > 0 be fixed and let {w,} be an orthogonal basis of the separable space HZ (). Let V,, =
span {wy,ws, ...,w, } . Now, we define, for 1 < j < n, the sequence ¢;(z, p) as follows:

@;(x,0) = w; (3.1)

Then, we may extend ¢;(z,0) by ¢;(z, p) over L2(2x(0, 1)) such that {¢, }, forms a basis of L2(2, HZ (2))
and denote Z,, the space generate by {¢,} .Let (un,z,) (n =1,2,3,...) be an approximate solutions in
the form

u" (t) = ch" O wi(z), 2" (1) = Zdj" (t) pj(2) (3-2)

where ¢™J and d™7 (j = 1,2,...,n) are defined by the ordinary differential systems

1P, w;) g + (O™, Awy)g + (AT, (2, 1), Awy)g
t

- / gt — ) (A (), Ay ds + pn (uf',w5)q,
0

t
I / (2" (2,1,8)) ;) o ds
0

= k" Inlu"],wj)g (3.3)
S(@,0,8) = ula,t) (3.4)
u" (0) = uf= Z(uo,wj)wj — g, in H(Q) asn — 400 (3.5)
j=1
uy (0) = wuf = Z(ul,wj)wj — g, in HZ(Q) asn — 400 (3.6)
j=1
and
(T21 +2,,0;) =0,1<j<n (3.7)
n
2" (p,0) = z5 = Z(f07g0j)<pj — fo in H3(Q, H*(0,1)) as n — +00 (3.8)
j=1
Noticing that from the generalized Holder inequality, we note that % + m = %, the nonlinear

term (Jup|” ul}, w;) in (3.3) makes sense. Taking into account, the Sobolev embedding, that HZ (€2) —
L2PHD(Q) for 0 < p < 25 if n > 3. System (3.3)-(3.8) possesses a local solution in [0,2,), 0 < t, < T
for an arbitrary T" > 0. Next, we have to prove that ¢, = T, Vn > 1 and that the local solution is
uniformly bounded independently of n and t.

First estimate. By Lemma 2.16, since the sequences ug, uf' and 2§ converge, we can find a positive
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constant C; that is independent of n and satisfies

B0 - 5"0) < - (1 - - - 121} / ()] ds
—(6—“‘2|>/ /|z (z,1,t]* dwds

-3 [oonaw i+ g [ suyoas

€ |:u2‘ ! n
< - (Ml T5r 9 ) /0 [t (5)||2d5
€ |/’62| t/ n 2
(= 2 1 .
<2T : )/O [ (a1, dads (3.9)

As g is a positive non increasing function, so we obtain

B0+ (- 5 - 12 / a2 ()11 ds (3.10)
+<2€T—|“2>/ 12" (2, 1,¢||* ds < E™0) < Cy

where

B0 = gl @+ 5 (18w @+ (1- [ o(s)ds) 18w @)

n n n k n
+(go b)) = 5 [ " Pinfulde +

1
4 < / / 1z (. p, ) dpda
2 QJO

By utilizing the Logarithmic Sobolev inequality, (3.10) follows.
ka? k n
ot @53+ (1 5o )l @1 + (5 + 1+ ) ) " 012

(g0 Au) (1) + [ Auf (1) + // 2" (@t |dpdx+/ o (e, 1, ds
< Gy [l In flun||?,
(Y is a positive constant. Picking a such that

27l
e—3/2 2T

3.11
<a < > (3.11)
then )
LGS (3.12)
2
and .
§+k(1+lna) > 0. (3.13)

Thanks to (A4), this passage is now possible. As a result, we obtain the following:

luf (OIE5 + 1 Au™ ()15 + u™ ()5 + (g 0 Au™) (t)

A O3+ [ / |2 (@, p, 1) dpd + / 2", 1,¢) ds

< C(l+||u"|| ln||u”||> (3.14)
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Noticing that

