Bol. Soc. Paran. Mat. (3s.) v. 2026 (44) 1 : 1-13.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm doi:10.5269/bspm.78427

Some Properties of Demicompact Operators Related to Quasi-Fredholm Operators

Bilel Trabelsi

ABSTRACT: In this paper, we examine the relationship between demicompact operators and quasi-Fredholm
operators. Additionally, we explore how demicompact linear operators relate to the upper B-Browder, Drazin,
and B-quasi-Fredholm spectra.
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1. Introduction

Let X and Y be two Banach spaces. We denote by C(X,)) (respectively, L(X,))) the set of all closed
(respectively, bounded) linear operators from X to ). The subset of compact operators in L(X,)) is
denoted by K(X,Y). For T € C(X,Y) we denote by: DO(T) its domain, v(T) is the dimension of its
kernel NO(T') and 6(T) is the codimension of its range ZM(T') in Y and

IM>™(T) = ﬁ TM(T™).

n=0

Let T € L(X) and let E is a subspace of X. If T(F) C E, then F is said to be T-invariant. Recall that
the resolvent set of T' € C(X') is defined by:

p(T) :={A € C: AI — T has a bounded inverse},
while the spectrum of T' is given by:
o(T) = C\p(T).

The classes of upper semi-Fredholm, lower semi-Fredholm, Fredholm, and semi-Fredholm operators from
X to Y are respectively defined as follows:

FD4(X,Y) ={T € L(X,Y): v(T) < o0 and ZM(T') closed in Y},
FD_(X,Y):={T € L(X,)): 6(T) < co and ZM(T) closed in YV},

FD(X,Y):= FD_(X,Y) N FD,(X,Y),

and the index of T is defined by i(T) = ~(T) — 6(7T).
The class of semi-Weyl operators is defined by:
R4 (X) = {T e FDy(X):i(T) <0},
= Ri(X)UR2(X),
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2 B. TRABELSI

with R1(X) ={T € FD4(X) :i(T) =0} and Ro(X) ={T € FDL(X) : i(T) < 0}.
The Gustafson and semi-Weyl spectra of T', are respectively defined by:

ocu(T) = {AeC: A -T¢ FD(X)},
Uuw(T) = {/\G(C:)‘I_T¢R+(X)}7
= 0'1(T) QUQ(T)7

with o1 (X) = {\ € C: A\ — T ¢ Ry(X)} and 09(X) = {A € C: \[ — T ¢ Ro(X)}.

In this paper, we focus on the essential spectrum o, (T) of an operator T, which is defined as:

oe(T) = ) oT+K).
Kek(X)

The idea of demicompact operators was essential to Fredholm theory in the few years prior (see [2,9,10,12,
15,16,17,20]). A nonlinear operator T : DO(T) C X — X (where X is a Banach space), is demicompact
if every bounded sequence {z,, : n € N} in DO(T) such that {z,, — Tz, : n € N} converges in X, has
a convergent subsequence. DC(X) represents this class, and K(X) C DC(X). B. Krichen first proposed
the idea of relative demicompactness for a closed linear operator in [15] in 2014. More specifically, T
is considered Sp-demicompact (or relative demicompact with respect to Sp) if every bounded sequence
{zn : m € N} in DO(T) such that {Spz, —Tx, : n € N} converges in X has a convergent subsequence, and
T:DO(T)C X — X and Sy : DO(Sy) C X — X are two linear operators with DO(T') C DO(Sy). This
class is denoted by DCg, (X). Now, two other classical quantities in operator theory, which are the ascent
Asc(T) and the descent Dggs(T) of T, are provided by Asc(T) = inf {n € N: NO(T") = NO(T"1)}
(if there is no such integer, we set Asc(T) = 00), Des(T) = inf {n € N : IM(T") = IM(T")} (if
there is no such integer, we set Dgs(T) = 00), where inf({#}) = co. The recognized fact is that when
both Asc(T) and Des(T) are finite, the equality Asc(T) = Des(T) holds. Also, an operator T' € L(X)
is said to be semi-regular if ZM(T) is closed and NO(T) C ZM(T™) for every n € N.

