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Existence of Unique Stable Solutions for a system of the BVPs Involving the
Caputo-Type Modification of Erdélyi-Kober Fractional Derivative

Najat CHEFNAJ* Samira ZERBIB, Asmaa BAIHI, Khalid HILAL and Ahmed KAJOUNI

ABSTRACT: In this article, we investigate a coupled system of fractional differential equations involving
the Caputo-type modification of the Erdélyi-Kober fractional derivative. Using the Banach contraction prin-
ciple, we establish the uniqueness of solutions. Furthermore, under appropriate assumptions, we apply the
Leray-Schauder alternative fixed point theorem to prove the existence of at least one solution for the sys-
tem. Additionally, we derive several results concerning Hyers-Ulam (H-U) stability. Finally, we provide an
illustrative example to validate our findings.
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1. Introduction

Fractional differential equations have garnered significant attention from mathematicians and physi-
cists due to their remarkable ability to model a wide range of real-world dynamical systems encountered
in engineering, network vulnerability, and various applied fields. For instance, studies such as those in
[1,2,3,10,14,15] highlight their practical relevance. The existence of solutions to differential equations
under different conditions and through various methodologies has also been a focal point of investigation,
with notable contributions found in [12]. In [9], the authors examined specific properties of the Caputo-
type variation of the Erdélyi-Kober fractional derivative. Further insights and developments in this area
can be explored in references such as [4,6,7].

In [5], Benchohra et al. studied the following terminal value problem:

(DE#)(€) = 6 (e 00) (DR 50) (©) . €€ A= vl
’U(lﬁ) =ceR,

where PD£11’52 is Hilfer-Katugampola fractional derivative of order 4; € (0,1) and type Jo € [0, 1], and
G : (ki,k2]) X R x R = R is a given function. Their analysis primarily relies on classical fixed point
theorems, particularly the Banach contraction principle and Krasnoselskii’s fixed point theorem.

In [8], the authors investigated the existence and uniqueness of solutions for a class of boundary value
problems for nonlinear implicit fractional differential equations in Banach space:

ngilv(e) =G (e,v(e), ‘C’D,‘ilv(e)) , €€ A=[Ky,Kal,
Bu(k1) + ov(k2) = ov(n),

* Corresponding author.
2010 Mathematics Subject Classification: 26A33, 34K37, 34A08.

Submitted August 16, 2025. Published October 29, 2025

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.78453

2 N. CHEFNAJ, S. ZERBIB, A. BAIHI, K. HILAL anxp A. KAJOUNI

where 5,0,0 € R, B+po # o, n € A, ngil is the Caputo-type modification of the Erdélyi-Kober fractional
derivative, and G : A x R2 — R. The primary results are demonstrated by combining the fixed point
theorems of Darbo and Mo6nch with the approach of measures of noncompactness.

In [16], Ullah et al. studied a coupled system with non-homogeneous boundary conditions using the
Caputo-Fabrizio-Hausdorff fractal fractional derivative, as follows:

HED Do1929)(e) = Gy (€,v(e€),ule)), e€ A=][0,T),

) =
HFDD61762U(6) =G <€v U<6)7 u(e)) ,
B1v(0) + 01v(T) = g1(v),
B2u(0) + 02u(T) = g2(u),

where d1,d2 € (0,1], G1,Ga : A X R? — R and g1, g : A — R, are continuous functions. To establish
the necessary conditions for the existence and uniqueness of the solution to the considered problem, the
authors applied Banach’s and Krasnoselskii’s fixed-point theorems. Furthermore, some results related to
Hyers-Ulam (H-U) stability were also deduced.

Inspired by earlier studies, we examine a coupled system under the Caputo type modification of the
Erdélyi-Kober fractional derivative, as follows.

’ (1.1)

where 81, B2, 01,02,01,02 € R, B1 + 01 # 01, B2 + 02 # 02, M, M2 € [K1,K2], DY, is the Caputo type
modification of the Erdélyi-Kober fractional derivative with § € (0,1), and G;,Gs : A x R? — R.

This paper is structured as follows. In Section 2, we provide preliminary notes, review fundamental
concepts related to the Erdélyi-Kober fractional derivative, and establish key auxiliary results. Section
3, the main findings concerning existence theory have been established. Stability results are presented in
Section 4. Finally, in the last section, we demonstrate the application of our main findings through an
illustrative example.

