Bol. Soc. Paran. Mat. (3s.) v. 2026 (44) : 1-10.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm doi:10.5269/bspm.78417

Existence of Weak Solutions for an Abstract Cauchy Problem Involving the Fractional
Laplacian

Wilson E. Murillo and Alex M. Montes and R. Cérdoba

ABSTRACT: In this paper, we construct a theory of existence and uniqueness of solutions for an abstract
Cauchy problem u/(t) + Au(t) = h(t), t € (0,T) and u(0) = f, where A is the fractional Laplacian operator
acting on a bounded domain with smooth boundary. The construction of the solution is based on the method
of temporal discretization.

Keywords: Fractional Laplacian operator, fractional Sobolev space, accretive operators, Cauchy
problem abstract.
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1. Introduction

We study the following fractional equation

g+ (=A)?2u=h(z,t), in Q, t>0
u =0, on 09, t>0 (1.1)
u(z,0) = f(x), on z €, t=0,

where 0 < 0 < 2, f € L'(Q), @ C RN and (—A)?/? is the fractional laplacian.

There is wide interest in porous medium equations, which replace the nonlocal diffusion operator
(—A)?/2 by the classical Laplacian —A, for instance see [11] and [9]. We showed the existence of a weak
solution, transforming the problem (1.1) to an equivalent problem using what they call a c— extension
and guarantees the existence of a weak solution of this new formulation using the temporal discretization
method.

In previuos problems the fractional laplacian operator (—A) in a bounded domain is defined by a
spectral decomposition (see [6]). Let (¢;,A;) be the eigenfunctions and eigenvalues of —A in Q (with

c/2

Dirichlet boundary data). Then, (¢;, )\j/ %) are the eigenfunctions and eigenvalues of (—A)?/2 in Q with
the same boundary conditions. The operator (—A)?/? is defined for any u € C§°(Q), u =3 a2)\0/2

(=8)2u =30\ ;.
This operator can be extended by density for u in the Hilbert space
o/2 o/2
HE (@) = {u =Y a5 € @) : Y a?A]? <o},
equipped with the norm

2 a/2 cr
HUHHg/Q(Q) 2’\ & H " H
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The fractional laplacian can be also defined by ¢ harmonic extension which was introduced by Caffarelli
and Silvestre for the case of the whole space in [7], and extended to bounded domains in [1]. If u = u(x)
is a regular function in 2, we define its o-harmonic extension to the cylinder Cq =  x (0, 00) with 91,Cq
lateral boundary 9 x (0,+00), E,(u) = U(x,y), is the unique smooth function and bounded, what is
the solution to the problem

LUU = 07 in CQ7
U=0, on 01Cq,
Tr(U) =u(z), on £,

where
LoU = div(y*~°VU) and Tr(U) = U(z,0).
By Caffarelli and Silvestre (see [7]), we have

oU oU
_ a/2 — : -0~ _ _Yv
(=A) " u(z) = —po lim y a9 (z,y) = 3

y—s0+ Y ’
where p, is a constant.

The operator E, can be extended to Hg/2 (€©2). we need to consider the energy space X7 (Cq), given
by

XJ(Cq) = {w € L*(Cq) : w =0, on 0.Cq, / Y7 | Vw|? dady < oo}
Ca

with norm

1/2
s 2
fulg = (1 [ o~ 190l dnay)
Q

Moreover, the operator E : Hg/2((2) — XJ(Cgq) is an isometry (see [1]).

We investigate the solution of the problem (1.1), using the o harmonic extension and the temporal
discretization method, in the same way in [1].