Applying Cauchy-Schwarz’s, we get

t
el < o2 [ o (315
2 ! 2
< WO+ [ el i
From (3.14), we get
t
Ju")?* < C (1 +/ ||u"||21n||u"||2ds) (3.16)
0
which C' = max {ZTC’7 2 ||u”(0)||2} Logarithmic Gronwall inequality yields
u™| < CeCT. (3.17)
Thus, from (3.14), we obtain
g ()55 + I Au™ (O3 + llu™ (D)5 + (g 0 Au™) (1)
s @+ | / 2" (@, ) dpdm+/ o (@, 1,0 ds
< C(1+4Ce“Tn(CeCT)) = Ay (3.18)
Then the solution (u™, z™) can be extended to [0,7") and we obtain
u™ is bounded in L{2.(0, 00, H3 (2)) (3.19)
u? is bounded in L2.(0, 00, HZ (2)) (3.20)
2"(x, p,t) is bounded in L72,(0,00 ; L*(£2 x (0,1)) (3.21)
2"(z,1,t) is bounded in L?(Q x (0,T)) (3.22)

Second estimate: Replacing w; by —Aw, in (3.3), multiplying by ™ and summing over j from 1 to
n, it follows that

L v aun 2 + v au)? P up Aufd
2dt [l w7+ [ VAu ] = Qlut‘utt Uy ax

t

g(t —s) | VAu"(t)VAu](s)dxds
Q

|
c\&‘&

—|—/QVz”(a:, 1,6)Vuidr + py ||Vu?\|2
= _k/QAugunlnmﬂdx (3.23)
The Green’s formula gives
—/Q lup [P uyy, Aujde

d
%/ |ug|p|vug|2dx—(p+1)/ Jul [P Vul, Vulda (3.24)
Q Q
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Substituting ¢; by —Agp; in (3.7), multiplying by d’" and summing up over j from 1 to n, it follows that
’7'/ Ve V2"dx + / VzyVz"dr =0 (3.25)
Q Q

Then, we obtain

2 1d 2
o4 = [IV2")E = 2
S I3+ 5w =0 (3.26)

We integrate over (0, 1) to find that

L [ I o+ 19 01~ LIVl = o (3.27)

Considering Lemma 2.2, by combining (3.23) and (3.27), we get
1d
2dt

1
1
+ T/ ||Vz"||2dp+2/ |u?(t)|p|Vu?|2dx} +§ ||Vz"(x,1,t)||§
0 Q

¢
[ (1 — / g(s) ds) ||VAu”||2 + ||VAU?||2 + (go VAU™)
0

= ) [ WP Ve - e [ 92010 upds - [V
1 n
5 IIVut (a,0)]* = 29(t) [VAu I”
1
+§(g/ o VAu™) k/ Aufu™In [u™| dz (3.28)
By applying Young’s inequality and the initial estimate of (3.18), we obtain for n > 0

(p+1) /Q WP Vg Vulde < (p+ 1)CYPTITV2 v,

(p+1) CQP/(I)+2)+1
4n

IN

(3.29)

0 || Vg, |* +

Utilizing Young’s inequality, we have

IN

1
/Vz"(x,l,t)Vu?dx 7/ |Vut|2d:r+n/ V2 (o, 1, 0)[ da (3.30)
Q an Ja Q

< eln)+n / V2 (2, 1,0) de
Q

Using Lemma (2.5), we can estimate the last term on the right-hand side of (3.28) with g = 1/2 and the
embedding inequalities, as well as Young’s and Cauchy-Schwarz’s inequalities, as follows

= ’f/QlAu?|<|u“|2+dw|un|>dx

‘k/ Aupu™ In [u™| dx
Q

< k( /|Auf| dx—!—f/ [u"? + dey v/|un])? >

< k:n/ |Aup|? dac—l— (/ lu)* dx—l—/ |u"|dx)

< n _ n n . .
< bl s £ (Hw I*+ 1), >0 (3:31)
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Taking into account (3.29)-(3.31), (3.28) gives
t
1d ni 2 n2 n
SO 1= [otsras | 1vaw P + VAP + (g0 VA
0