2. Preliminaries

Definition 2.1 [13] Let § € R, the generalized fractional integral of order & of a function F is given by

1-6 e
I Fe) = ;ﬂ ) / 9P (e = 9P)° L F(9) dY.

1

Definition 2.2 [11] Let 6 € R, a = [0] + 1 and p > 0. The generalized fractional derivative is defined
for 0 < k1 < € as follows:

opd R = 2 (1—&)&/5 P ryaw
I T Ta—6)\ de! [, (er —op)iat

= WPIZOF(),
where v¥ = (elfpi)a.

P de

Definition 2.3 [11] The Caputo-type generalized fractional derivative gDil s expressed in the following
form:

=l F0) (g, 4
D) Fle)="D) [F(e) = > L()(e — k1)), (2.1)
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Lemma 2.1 Let p,§ € RT, then

a—1

e’ — K”
(P12, 2D3 F)( Z i ( L)

for some v; € R, o = [§] + 1.

3. Findings related to existence theory

Lemma 3.1 Ife€ A, G1,Gy € L(A), § € (0,1], then the solution of

s given by

v(e) = ﬁ /K 91 <€p ;ﬁp)(s—l G1(9) dY

1

5—1
3 01 1 A
B+ 01— 01 T(0) /m v ( p G:(0) d?
o1 1 o (=P o1
ﬂ1+@1—01 (9) / v p G1(9) dd,
p_ e
u(e) = (6 v ) Go(9) 9
e 5—1
02 1 / ? o1 <“§ — 19[))
9* —_ Go () dv
"~ Bt o209 (5) p 2(9)

P qp 5—1
o9 (5 =0
+ 9t () Go (V) do.
B2 + 02 — 02 T'(0) /ﬁl p 2(Y)

Proof 3.1 By using the integration of formula (3.1), we obtain

5—1
v(€) = a1 + iy /ﬂpl(ep;ﬁp> G1(9) d,

5—1
u(e) = s + g / 90— 1(“;”) Go(9) V.

(3.3)

We use the conditions

Brv(k1) + 01v(k2) = orv(m) and Bau(k1) + oou(ka) = oau(n2),

to compute the constants oy and as. Thus, we obtain

Brv(k1) = Praa,
52“(51) = Baaa,

and

K 6—1
2 (K=
01v(k2) = 0100 + %)/ 9P G1(V) dv,

K1

K2 P
Q2U(/€2) = 0202 + %/ o (
K1
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and we have,

m P 9P 6—1
o1o(m) = o100 + (3 [ 97 (77lp> G1(9) o,

" 1 775 -
oau(€) = oaap + % 9P~ <p) G2 (V) do,

with
Brv(k1) + 01v(k2) = orv(m) and Bau(k1) + oou(ka) = oau(n2).
Then,
. 5—1
o R I
= — P 9 dd
“ Bi+o1—o1 T (5)/ < p G109)
o (e
vid 9 di
+61+Q1—01F(6)Al ( P gl() )
K —1
_ 02 1 2 o1 Kb — 9P
O T 02 T0) / v < ) G2(9) 49
o 1 72 o1 775 9P 5—1
+52+Q2—02 L) Jx, v p G(0) .

We substitute the values of a1 and ag into (3.3) to obtain (3.2).

Corollary 3.1 In view of Lemma 5.1, the system (1.1) is equivalent to

v(e) = ﬁ / o1 <Ep pﬁp)g_l G (0, v(9), u(®)) dv

1

1 Ko p_ 9o\ 01
“mrazaml, 7 (55) a@na
1

1

ﬁl Yo -0 (0 /m L <nf - 19,,)(;-1 G1(0,v(9), u(?)) d,
ule) = ( ) G2 (9, v(0), u(9)) dv

1 k2 p—’ﬂp 6—1
2+§§_g2 <6>/ () a0 ) a0

g2 p—1 775 — P ot
ﬁz + 02 — 02 F(§) / v (p) gz(ﬁ’ U(ﬂ)v u(ﬂ)) dy.

Let £ = C(A) and 25 = C(A) be two Banach spaces with norms defined by ||v|]| = maxcea |v(e€)],
|lull = maxce |u(e)| respectively. Then, 21 x 25 = 2 under the norm ||(v,u)|| = ||v|| + ||u| is also a
Banach space.
Let 7 : £2 — {2 be an operator defined as follows:

T(”U, u) = (Tl (Uv u)a TQ(va u)) (35)

= (U7u)7

g1

(3.4)

such that

{Tl(v,u) = o(t),
Yo(v,u)) = ul(t).