A well-known method of construction of solutions of evolution equations, and also of generating a
semigroup in a convenient functional space, is the so-called Implicit Time Discretization. given the
evolution equation vy + A(v) = h(x,t), where A is a linear operator or not, bounded or not, acting on
a Banach space X and given an initial data v(0) = f € X, then the construction of an approximate
solution of the problem in a time interval [0,T] consists of dividing said interval into n subintervals of
length € = T'/n and defining an approximate solution v, constant in each subinterval in the following
sense: in each interval (tg_1,tx] with ¢, = ke, & = 1,2,...,n is considered the solution vy for the
discretized problem

(Ve — Veo—1) + A(ver) = hi(w)
Ve, 0 = f€7

where f. is an approximation of f. Moreover, h; is a one finite sequence of element in X such that

n ty
Z/ I(s) = hill ds < e.
k=1"tk-1

Once the existence of these solutions is guaranteed for each kK = 1,2, ..., n the mild solution is obtained
when e — 0.

We construct a theory of existence and uniqueness of general solutions for the problem (1.1). This
theory provides a method or technique for solving problems related to anomalous diffusion or nonlinear
diffusion equations of recent research (see [12] and [13]).
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2. Main Results

In this section we will present the main results. In the same way as in the article [1] multiplying by
p € CH(Q2 x (0,7)) and integrate by parts in the first equation (1.1), we have

T
/ / dxder/ / A)7 4y, ”/4cpd:rds:/ /h(x,t)gadxds. (2.1)
0o Jo

This identity will be the basis of our definition of a weak solution. The integrals in (2.1) make sense
if u belong to suitable spaces.

Definition 2.1 we say that u is a weak solution to problem (1.1) if:
(i) ue C (10,00 L), u e L, ((0,00): HF*(%)).
(ii) Identity (2.1) holds for every ¢ € C (Q x (0,T)).
(ii1) u(-,0) = f almost everywhere of Q with respect to the Lebesgue measure.

Now, if w(z,y,t) = Ey(u) in the system (1.1), we obtained

Low=20 in Cq x (0,00)
w=20 on 0rCq, t>0
2.2
wy — aag—h(;v,t), on Q, y=0, t>0 (2:2)
f(z), on Q, y=0, t=0.

We will showed the existence of a weak solution of the problem (2.2). So, multiplying (2.2) by a
function ¢ € C3(Q x (0,00) x (0,00)) and integrate on 2 x {0} x (0, +0oc), we have

/ / —da:ds ,ug/ / 170 « Vw, Vo > dzds +/ / h(z,t)pdxds = 0. (2.3)
Ca

The functions Tr(w) and w must be in an appropriate functional space.
Definition 2.2 A pair of function (u,w) is a weak solution to problem (2.2), if:
(i) w=Tr(w) € C((0,00) : L}(Q)), w € L2, ((0,50) : X (Car)).
(ii) Identity (2.3) holds for every ¢ € C} (9 x (0,00) x (0,00))
(iii) u(-,0) = f, almost everywhere of Q with respect to the Lebesgue measure.

The two definitions of weak solutions, Definition (2.1 ) and Definition (2.2), are equivalent. We have
the following theorem (see [1])

Theorem 2.1 A function u is a weak solution to problem (1.1) if only if (u, E,(u)) is a weak solution
to problem (2.2).

By Theorem (2.1) it will be enough to guarantee the existence of the pair of weak solutions of the
extended problem. We hope, although not sufficiently, that the Crandall-Liggett Theorem (see [5]) will
be fundamental to guarantee it. In this case, observe that putting together the last two equations of the
system (2.2), where w = E,(u), we have

wt—é‘?;‘;:h(gc,t)7 on Q, y=0, t>0
w = f(x), on Q, y=0, t=0.
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The first equation is equal to u; + A(u) = h(z,t) where
A(’u,) -7 (aEa(u)> _ (_A)O’/Qu'

oy°
Also, remember that the basis of the proof guarantees the existence of a weak solution using the
temporal discretization method.
For our problem (2.2), remembering that w(z,y,t) = E,(u) over Cq or also that Tr(w) = w(x,0,t) =
u(x,t) in , we have

Loweyr =0 in Cq,
W, =0 on 0r.Cq,
ow, 2.4
Uefy — € ek _ ehi(z) + te -1, on Q, (2:4)
oy° ’
Ueo = f(x), on Q.