1
v [V g2 [ O D]+ - 19 Ll

IN

1
DTk = S9(0) [V A2 + 5(g' o V")

c n
eln) + k| Auf* - (Va4 )
Multiplying (3.3) by cit" and summing over j from 1 to n, it follows that
/ Jug [? ‘utt| dx + HAzuttH
t
= —/ APy uttdac—i—/ t—s)/ Au” (s) Aul,(t)dxds
Q Q
—l—k‘/ upu” ln|u”|dw—,u1/ u?uﬁdw—ug/ 2" (x, 1, t)updx
Q Q Q
Differentiating (3.7) with respect to t yields
(T231 + 21, 05) =0

Multiplying by d’™ and summing up over j from 1 to k, it follows that

Ty o2 L9z 2
2qr "t 2.dp Frllz =

Integrating over (0, 1) with respect to p, we obtain

n 2 1 n 2
T [ i Yl 0l - S Dl = 0

Adding (3.33) and (3.36), we have

n n |2 n
[ a2+ 3 [ a2+ e 1012

¢
= 7/ A2y uttder/ g(tfs)/ Au™ (s) Au?t(t)dxderk/u?tunln|u"|dx
Q 0 Q

Q
n, n 1
_Ml/ﬂut updr — NZ/Q "z, 1vt)“ttd$+ [ty (z, t)H2
By using Young’s inequality, the right hand side of (537) can be estimated as follows:
[ Aturde < |V + 4 IVACE L >0
Q

and

t
/ g(t—s) [ Au™(s) Aug(t)dzds
0 Q

- /Ot g(t— s)/ VAu"™ (s) Vug,(t)dzds

2 1
f (1+mn) \VAU"| + ﬁ(l + 77)(9 o VAu™).

IN

n ”vutt” +

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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Employing Young’s inequality, we get

n n /JL n
” /Q wude <l + 4
n (|12 C/J’ ni2
< O v + S vy
< g2Vl + Cn), (3.40)
and
1
/Q (o 1o < nCEm [V | + - 1" L) (3.41)

By combining (2.12) with ¢y = % and applying the Cauchy Schwarz, Young, and embedding inequalities
to the last term on the right-hand side of (3.37), we have

k/u;‘tunln|u”|dx < c/ uk, (|u”|2+d\/u")daj
Q

< oo [l g [ P+ avanzas )
< e8| VUl + —= (/ lu|* da + |u”|da:)
Q
< o IVl + G (18w ) n > o, (3.42)

Considering of (3.38)-(3.42), (3.37) gives

1
2 2 Td 2 1 2
bl de+ a2 + 25 [l do+ 11013

+(L =2+ CZ + C2m) — e8) || Vg |

< B VAN + L (14 (g0 VauT)
1
b I LI + €+ (A + ) (3.43)

Thus, using (3.32) and (3.34), we have

1d t
Ld (1—/ (s) ds) [ VA2 + [ VA2 + (g 0 VA"
2di )
1
+ / ||vZ"<x,p,tu2dp+2/ i (1) |Vl P de
0 Q

1
(5 =) V2" (2, 1,05 + (1= n(3 + C2 + C2puy)

2
—e8) [V + / g [?

1 1 1
< =90 IVAUIP + 39 0 VAW + (1 + 821+ ) [ VAu"|

B 1 1 2
+— (14 -)(go VAU") + — [|2"(x, 1,¢
2 ) )+ 4 G

+C) + 5 (12" + u"])) (3.44)
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Choosing 7 < 0 and ¢ sufficiently small such that 1 — (3 + C? + C?u;) — ¢6 > 0, and integrating over

(0,%), we obtain

t
{(1 - / g (s)ds) [IVAG"|* + | VAu]|* + (g 0 VAU")
0

DO | =

1
4 / ||Vz”<:c,p,t|\2dp+2/ i (8)]° [Vl P de
0 Q
1 ¢ . 5
H ) [ 1910l ds
0
t
(1= (B + C2 4+ C2y) — ) / Va1 ds
0
t 5 t 9
b [ [t deds + [ as
0 Q 0

1 t I
—fg(t)/ ||VAu;’||2ds+f/ (¢' o VAu")ds
2 0 2 0

IN

1 t B N
+—1+621+n/ VAu"||ds + —(1+ - / go VAu")ds
477( (1+n) | [ | 477( n) O( )