The semi-regular spectrum of T' € L(X) is defined by:

osr(T) ={A € C: A\I = T is not semi-regular}.
In what follows, we recall some definitions and results that needed in the sequel.
Definition 1.1 [4,7] Let X be a Banach space and T € L(X).

(i) T is called an B-Fredholm (resp. upper semi B-Fredholm and lower semi B-Fredholm) operator if
for some integer n > 0, the range ZM(T™) is closed, and Ty, considered as an operator from the space
IM(T™) into itself, is a Fredholm (resp. upper semi-Fredholm and lower semi-Fredholm) operator.

(it) T is called an Browder (resp. upper semi Browder and lower semi Browder) operator if T is a
Fredholm (resp. upper semi Fredholm and lower semi Fredholm) and both Asc(T), Des(T) are finite.

(#i7) T s called an B-Browder (resp. upper semi B-Browder, lower semi B-Browder, B-Weyl, upper
semi B-Weyl and lower semi B-Weyl) operator if for some integer n > 0, the range ZM(T™) is closed,
and T, is a Browder (resp. upper semi-Browder, lower semi-Browder, Weyl, upper semi- Weyl and lower
semi-Weyl) operator.

The sets of all B-Fredholm, upper semi B-Fredholm, lower semi B-Fredholm, B-Browder, upper semi
B-Browder and lower semi B-Browder operators are, respectively, denoted by: BF(X), SBF(X),
SBF_(X), BB(X), SBB,(X) and SBB_(X).
For T € L(X), the upper B-Browder spectrum of 7' is defined by:
ouw(T)={AeC: N[ -T ¢ SBBL(X)}.
For T € L(X), we define the difference sequence z,(T) by:
(ZIM(T")NNO(T) ] dim (ZM(T) + NO(T"1)
IM(T YN NOT)| IM(T)+NO(T™)

zn(T) = dim
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It is well known that an T' € £(X) is Drazin invertible of degree k if there exists B € £(X) such that
T*BT =T*, BTB = B, and TB = BT,
(see [6]). The Drazin invertible spectrum op(7") of T is defined by:
op(T)={A € C: A —T is not a Drazin invertible operator}.
We denote by: LD(X) :={T € L(X) : Asc(T) < oo and R(T4s¢(T)+1) is closed} and
op(T)={\e€C: N[ -T ¢ LD(X)}
denote the left Drazin spectrum of 7.

Definition 1.2 [18] Let X be a Banach space, d € N and let T € £(X). Then, T is said to be
quasi-Fredholm of degree d if,

(¢) zn(T) = 0, for each n > d, and

(i1) ZM(T) + NO(T4) and TM(T4) N NO(T) are closed in X.
The set of quasi-Fredholm operators is denoted by QF(X).
The quasi-Fredholm spectrum of T € L(X) is defined by:

ogr(T)={XeC: AN -T ¢ QF(X)}.

Definition 1.3 Let X be a Banach space and T' € C(X). Then, T is said to be B-quasi-Fredholm if
T is an quasi-Fredholm operator and i(T") = 0.

The set of quasi-Fredholm operators is denoted by BOF(X).

The B-quasi-Fredholm spectrum of T' € L(X) is defined by:

(TBQF(T) = {/\ ceC:\[-T ¢ BQ.F(X)}

The annihilator of a subset £ C X is denoted by EL, while the preannihilator of a subset G C X™* is
denoted by +G. It is clear that E-+(resp. +G) forms a closed subspace of X* (resp. &). In addition, if
FE and G are subspaces of X, then FE & G stands for their algebraic sum.