In each stage of the discretized problems given in (2.4) we have that wep_1 = Tr(wer—1) is known
while ue j, and we = Ey(ue ) are unknown.
The third equation of (2.4) can be written like

Ue, ks + €A<ue,k) = gli—l(x)7

where gf_,(x) := ehg(z) + Uex—1, for k = 1,2,...,n. In that order of ideas, we need to establish the
solving capacity of the elliptical problem associated with the system (2.2) which is given by:

Low=0 in Cq,

w=0 on 01Cq, 2.5

w—ea—w—h(x) on =0 .
8yo. - € ) ) y - )

for a given € > 0 and h. represents the function g;_, that appears once the temporal discretization
method is applied in the problem (2.2). To guarantee the existence of this weak solution of (2.5) we are
going to assume that €2 is a bounded extension domain and also that h. € L>(2).

Theorem 2.2 Let € > 0 and Q@ C RY be a bounded domain. For each h. € L>®(Q) there is a unique

weak solution w € X§ (Cq) for the problem (2.5). Also, if w and W are two solutions with respective data
he and he, then

/ [w(z,0) —wW(z,0)]+dx < / [he — he]ydx, (2.6)
Q Q
where [a] := max][a, 0], with a € R.

Proof: The solution can be obtained in a standard way by minimizing the functional

o _ 1
I(w):e'u—/ y' "|Vw|2d:cdy—/ hg(az)wdas—kf/dex,
2 Jeg Q 2 Ja

It is easy to check that the functional is coercive in X§(Cq). O
The Theorem (2.2) not only does it guarantee the existence of solutions of the discretized problem, it
also shows that the operator (—A)?/2 is m-accretive in
D(A) = {ve LY(QNLX(Q) : A(v) € LN L¥(Q), vl < IIfll}-
Next we establish the existence of a weak solution for Cauchy’s abstract problem.

Theorem 2.3 Let Q C RN be a bounded domain. For any f € L'(2) N L>(Q) there is a weak solution
(u,w) for the problem (2.2). Moreover, if (u,w) and (W, W) are the weak solutions corresponding to initial
data f and f, then

[ lute.0) = ata,t))ds < [ [f(@) - Fa)) s, (2.7)
Q

Q



EXISTENCE OF WEAK SOLUTIONS FOR AN ABSTRACT CAUCHY PROBLEM 5

3. Proof of Theorem (2.3)

Proof: Recall that the Theorem (2.2) only proves in principle the existence of a so-called mild solution.
However, we will show that such a mild solution is indeed a weak solution:
Taking e = T'/n, we build a couple of functions (u.,we) (with E,(u.) = we or equivalent Tr(w,) = uc)

ueo(z) if t=0
which are constant on [0,7] in the following case: oo t) = ue(x) if ¢ € (to, 1]
Uen(x) if t € (tno1,tn]

we,l(x) if te (to,tl]

and  w,(z,1) — where t, = ke, for k = 1,2...,n and moreover these

Wen(x) i t € (tno1,tn],
constant functions are solutions of the discretized problem (2.4) given by

Lower =0 in Cq,
Wer, =0 on 0rCq,
Owe 3.1
Uefy — € ek _ ehi(z) + tep—1, on Q, (3.1)
oy° ’
Ue,0 = f(l')v on Qa

with we g—1 = we—1(+,0). The mild solution is obtained where ¢ — 0T, which exists thanks to the
Theorem (2.2).