The following hypothesis hold:
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Note:

And

with

and

(1) If there exist constants Kg,, Kg, > 0 and (v,u) ,(7, @) € {2, we have
1G1 (9,v,u) — G1 (V,0,1)] <Kg, [|’U — o[+ "LL - ﬁ” )

and
|g2 (ﬁvvau) - g2 (19,@,12” < ng [lv - ’U| + ‘u - ﬂ|] .

H(2) Let B C 2 be a bounded set, then there exist ¢; > 0, i = 1,2 such that

‘g1(€,v,u)| Sgla
|Ga(e,v,u)| < by, Vee A, Yu,u€ B.

H(3) There exist g, wo > 0, and ¢;,w; <0, i = 1,2 such that

|G1(€,v(€), u(€))| < o + pa|v] + walul,
|Ga(e,v(e), u(e))| < wo + wr|v] + walu|, Vee A, Yv,ueR.

To simplify, we utilize

§ 5 § 5
N_(eﬂ—nf) " _(ﬁé’-ﬂ’f) " _(nf—nf) N _(nS—HT)
€= ) K= ) m = ) n2 = .

p p P P

§=& + &2,
Kg o1 Kg
= 1 Ne + ! NH
|01| KQ1
+ N,
IB1+o1—o1|T(@+1) ™
KQ2 |92‘ ng
= N, + R
© T Te D Bate -l TG+
|02| Kg2 N

|Ba+ 02— 02| T(6+1) ™

(3.7)

Theorem 3.1 Under assumption H(1), and if § < 1 (where £ is defined in (3.7)), the system (1.1)
admits a unique solution.

Proof 3.2 Considering (v,u) and (0,a) € £2, we obtain from system (3.6) that:

11 (v, w) = (0, @) || = [v(t) — o(2)]

1 N 6-1 i )
= ) /mﬁ <> Gy (0, v(0), u(d)) — G1 (9, 0(0), a(9))| dv
|Ql o—1 /4;2 6—1 B . -
" Iﬁl+91—o-1|r / v ( ) |G1 (9, v(9),u(?)) — G1 (¥, 0(3), u(¥))| v
- T (B2 ﬁp)“ 1G1 (0, 0(9), u(®)) — Gu (3, 5(0), ()] df
Iﬁl+91—o-1|r() o P (V) ,0(0),
Kg, _ _
< mNe (v —o| + |u—a]
|Ql‘ Kgl B _
T Bire ot el el
+ o1 | Kg, R, (v — o] + |u — al].

1Bi+01—or|T(S+1) ™
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Then,
171 (v, u) = T1(0,0) || < & [[lo = o + [Ju — @] (3.8)

Similarly, we have,

112 (v, u) = To(,0)|| < & [[lv — o + [Jlu —al]. (3.9)

On adding Equations (3.8) and (3.9), we have

171(v,u) = Ta (0, @) || + [ T2(v, u) = Va0, @) || < & llo = o] + [lu —all].

%nl _ <N€+ |Ql‘ N, + |Ul| R ) ’

Bit+o1—o1 " |Britor—o1] "

Ry = <N€+ (IR o2l ) :

B2+ 02— 0o " B2+ 02 —0af ™
Theorem 3.2 If H(2) and H(3) are satisfied, and if

Pose

and

o1y, + o, <1,

(pg%m + wﬂﬁm <1,

then, the fractional problem given by (1.1) has at least one solution on A.

Proof 3.3 We prove that T is continuous and compact. If G1 and Go are continuous, which implies that
T is continuous.
By H(2), we have

€ e? — e\t
17 (0, )] gﬁ/ 9o (p) G2 (0, v,u)| 49

1

“F&L f’Q2 rﬂp_l N;2)719‘7 0-1 |g (19 )|d'l9
‘ﬁl‘f’@l*gl‘r(&) K1 P 1 y U, U

ol 1 pm e (f=07)°! G (9 &
+\51+91—G1\F(5) K1 P | 1( 7Uvu)|

I3 |91| 01
S 1Nt Birer o1 TG4

Ry
|o1] 4
+ [B1+01—01] F((Sirl) Nm ’
stmilarly,

¢ lo2] [4
T2(v,u)] < i Re + (570, —onl T Ne

o] Lo
+ [B2+02—02] T'(6+1) an'

On addition, one has

0 lo1] loa]
I73(v, )l + 1 Ta(v, Wl < 1ty [Re + farras—omr e + [Brrar—on V)