Remark 1.1 Let X be a Banach space and let X; and X5 be two linear subspaces of X (resp. of X*).
It therefore follows that:

() X2 = X4,

(ii) H(X5) = X (resp. (+X2)* = w*-closure of X3), and

(ii1) Xi- N X5 C (X1 4+ Xo)t (resp. £ X710t Xo ¢t (X + X3)).

Furthermore, if X1 and X5 are closed linear subspaces of X, it holds that

(iv) Xi- = X5 if, and only if, X1 = Xo, and

(’U) (X1 + XQ)J_ = XlJ‘ QXQ)J_.

Now, as (X; N X32)* is always closed but Xi- + X5~ need not be closed, then the dual relation of (v),
Xi+X5 = (X1NX3)" is not always true. Nevertheless, if X1+ Xs is closed, then Xi-+ X5 = (X1NX5)t,
and in particular, Xi- + X3- is closed, see in [[14], Lemma 4.9].

The given duality relationships between the kernels and ranges of a bounded linear operator 1" on a
Banach space and its dual T* are widely recognized. The proofs for these relationships can be found, for

example, in [[13], p.135].
NO(T) =+ T+(x*), *NO(T*) = T(X)

and
1

NOT*) =T(X) =T(X)*L, T*(X*) c NO(T)* .
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Note that the inclusion 7*(X*) C NO(T)* is, in general, strict. Nevertheless, if T has a closed range,
then T*(X*) = NO(T)* (see, Chapter IV of [14]).

The structure of this paper is organized as follows: In section 2, we have presented some results related
the demicompact operator and its relation to quasi-Fredholm operator. In Section 3, we present some
perturbation results involving the class of demicompact linear operators, situated between the Drazin
spectrum and the B-quasi-Fredholm spectrum.

2. A decomposition for the class of demicompact operators

In this section, we present a new decomposition for the class of demicompact operators and explore
the relationship between demicompactness and quasi-Fredholm operators. Now, we start by the following
theorem.

Lemma 2.1 Let X be a Banach space and T € L(X). Suppose that there exists n € N such that ZTM(T™)
is closed of X. If =T € DC(X), then there exists a closed subspace F of X (resp. L closed of ZM(T™))
such that X = NO(T)NIM(T™) @& F (resp. ZM(T"™) = NO(T)NIM(T"™) @ L).

Proof: Since (I —T') € DC(X), it follows that (I —T')zr¢(7n) is a demicompact operator. Now, by [[10]
00.

Theorem 2.7], we deduce that Tizrqrn) is upper semi-Fredholm. Then, dim(NO(T) NZM(T™)) <
Hence, there exists a closed subspace F' of X (resp. L closed of ZM(T™)) such that X = NO(T) N
IM(T™)® F (resp. ZM(T™) = NO(T) NIM(T") & L). O

Lemma 2.2 Let X be a Banach space and T € L(X). Suppose that there exists n € N such that TM(T™)
is closed of X. If I — T € DC(X), then there exists a sequence {H;}$2, of subspaces such that for all
1=0,1,2,..., the following conditions hold:

(1) H; C Hit1,

(i) If x € H;iyq, then Tx € H;,

(#7) T(H;) C Hy,

(iv) H; C NO(T?),

(v) H;NIM(T™) = {0},

(vi) HiNIM(T) =T (Hiy1),

(vit) NO(T") C H; + ZM(T™") NNO(T?), and
(viii) H; + ZM(T™) = NO(T?) + ZM(T™).

Proof: Suppose that I —T € DC(X). As ZM(T™) is closed of X. Then, by Lemma 2.1, we deduce that,
there exists a closed subspace F' of X’ such that

X=NO(T)NIM(T")&® F.
Now, we define the subspace H; as follows:

H — {0}, if1=0,
v CZ—'_I(I{Z‘,l)ﬂ‘F7 ifi>1.

It is obvious that H; is a subspace closed of X for each 1.