Consider

li e, We) = (W, .
i (e 00) = ()

Notice that by José M. Ruiz Theorem (see [4]), we have that u. converge in L!(£2) for some function
u € C([0,00) : LY(Q)). In fact, the convergence is for u € C([0,00) : L (2)NL>(R2)). On the other hand,

the extension u coincides with lim+ we. By construction, it conclude that w € L*°(Cq % [0, 00)).
e—0

Now, note that multiplying the equation (3.1) by w. x(x,0), integrating on € and using integration

by parts, we have:
8wé k /
€ = We = —€ | hi(x)wer + / (Ue ks — Ue k—1)We k
/Q oy Q Q

Equivalent,

eua/ Y17 [Vwe | = 6/ hi () e,k + / (Uekm1 - Uesk — UZp)-
Co Q Q

Moreover, since the solutions u. j; are nonnegative, using the inequality of Young’s numbers note that

chio / y Vel = € / (&)t s + / ekt - ek —u2y)
Cqo Q Q
2 2
< / (e + / (“‘6”;1) g L) —u)
Q Q

1
= e/ hk(as) |u67k| + 5/ \uevk_1|2 — |’UJE,]€|2 .
Q Q
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This is,

- 1
o [ 3 IVwesl? <€ [ @ fueal + 5 [ feanal” = sl 32)
Co Q Q

Now, adding from k =1 to k = n in (3.2) we have

n n
po [ 0Ty <oy [ i)
Ca k=1 k=17

But note that for any k=1,2,...,n

tr n tk
dt=¢ y / dt = / dt = ne.
/tk—l [O,T] Z th—1

k=1

+5 [ 1P

Implying that

tr n
/ IVwe|? dt = Z/ |Vwer|” dt = <|Vw€k| / >—Ze|v%k|2.

te—1 k=1

That is,

T n
”"/o /C y' 7 V[ SG;/Qhk(x) |ue,k|+%/ﬂ|f(x)|2. (3.3)

Now, like u. converge to u in L°(2), then there is convergence in norm. Moreover, hj converges to
h in LY(Q) for every t > 0 by definition the mild solution. So, using this fact in (3.3), we have

T n 1
po [ w63 [t ud + 5 [ 15
0o Jog /e O

T T
1 2
< [ i) =l e+ [ [ nltud + 5 [ 176@)
T
1 2
<cludat [ [ W+ [ 15

T B T 1
po [ vl <ot [ [ e+ g [ 1@ (3.4
0 Caq 0 Q Q

Thus, Passing the limit in (3.4) we obtain the same inequality for |Vw| and |u|. Showing that w €
L*([0,T]; X§ (Cq)).

So far, we have that the mild solution satisfies only two conditions to make it a weak solution. It
remains to verify that it also satisfies the integral identity. This is, for any ¢ € C3(Q x (0,T)),

T
/ /u—dazds—i—/ / A)o/ "/4<pd33ds:/ /h(:r:,t)gpdmds, (3.5)
o Jo

u= lim ue= lim Tr(w).
e—0t e—0+t

This is,

where
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Before starting the proof, note that the integral identity (3.5) is equals

_/OT Qu%‘f+/OT/Q(_A)0/4u(—A)“/4go=/OTAh(m7t)w+Af(x)w(x,070)

- / u(z, T)e(x,0,T) (3.6)
Q
first, notice that for k =1,2,...,n
8’w€ k 1—0
- =o(2,0,t) = poy y 7 < Vwer, Vo >. (3.7
o 0y Ca
And by (3.1) we have
awe k Ue,k—1 — Ue k
- = = + hi(z).
oy° € + hi(2)
So, replacing in (3.7)
/ (uek_luek + hk(a:)) o= ua/ y' 77 < Ve, Vo > . (3.8)
Q € Ca

Now, integrating over (tx_1,tx] and adding from k = 1,2,...,n in (3.8) it follows that

o[t Ue k—1 — Ue,k S oL [T 1
Z/ / ( ’ >¢+Z/ /hk(x)<p:2/ ua/ Y77 < Vwr, Vo >. (3.9)
k=1 tk—1 /O € k=1 tk—1 JQ k=1 th—1 Ca

Notice that the first integral on the left side with respect to the variable ¢ is equivalent to