1t ¢
i3 [ 1@ ol as s omr+ 5 [ (18 + ) s
Taking g1 = min {h(¢) for all ¢t >t} and using Gronwall’s Lemma, we have
1
VA + VA + (g0 VA + [ 72" pot] dp
0
¢ t ¢
[V L0l ds+ [ IVt s+ [ IVa e ds
0 0 0
¢
+/ IVug||* ds < Cs
0
From (3.18) and (3.45), we have
u™ is uniformly bounded in L>°(0, T, HZ (Q))
uf is uniformly bounded in L>°(0,T, LPT2()) N L>(0,T; H3(2))
uf, is bounded in L*(0,T; H3(Q))
which implies the existence of a subsequence of u™ (still denoted by u™), such that
u™ — u weakly star in L>°(0,T; H? (Q))
ul — uy weakly star in L°°(0,T; LPT2(Q)) N L>°(0,T; HZ (2))
u" — u weakly in L?(0,T; HZ (Q))
ul — uy weakly in L2(0,T; LPT2(Q)) N L?(0,T; HE ()

ul, — uy weakly in L?(0,T; He (Q))

The nonlinear terms analysis:

(3.45)

(1) Term (u™1In|u™|) : From (3.45), utilizing the embedding of HZ(Q2) in L>=(Q)(Q C R?), (u") is
bounded in L®(0,7T; H3(2)) which implies the boundness of (u™) in L? (2 x (0,7)). In a similar way
(uf) is bounded in L2 (Q x (0,7)). Next, by using Aubin-Lions theorem, we have a subsequence such

that
u"™ — u strongly in L? (Q x (0,T))

(3.54)
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which implies
u" — u ae. inQx(0,7) (3.55)

Since of the maps s — ksln|s| is continuous, the following convergence hold:
ku"In|u™| — kuln|u| a.e. in Qx (0,7). (3.56)

From the embedding of HZ(Q) < L>®(Q)(Q C R?), we confirm that (ku"In|u"|) is bounded in
L> (2 x (0,T)). Now, taking into account the Lebesgue bounded convergence theorem, we get

ku"In |u"| — kuln |u| strongly in L* (0,7 ; L*(Q)) (3.57)

(2) Term |ul|? [u}| : From (3.45), (u}) is uniformly bounded in L°°(0,T; H?(Q2)) which implies utilizing
the the boundness of (u}') in L™ (2 x (0,7)) C L?(Q x (0,T)).Also, we know that (u},) is bounded in
L2 ((0,7); H3(R)), which implies that(uZ,) is bounded in L? (Q x (0,T)).

From the first estimate in (3.18) and Lemma 2.6, we have

+1
N2 Pl ooz oy = Anmm%ﬁﬁ

c, \ 2@t T 2(p+1)
[Aug |3 dt
\5\) /0

C, 2(p+1)
(ﬁ) cw (3.58)

Employing Aubin-Lions theorem, (Lions [10]), there exists a subsequence still denoted by {u™}, such
that

ul — u; strongly in L2 (0,T ;LQ(Q)), (3.59)
which implies
up — up a.e in Q x (0,7) (3.60)
Thus,
Juf [P uf — Jug]? uy a.e in Q x (0,7) (3.61)

Therefore, applying (3.59)-(3.61) and Lion’s Lemma, we obtain
[up|? up —s |ug|” uy weakly in L* (0,7 ; L*(Q2)). (3.62)
Multiplying (3.3) by 6(¢t) € D(0,T) and integrate on (0,7'), we have
-1 T , T
=1 [ OP w0000 O+ [ @ swpaco
T Tt
+ / (Aul, Aw,)0(t)dt — / / g (t— ) (Au™ (s) , Aw;)0()dsdt
0 o Jo
—&-m/ (ug', w;)0 dt+,u2/ / (x,1,t),w;)0(t)dsdt
_ k/ £ In ™ (8)] , w; )0(t))dt (3.63)

multiplying (3.7) by 6(¢) € D(0,T) and integrate on (0,7") x (0,1), to obtain

T 1
/0 /0 (T2 + 22, ¢;)dpdt = 0 (3.64)
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Using the convergence of (3.49)-(3.53) and (3.62) to pass to the limit in (3.63) and (3.64);