(i) For i = 0, Hy = {0} c NO(T)NF = T7({0}) N F = H;. Suppose that H; C H;, ;. Then,
Hiyw=TYH)NFCcT Y (H;11)NF = H; 5. Therefore, H; C H;,; for each i.

(ii) Let € Hiyq. As Hiyy = T~Y(H;) N F. Hence,

If Tz € T(Hip) = TxeT[T '(H;)NF)
= Tze H;nT(F)C H,
= Tz € H1
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(iii) For i = 0, T(Hy) = T({0}) = {0} = Hy. Let i > 1, then T(H;) = T[T~'(H;_,) N F] C
T[T-Y(H;_1)] C H;_y C H;. Therefore, T(H;) C H; for each i.
(iv) For i = 0, Hy = {0} = NO(I) = NO (T°). Suppose that H; C NO (T"). Then, T*"(H;1) =
T (T-Y(H;)NF)) C T (T~'(H;)) C T'(H;) = {0}. Consequently, H;;1 C NO (T*"!) and hence
H, c NO (T‘) for each 1.
(v) For i = 0, HoNZIM(T") = {0} NZM (T™) = {0}. Suppose that H; N ZM (T™) = {0} and let
x € Hiyy NIM (T™). Then, Tz € H; NIM (T"™') € H;NIM (T™) = {0} and also z € F. Therefore,
z € NO(T)NIM (T™) N F and hence x = {0}. Thus, H;+1 NZM (T™) = {0} for each i.
(vi) Clearly, T(H;11) C ZM(T) and

T(HZ'+1) = T[Tﬁl(Hl) n F} C T[Tﬁl(Hl)] - Hi,

then T'(H;41) C H; NIM(T). Conversely, let y € H; NZM(T). In this case, there exists z € X such
that y = Tz. If we represent © = z 4+ w with z € F and w € NO(T)NZIM (T"), then x —w = z € F and
T(x—w)=Tz=y€ H,NIM(T)C H;. Thus, z —w € T~ (H;) and x —w € F. Now, we deduce that,

r—we T_l(Hi) NF = HiJrl.

Hence, y € T(H;41). From where

H; NIM(T) = T(His1).
(vii) For i = 0, we have NO(T?) = {0} = Hy C Hy + NO(T°) N ZM(T"). Suppose that

NO(T") C H; + NO(T") NZM(T™).
Let z € NO(T1). As a result, Tx € NO(T") and consequently Tx = Uy + U for some U; € H; and
U, e NO(T)NIM(T") = NO(T")NIM(T")
= T(NOT*)NnIM(T™)).
Therefore, U; € H; NIM(T) = T'(H;+1) and we have
t€Hi 1 +L+NOT) = Hip +NO (T NIM((T")+NO(T)NF
+NO(T)NIM(T™),
= Hip +NO (T ) NIM(T™) + Hy
+NO(T)NIM(T™),

= Hig +NOTHHnzIM(T™),
where L = NO(T**1) N ZM(T™). This demonstrates that NO(T?) C H; + NO(T*) NZM(T") for each
7.
(vidi) This follows from (iv) and (vi7). O
Theorem 2.1 Let X be a Banach space and T € L(X). Suppose that there exists n € N such that
(i) ZM(T™) is closed of X, and
(i) NO(T™) + IM (T) is complemented.
If I — T € DC(X), then there exist T-invariant subspaces X1 and Xo of X such that Xs is closed,

X = X1 0 X, T|x, 1is semi-reqular and T|x, 1is nilpotent.