" b Ue k—1 — Ue,k 1 € T 1
Z/ <> odt :E/ F(x)p(a,0,t)dt +/ we= (p(, 0,1+ ¢) — o, 0,1)) dt
0 0

k=1"Ytk—1 €

1 (T
- - / uep(x,0,t 4 €)dt.
€ JT—e

From that way
n tr _ 1 € T 1
> / / <M>s0= / F@)p(e, 0, t)dadt + / / e~ (o(x,0,t + €) — p(x,0,)) dedt
b1 Jteo1 JQ € €Jo Ja o Ja €

1 T
- f/ / ucp(x,0,t + €)dxdt.
€ Jr—cJQ

While the second integral from the left side is equal to

i/tk /Qhk(w)sO(%O,t):/OT/Qh(x,t)w(x,o,t)dxdt_

k=1"tk—1

On the other hand, notice that

T n tr
Mo‘/ / y' =7 < Vuw,, Vi > =u02/ / y' =7 < Vuw,, Vi >
0 JCq k=1"tk—1 JCa
n th
=to )
k=1

/ Yyl < Vwe i, Vo > .
Cq

tr—1
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Furthermore, since E, is an isometric and w. = F,(ue) we have
ua/ Y7 < Vwe, Vo > = ua/ y' "7 < VE,(uc), VE,(p) >
CQ CQ

:/YfAV“ufofﬂw
Q

Therefore, replacing in (3.9) it follows that

n tk
Ue, Ue, -7
) N e L0 90 A CUICTED o AR I o
th—1 t—1 J/Q k=1"te—1 Co

Equivalent

1 €
f/ /f(w) x Otdtdx—l—/ /u6 o(x,0,t+€) —(x,0,t)) dtdz
€
— 7/ /ueap x,0,t + €) dtder/ / x,t)p(x,0,t)dedt = / / A Ay (=AY A pdadt.
T—e

This is,

/ /u6 o(x,0,t+€) — @(x,0,t)) dtdm—i—/ / A Ay (=AY A pdadt =
/ / (x,t)o(x,0,t)dxdt + — //f x()tdtd:c—f/ /u€¢x0t+e)dtd:€
T—e

Thus, doing € — 0T follows (3.6).

Finally, for £ = 1,2,...,n suppose that w¢; and W, are two different approximations of weak
solutions w and w, respectively from problem (3.1). Then, applying the elliptic inequality of Theorem
(2.2) with we ;, and W, j, we have

/Q(wﬁ,k(x,()) CWea(a,0)), < /Q (he(2) = @) ,
This is, for each £k =1,2,...,n
(eh(z) + ue k—1(x) — €h(T) — Ue —1(x)) ;.

AWM@—MM@MS

(te o1 (@) = T (2))

I
S— 55—

From where we can conclude that
[ w-n), < [ () -Tw), (3.10)

Thus, passing the limit in (3.10) we conclude that

[ ety =ute ), < [ (1)~ Fw),

Q
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4. Conclusion

We construct a theory of existence and uniqueness of solutions for an abstract Cauchy problem. Using
Duhamel’s formula the problem (1.1) has an explicit solution given by a Green’s function,

ule, 1) = /Q F)Gl,y, t)dy + / /Q h(y, 5)G(z,y,t — s)dyds, (4.1)

where

/2
J i

G(z,y,1) = Z 0, (x)p;(y)e ™

This solution (4.1) given by the classical Duhamel formula is not necessarily a strong solution of
problem (1.1). Consequently, in this article, we guarantee the existence of a more general solution that
solves the abstract Cauchy problem (see [4]).

We can extend problem (1.1) to use the Perturbation Theorem (see [10]). In that sense, we will have
the system given by

up + (=A)°2u+ G(u) = h(z,t), in QxRy
u=0, on 00 xRy (4.2)
u(z,0) = f(z), on z €,

where G is an accretive and continuous operator in the same fractional Laplacian domain is m— accretive.
This system given in (4.2) is in fact an extension of problem (1.1) since even the operator G can be
nonlinear.
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