-1 T T
(|ut|put,w)9’(t)dt+/ (Au, Aw)O(t)dt
0 0

p+1
T T t
+ /O (A, Aw)O(t)dt — /0 /0 g (t—s) (Au(s), Aw)o(t)dsdt
T T
b [ w0t + e [ (el 1.0, w00

— K /O (u(t) In [u(t)] , w)0(t)dt,

T 1
/ / (T2t + 2, ¢)dpdt = 0.
o Jo

T t
/ (Jue|? wee + APu+ APuyy) ds — / g (t —s) A%u(s)ds
0 0
Fprue + z(x, 1,1))0(t)dt

- k;/ £)1n [u(®)], w)0(t)dt

and

Integrating on (0,7"), we have

The proof is completed. O

4. Global existence

In this section we show that the solution for the problem (1.1) is global. First, we define the the
following functionals

¢
I(t) = (1 - / g(s)ds) [Au]® + | Au]|” + (g 0 Au)(t) — Sk/ u?In |u| dz (4.1)
0 Q
1 t
J(t) = 3 ((1—/ (s)d ))||Au| + | Aug||® + (g o Au)(t k:/u 1n|udm)
k
2 u?
1 ¢ 5 5 B, o 1
= 3ld- ; g(s)ds ) [ Aull” + | Auel|” + (g 0 Aw) ()] + 7 [lull™ + FI (). (4.2)
Noticing that
1 +2 ! 2
B = 0+ s N3+ 5 [ 1t dp. (4)
Lemma 4.1 From [2], we have the following inequalities
—kdo /1] 3 || Au|Y? < k:/ u? In|u| de < ke |Aully, Yue HE(Q), (4.4)
Q
where dy = supy., .1 v/s|Ins| = 2,|Q| is the Lebesque measure of Q and c, is the smallest embedding
constant;
1/3
(/ u|3dx> <c.||Aull,, Yue HX(Q), (4.5)
Q

c« exists thanks to the embedding of H3(Q) — L>(Q) and Q C R?
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Lemma 4.2 Suppose that (A1)-(A8) . Let (ug,u1) € HZ(Q) x HZ(Q) such that

1/
I(0) >0 and v54¢ <E§0)> ’ <l (4.6)
Then
I(t) > 0, ¥t e [0,7). (4.7)

Proof: The proof is similar to [2], [12], hence, we omit it. Consequently, we completed the proof of
Theorem 2.1 |

5. Asymptotic Behavior

This section presents the asymptotic behavior result for our problem by constructing a suitable Lya-
punov functional. Firstly, we define the functional L as follows

L(t) = NE(t) + Niy(t) + x(t) + N2(2), (5.1)

where N, N7 and N, are positive real numbers. Besides, let define:

1 P
P(t) = m/ﬂ|ut| utudaz—l—/QAuAutdx, (5.2)
1 » ¢
x(t) = —/Q <A2ut + P | ut) /0 g(t — s)(u(t) —u(s))dsdz, (5.3)
1
= 272 (g x. .
o) = [ [ e p.thdpa (5.4)

The following lemmas are required in order to obtain our primary result:

Lemma 5.1 Assuming that (A1)-(A3) and (4.6) hold, let €, € (0,1) and

l
0< B(0) < %ﬂ. (5.5)
Then, the functional L(t), for N sufficiently large, satisfies
NE(t) < L(t) < ME(),  Vt>0, (5.6)

where \g and A1 are positive constants depending on N1, No and N. Hence, L ~ E and for any tog > 0,
there exists a positive constant my, such that

L'(t) < —miBE(t) + ¢ (g 0 Au)(t) + cey (g 0 Au)/UF (1), VE> 1t (5.7)
Proof: The proof is similar to [2], [12], so we leave it here. O

Lemma 5.2 Forn > 0, the functional ¢¥(t) satisfies

1 2nC?2
V0 <l = (18- 0= 200 ) aul?