Proof: Suppose that there exists n € N such that ZM(T™) is closed of X and NO (T™) + ZM (T)
is complemented. Let I — T € DC(X). Hence, according to Lemma 2.2, there exists a subspace X3
(X, = H,) such that

IM(T|X1) c X,
X1 C NO (Tn),
X1NIMIT™) = {0}, and

Xi + IM(T™) NO(T™) +IM(T™).
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Now, suppose that F is a closed subspace of X’ such that ZM(T) NN O (T") & F = X. Therefore,

NO(THNIM[(T)" |+ F+ = [ZIM(T)+NO(T")]* + F+
— (ZM(T)+NO(TY)] N F)*

= {0}*
= X%

and

NO(T*)NIM[T*"|NF+ = [IM(T)+NO ([T nF*+
[ZM(T) + NO (T™) + F] ™~
= {a}t

{0}.

N

Consequently, X* = NO (T*) N ZM[(T*)"] ® F+. Since ZM(T™*!) is closed if, and only if, the space
IM ((T*)™1) is also closed (see Theorem 1.13 of [1]) and T € ®,(X) (see [[10], Theorem 2.7]), then
there exists a closed subspace X3 of X* such that
IM(Th,) © X,
X; < NO[T)"],
X;NIM[(T*)"] = {0}, and
X3 +IM[(T*)"] = NO[(T*)"] +IM[(T*)"].
Let Xy =% (X3). Then,
(1) X5 is a closed subspace of X,
(2) IM(Tix,) C Xo,
(3) X5 = X3,
(4) TM(T") C Xs,
(5) Xo+ NO(T™) = X,
(6) Xo NNO(T™) C IM(T™),
(7) ¥ = X1 @ Xo,
(8) Tix, is semi-regular and T, is nilpotent.
Indeed,
(1) This immediately follows from the definition of Xs.

(2) Let © € Xo. Then, for each g € X5 g(x) =0 . Since g(T'(z)) = (T*g)(x) and IM(T‘}Z) C X3, then
g (T(x)) = 0 for each g € X3. Therefore, ZM(T}x,) C Xo.

(3) Recall that X3 = (X3)a = (T*)"1((X3)a_1) N FL.
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If d =1, then

Ifn>1, as [+ ((Xé*)n,l)]L = (X3)n-1, it follows that

(Xg)n = (T*) (XQ)n lmFJ_
= (T (* (XQ)n )N Et
[T (X3)n-1 } nFE+

I
’ﬂ

Yn— 1} NE+
- (T Yo ) )l.
As a matter of fact,
Xt = ()t = [ ((T(L(X;n_l)w)l)r
(

- 1
T(E(X5)n 1)+ F)

(4) Since X3 ¢ NO[(T*)"], then
Xy = X3 >E NO[(T*)"] = IM(T™) =IM (T").
(5) Relying upon [[19], Theorem A.1.13] and the fact that X5 + ZM[(T*)"] in X'*, we get

Xo + NO(T™) = + (XQL NNO (T")L) =L (X3 NZM[(T*)"]) =* {0} = x.

(6) As
NO[(T*)"] € X3 +IM[(T™)"],
then
IM(T") = NO[T*)"]
o> (X +IM[(TH)

LX3 0t ZM[(T*)"]
XoNNO(T).
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(7) Note that:

X1+ Xy = X1 +IM[T"]+ X,
— Xy + IM[T"] + NO(T™)
= Xo+NOT)
X.

Additionally,
XiNX, CXiNNOT™")N Xy C X1 NIM(T™) = {0}.

Thus, we conclude that X = X; & Xo.
(8) Since

IM(T") = THX)=T"(X1+X)

it follows that I./\/l[(T|X2)n] is closed. Now, by part (v), we have
NO[(Tix,)" ] = NO(T™") N Xy CIM(T™) =IM [(T|x,)"] -

This reveals that (T| Xz)" is semi-regular. Hence, with reference to [[19], Theorem 12.7], Tx, is semi-
regular. |

Theorem 2.2 Let X be a Banach space and T € L(X). Suppose that there exist T invariant subspaces
X1 and X3 of X such that Xy is closed, X = X1 ® Xa, T|x, is upper semi-Fredholm and T)x, is nilpotent,
then there exist n € N such that ZM (T™) is closed and (I —T) |z is a demicompact operator.