C? 1
(o du+ (M5 1) JAul + st 1l
—l—k/ u? In |u| dz (5.8)
Q

for any solution (u, z) of problem (2.15).
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Proof: Taking the derivative of 1 (t) from equation (2.15) and integrating by parts, we obtain

. 1 ¢
W) = Jull23 + 1wl = [l + [ Au [ gt~ )du(s)dsdz
p+1 Q 0
—ul/uutdx—,ul/ z(x,l,t)udm+k/u2 In |u| dz (5.9)
Q Q Q

Using Sobolev embedding and Young’s inequality, from (5.9) we get

t
[ a0 [ gt - 9nutsydsas| < (5 ) laal® + 2 (g0 2. (5.10)
Q 0
Since
Ml
,ul/uutdx < M5 | A + ||AutH (5.11)
Q
and
C? 1
i [ oo tude] <0 sl 4 L st )1 (512
Q i

The estimate of (5.8) was obtained by substituting (5.10)-(5.12) into (5.9). Therefore, we have completed
the proof.. O

Lemma 5.3 The function,x(t) satisfies

dayg
X0 <008 + 1+ P IAuR + (54 20— go ) A

1 ,u1C'2 c
— 2 — — A
— ol 13 + 6(5+45+ a5 ) o A0 ()

_9(0) c: / 2 2
0 (1+p+1 (¢ 0 D) () + pad el + 028 12, 18]

+eep.5 (g0 Au)l/ 1+eo) (t)

for any solution (u, z) to problem (2.15), and any 6 > 0, where fo s)ds > fo s)ds = go, VYt > to.
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Proof: The first equation of (2.15) together the Leibnitz formula, gives

o = - [(] tg(ts)m(s»ds) (/ tg(ts)(Au(t)Au(s)ds> o
+ /Q Au(t) ( /O ol — ) (Ault) —Au(s)ds> dz
b [[te) [ o= 9)att) ~ u)ds) do
+ [ 210 [ ot )00~ uts)asa
- [aw ([ (- s)(Aut) - Bu(e))ds ) da
p+1/ |ut|put/ (t — 8)(u(t) — u(s)dsdz

—k/ﬂuln|u|/0 g(t — s)(u(t) — u(s)dsdx

1 t
- [ otpastisu® = = [ s
¢ 1 ¢ 2
= L1 +..+1I; — g(s)ds ||AutH — ? (s)ds||ut||p+2
0

Now ,we will estimate I3, ..., I7 Hence, for § > 0, we obtain

|| < 6/9(/0 g(t — 8)Au(s)ds)*dx
+%/ﬂ(/0 g(t — s) |Au(t) — Au(s)| ds)da

< 20( [ a)? 180 + 25+ 35) [ a(s)astao Aur)

0
< 2687 Al + 525+ 1)(g 0 Au)(r)

In a similar way

1Bl < 5 1Aul? + £ (g0 Au)(p),

151 < om0 sl + P (g o ),
11 < 8 (e 1,12+ 2% g o ),
151 < 3w~ 20 (g7 awo),

1 < 220w - 200 sy

where ag = CSQ(pH)(QE(O))p.
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Applying (2.12) for s = |u| and employing the embedding H3(2) — L°°(Q), for any d. > 0 and any
€ € (0,1), we estimate I7 as follows

|I;] < —k;/Quln|u|/0 g(t — s)(u(t) — u(s))dsdz

IN

k-/Q (u2+d50 |u|1*€°) ‘/Otg(t—s)(u(t) — u(s))dsda

IN

(;/Q|u|2 ‘/Otg(ts)(u(t)u(s))ds da:+5*/9u2dx

+Ceg,5. /
Q

N
Q

*
+Cep,5. /
Q

Putting §/4 = ¢d, and utilizing Holder’s inequality, from Lemma (2.6) we have

2/(14€0)
dx

/0 ot — 5)(u(t) — u(s))ds

2
dx

IN

/O ot - 5)(u(t) — u(s))ds

2/(14€0)
dx

)

/0 ot — 5)(u(t) - u(s))ds

—k/Quln \u|/0 g(t — s)(u(t) — u(s)dsdx

) c
< Ll + S (g0 Au)(t) + e sy 0 Aw) /O ) (5.13)

Lemma 5.4 The functional ¢(t) satisfies

(1) < - /Q 22(x,1,t)dx + %/ uf (z,t)dx — 2¢(t) (5.14)

T Q

where ¢ 1s a positive constant.

The proof of Theorem (2.2) is given as follows

(
Proof: Using (2.17), (5.1), (5.8), (5.13) and (5.14), we reached the following estimation

€ M2 1
0 < N (- =22 bl - - 3 lal

2 2 Cp+1
CJVQ Nl € |/1:2| 2
(=2 s+ N — - 22 1,t
< i U <2T 5 [[2(z, 1, 1)

-5(28%+1+ 1)
da N, C? C?
go_(s_ 0 _N1_15M+N27_5)||Aut”2

(00—
(

2
W+ﬁ(26+;+“21§f +6CB)>(90AU)(7?)

; (;V 40 (1 ; (pcfl))) (¢ o Au)(t) — 2N26(t)

+kN1/u211’1|'Ll,|dx—|—06075(90Au)1/(1+60)(t)
Q
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The definition of E(t) gives

~ (e 22

p+1 p+2 “lp+2
CN2 N1 € |,LL2| 2
(2 s+ (- ) e

) ( Fo)+ M (10— - 250 ) A
1—go
SR 1) el

N,C?
N i p+1 R e | A |?
+N 5 +/~L15C2 m t

(ol o

" (];7 Iy (”;ocfl)) (5" 0 Au)(t) + T2 (1) + 2 ful?

k(Nl——)/u 1n|u\dm+—// z(z, p, t)dpdx

+Ce,5(g 0 Au)l/ He“)

the Logarthmic Sobolev inequality assure that

L) < -mB@®-N (m - - Lol

go — N1 p+2
(BT ) i
cNy Ny € |12 2
— — — — 6+ N[ — - — 1.t
(- 2 - moan (5= 220 e
N _a_ . _ 2nC2 _ 2 1

il (N, - ) 4

N1C2p4

~ N, —
p+1 4n

N1ﬁ 1 mC’
(o (o g+ i *w)) (92800

~(w- k (20 +ma) 1 uf?) ul?

+ = 55 (14 557 ) 0 Aue + 220 + 7

C?
4+ Ny—2 + ,u1(502 — > ||Aut||

@// 2(z, p,t)dpdx + ce,5(g 0 Au)t/T0)(1)
QJ0

Let 0 < Ny < go, 0, A, B, and pp be sufficiently small, while Ny, and N should be sufficiently large such
that

1
= —(go—Ny) >0,
Y0 ijl(go 1)

N 2nC?% 1
o= 2g(t)+N1(1—ﬁ—77— TI)\SH1>—5<262+1+4)>0,
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72290—5—;?_01—%—]\[155‘“—u1C§(1+6)>0,
N 2
2—‘(51(5(2(1—5—pil>>0
Consequently, we get
D) s ~m= B0 - (BT 2t

p+1  p+2/ TR

< L R L et

(= DY Il + (e + ) (g 0 duy(r) + 2
(=) E (20t ma) ) fu)?
B

1
// 2(x, p,t)dpdz + cey (g 0 Au)/ 1T (t)
QJ0

Finally, we choose m, k such that m > Ny and m < Nj so that

s (n-3)4

m(1l — go) ( m)k
m 2 2) on
m
72_5>07
— N
9o o m >0,
p+1 p+2
AN,
m——2 >0,
€

we get
L'(t) < —miB(t)+ co(go Au) /A0 (4) 4 ¢*(g o Au)(t)
m\ k 2 2
- (N1 - 5) = (1 +2Ina — In|ful| ) lull?, (5.15)

using (2.16), (4.2) and (5.5), we get

In[lu]® < In <2J(t)) <In <2E(t)> <1In <2E(0)) <In <6]l:) .

Picking a such that
max 6%3 I <a< 2ln
ok k-

The assertion (3.11) is satisfied, and we provide

1+2Ina—In|ul®>>0
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From (2.16), (5.7) and (5.15), we get

L'(t) < —aBE(t),Vt >0 (5.16)

For some « > 0. By combining (5.6) and (5.16) satisfies

L'(t) < —ky L(t),Vt > 0 (5.17)

where k1 = a/ay. Therefore, integrating (5.17) on (0, ) we produce

L'(t) < L(0)e ™t vVt >0, (5.18)

hence, the proof is completed O
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