Proof: Suppose that there exist T-invariant subspaces X; and X3 of X such that X is closed, T|x, is
upper semi-Fredholm and 7|x, is nilpotent. Let n € N such that (ﬂ Xl)n = 0. Hence,

IM(T™) = T(X) = T"(X; & X) = T"(Xs).
Therefore, ZM (T™) is a closed subspace. Moreover,
NOT)NIM(T™) =NOT)NT"(X2) CNO(T) N Xo.
As T|x, is upper semi-Fredholm, then
dim(NO(T) NIM (T™)) < oo and ZM (T™*!) is closed.
Hence, Tizrq(rn) is upper semi-Fredholm. Now, Grounded on [[10], Theorem 2.7], we therefore have

(I = T)izm(rn) is a demicompact operator. O

Theorem 2.3 Let X be a Banach space and T, B € L(X) such that B is nilpotent and TB = BT.
Suppose that there exists n € N such that

(1) ZM(T™) is closed of X, and
(17) NO (T™) +ZM (T) is complemented.
If I - T € DC(X), then T + B is a quasi-Fredholm operator.
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Proof: It is sufficient from [[4], Proposition 3.2] to demonstrate that p € N exists such that ZM((T+B)P)
is closed and (T'+ B), is semi-regular. Suppose that I —T is a demicompact operator such that ZM(T™)
is closed of X and NO (T") + ZM (T) is complemented, from Theorem 2.1, it follows that there exist
T-invariant subspaces X7 and Xa of X such that X is closed, X = X; & Xa, T}y, is semi-regular and
Tx, is nilpotent. Let n,m € N be such that B" =0 and (T|x,)™ = 0. If x € X3, then

n+m
(T+B)" e =Y CpiguT" ™ Bz
k=0
n n+m
= Z Cn+m,kT(n+m)7kka + Z Cn+m,kT(n+m)7kBk5L'
k=0 k=n+1
n n+m
= Z On+m,kT(n+m)7k(I1 + z2) + Z On+m,kT(n+m)7kBk1?
k=0 k=n+1

(where 1 € X; and x5 € X5)

= Z On+m,kT(n+m)7k(JU1) + Z Cn+m,kT(n+m)7k(x2)

k=0 k=0
= Z Cn+m,kT(n+m)_k(.’L‘2) € Xo.
k=0

This demonstrates that (7+B)("+")(Xy) C X,. Likewise, we deduce that (T+B)™*™)(X;) = {0} C X3
and ZZ:O C’n+m,kT("+m)_kBk (X2) C Xa. On the other side,

n—1
(T + By =" Cppqu T =FBH
k=0
n—1
- Tner + Z Cn+m,k'T(n+m)7kBk
k=1
n—1
=T""" +B <Z Cn+m,kT<"+m>—kBk—1> :
k=1

According to [[19], Theorem 12.7], T"+t™ € L£(X5) is semi-regular, and
n—1
B <Z Cn+m7kT("+m)_kBk_1> is nilpotent.
k=1

We have ((T + B), X2)n+m which is semi-regular since the class of semi-regular operators is invariant
under perturbations by nilpotent commuting operators. Thus, there exists d = n +m € N such that
((T + B)|x,)" is semi-regular and ((T + B)|x,)" =0, for all p > d. Since X = X; & X», we get

IM((T+B)P)=T+BPX)=(T+B)PX2)® T+ B)P(X1) =T+ B)P(Xa).
For every p > d, (T + B)P(X) is closed. Additionally, it follows that:
NO({(T+B),) = NOT+B)NIM((T+ B))

C NO((T+ B)?)N (T + B)P(X»)
c NO(T+B)P)N X,

- NO ((T+B>fX2)

C (T+ B)1(X>)

= IM((T + B)?), for all ¢ > p > d.
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This indicates that for all p > d, (T' + B), is semi-regular, indicating that T+ B is quasi-Fredholm. O

Corollary 2.1 Let X be a Banach space and T € L(X). Suppose that there exists n € N such that
(1) ZM(T™) is closed of X, and

(i1) NO (T™) + ZM (T) is complemented.

If I -T € DC(X), then T is a quasi-Fredholm operator.

Proof: Let I —T € DC(X). It is clear that the zero operator is nilpotent operator and 07 = T0. Using
Theorem 2.3, we deduce that T is a quasi-Fredholm operator. O

3. Drazin and B-quasi-Fredholm spectrum

In this section, for an operator T' € C(X) we consider the sets Ay, I'r(X), and Q7 (X) as follows:

Ay = {J € L(X):pd is demicompact for every p € [0,1]},
Ir(X) = {KeLl(X):—\-T—-K)'KecAx, YA€ p(T+K)},
Qr(X) := {KisT-bounded: —K(A—T — K)™' € Ax, VA € p(T + K)}.

We denote
oi(T)= (] oT+K)ando,(T)= () o +K).
Kelr(X) KeQr(X)

Theorem 3.1 Let X be a Banach space and T € L(X). Assume that there exists n € N such that
IM(T™) is closed of X and NO (T™) +ZM (T) is complemented. Then,

(i) 00r (T) € 76u(D).

(ZZ) O’BQF(T) C O'S(T) n 0'1(T).

Proof: Suppose that there exists n € N such that ZM(T™) is closed of X and NO (T") + ZM (T) is
complemented. (i) Let A € ogp(T), by Corollary 2.1, we deduce that I — A+ T ¢ DC(X), then based on
[[10], Theorem 2.7], we infer that A — T' ¢ FD,(X). Hence, A € ogu(T).

(ii) Let X\ ¢ o4(T), then there exists K € I'r(X) such that —(A —T — K)"'K € Ay, whenever X is in
the resolvent set of T'+ K. Using [[9], Theorem 3.2], we now obtain

I+\AN-T—-K)"'K]€ FD(X) and ind [+ (AT - K)'K]=0.
Additionally, we have
A—T=A-T-K)[I+\-T-K) K]
Then, applying [[21], Theorem 5.7], we conclude that

A—T e FD(X) and i(A—T) =0.

One obtains
A—TeBF(X) and iA—-T) =0.

Thus,
A—T e QF(X) and i(A—T)=0.

Hence, A ¢ opor(T). For the second inclusion, let A € opgp(T), then A =T ¢ QF(X) or i(A —T) # 0.
Based on Corollary 2.1, we therefore have I — A+ T ¢ DC(X), and Grounded on [[10], Theorem 2.7], we
have A — T ¢ R (X). Hence, A € 01(T). We obtain that, opgr(T) C 05(T) and opgor(T) C 01(T). So
that, opor(T) C os(T) No1(T). O
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Corollary 3.1 Let X be a Banach space and T € L(X). Assume that there exists n € N such that
IM(T™) is closed of X and NO (T™) +ZM (T) is complemented. Then,

(1) oBor(T) C 0,(T).
(i) oor(T) C Ngesx) (T + K), where S(X) is a subset of I'r(X) containing K(X).
(ZZZ) O’BQF(T) C O'S(T) n UD(T).

Proof: (i) From Theorem 3.1 and [[9], Theorem 4.1}, we obtain opgp(T) C 04(T) and o4(T) = o,(T).
Thus, O’BQF(T) C OU(T).

(i4) By [[9], Corollary 4.3 and Theorem 4.1], we obtain oew(T) = gesx) o(T + K) where S(X) is a
subset of I'p(X) containing K(X') and 0 (T) = 04(T"). Now, using Theorem 3.1, one obtains

UBQF(T)C ﬂ U(T+K).
KeS(X)

(73i) Based on Theorem 3.1, we deduce that opgr(T) C 04(T) and we get opor(T) C op(T) (see [3]).
Thus, opgr(T) C 04(T) Nop(T). O

Theorem 3.2 Let X be a Banach space and T € L(X). Assume that there exists n € N such that
IM(T™) is closed of X and NO (T™) +ZM (T) is complemented. Then,

UUbb(T> C S(T) U [O’GU(T) n O‘BQF(T)].

Proof: Based on Theorem 3.1, we get ogr(T') C o¢u(T'). We clearly have that ogr(T) C opor(T). So,
we conclude that ogp(T) C 0eyy, (T) Nopgr(T). Hence,

oor(T)US(T) C S(T)U [ogu(T) Nopgr(T)].
Now, from Theorem 3.1 and [[8], Theorem 6], we deduce that

O'Ubb(T) C S(T) U [O’Gu(T) n O'BQF(T)].

Lemma 3.1 Let X be a Banach space and T', Sy € L(X). Suppose that Sy — T is semi-regular. Then,

T € DCs,(X) if, and only if, So —T € SBF (X).

Proof: Let T' € DCg,(X). Grounded on [[10], Theorem 2.6], we therefore have So — T € FD,(X) C
SBF(X). Conversely, suppose that Sy —T € SBF;(X). Then, there exists n € N such that ZM((Sy —
T)™) is closed of X and (Sy —T'),, is a upper semi Fredholm operator. Since So — T is semi-regular, then
IM(Sy —T) is closed and

NO(S() — T) = NO(SO — T) QIM((S() — T)n) < 0.

Hence, Sy — T € FD4(X). When applying [[10], Theorem 2.6], we deduce that T € DCg, (X). O

Theorem 3.3 Let X be a Banach space and T € L(X). If A & 04.(T), then
ocu(T) U [S(T) N S(T*)] Couw(T),

where S(T') is the set of all A € C such that T does not have the single-valued extension property at \.
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Proof: Let A ¢ oyw(T'). Then, we get A — T € SBF(X). As A ¢ 05,-(T), by Lemma 3.1, we have
T € DCx;1(X). Applying [[10], Theorem 2.7], we deduce that A — T € FD,(X). In reality, we get to
the conclusion that A ¢ o (T). Since, S(T') C op(T) (see [3]) and by [[11], Lemma 2.1], we have
S(T) C oyw(T), then S(T*)NS(T) C oups(T). Hence,

(TGU(T) U [S(T) ﬂS(T*)] - O'Ubb(T).

Theorem 3.4 Let X be a Banach space and T € L(X). Then,

O'BQF(T)C ﬂ O'D(T—I—K).
Kelp(X) and KT=TK

Proof: Let A ¢ Nxer,(x)op(T' + K), then there exists K1 € I'r(X) such that A — T'— K is Drazin
invertible. By [[5], Theorem 4.2], A — T — K; is a B-Fredholm operator and i(A — T — K;) = 0. On the
other hand, since —u(A — T — K;)~'K; is demicompact for every u € [0,1], then using [[9], Theorem
3.2], we obtain

I+ \—T-K) 'K € BOF(X) and i[l+(A\—T — K;) 'K;] =0.
Additionally, we have
A—T=[I+0\N-T-K) 'K]J\A-T-K)).

Since K1T = TKy, then Ki(A—T — K1) = (A= T — K1)K;, for all A € p(T + K;). Grounded on [[6],
Lemma 3.4], we deduce that A ¢ opor(T). O

Corollary 3.2 Let X be a Banach space and T € L(X). Let S(X) be a subset of I'r(X). Then,

O'BQF<T)C ﬂ O'D(T+K).
KeS(Xx) and KT=TK

Proof: Since S(X) C I'p(X), one obtains

N op(T+K) C N op(T + K).
Kelp(X) and KT=TK Kes(Xx) and KT=TK

According to Theorem 3.4, we deduce that

opor(T) C ﬂ op(T + K).
Kes(x) and KT=TK
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