¢ 02| loa]
+F(5-2i'1) [Ne + [B2+02—02| R + |[32+92—02|N772]'

Then,
(€1 +€2)R lo1] |o2] |o1]
”T(v?u)” < T(6+1) + [\51+.Q1—01| + \ﬂ2+92—02dN'{ + |/31-‘r01—<71\an
o2
+\52+92—02\Nn2'
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Then, The operator T is uniformly bounded.
Next, we prove that T is equicontinuous, let €1,€o € A with €1 < €2, i = 1,2, we have

L[ e (T (o)
M) Tl < o [ [( . ) —( ) ]|91<ﬁ7v<ﬁ>,u<ﬁ>>|dﬂ

1 P

G ﬁ) 161 (9, o(0), u(9))] 9

5 5 5
2(45—4{) +<6§’—f€’1’> _<6§—H§’> .
p p p

As €1 — €3, the right hand side of the above inequality tends to zero. Similarly, As €1 — €2, we have

Vo (v, u)(e2) — Va(v,u)(er)] — 0.

%
INCESY

<

Then, T is equicontinuous.
Finally, we let P = {(v,u) € 2: (v,u) = XY (v,u), A € [0,1]}, for all € € [0,1], we obtain

v(e) = AT (v, u)(e),
and

u(e) = A\T2(v,u)(e).
By H(3), we obtain

(v0 + @allvll + @allull) ( o |01 )
ol < N, + N, + , 3.10
I} r@+1) 1B1+ 01— o] 1Bi+o1—on| ™ (3.10)
and
(wo + @1 |v]| + @2lul) ( |02 |02 >
u|| < N + N, + N . 3.11
e r'@+1) |B2 + 02 — 09| |B2+ 02 — 02| ™ (3.11)
Adding (3.10) and (3.11), we obtain
ol +llull < oW, + @R, + (1R, + @1 R, ) |0l + (p2Ry, + @Ry, )l[u]- (3.12)
Equation (3.12) can be rewritten as
R R
I, < Pty L0 (3.13)

min(1 — 1Ry, + @Ry, 1 — 2Ry, + w2Ry,)

This result shows that P is bounded. Consequently, by using the Leray-Schauder alternative, the
fractional problem (1.1) has at least one solution defined on A.

4. Findings related to stability theory

In this section, we establish stability outcomes by employing the H-U concept. We recall the operator
T : 2 — {2, which is defined as follows:

T (v,u) = (v,u). (4.1)

Definition 4.1 The solution of (v,u) of (4.1) is H-U be stable if for every ¢ > 0, and any solution
(v,u) € 2 of the inequality

[Y(v,u) — (v,0)| <e. (4.2)
There exist a constant C' > 0 and unique solution (v,u) of (4.1) in §2, the given inequality satisfies

1(v,4) = (v,u)]| < Ce.
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Remark 4.1 (v,a) satisfies the inequality (4.2) if and only if there are functions ¥, 1o : A — R, which
are independent of solution (v,u), such that for every e € A, the following condition is met:

()11(e)] < e, [ih2(e)] < e
(ii) D2, () = G (€, (€), ue)) + 1 (€), LD u(e) = Ga (e, B(€), u(e)) + tha(e).

By applying Remark (4.1), we obtain the following problem involving the specified perturbation functions
¢1 (6) and wz (6)

gDi _(6) =01 (671—](6)7&(6)) + z/}1(6)7 e€N= [’ilv 52]7
2Dy, u(e) = Gz (¢, 0(e), ale)) + va(e), (43)
ﬁw( 1) + 010(k2) = 019(m),
Bau(k1) + 02t(k2) = o2u(n2).
Lemma 4.1 The solution to system (4.3) is given by
1 € er — e\t
- p—1 _ _
(e) () /m P ) G1(9,9(9), () dv
0 1 R2 Rl e\ P
1 M P 19;7 -1
bt s [ (P G e)a) ao
1 € A TN
p—1
rr [0 (557) wow
K —1
_ 01 1 > o1 (K — 0P
51+Q101F(5)Ll 9 ( 5 P1(9) dv
o1 1 71 b1 ,'7{) _ 9P 6—1
+ﬂ1+91—01 I'(0) P v P Vu(9) 4o, (4.4)
1 € e — 9P\ .
_ _ p—1 _ _
u(e) 71‘(6) /ﬁ1 0, < 5 ) Go (9, 0(9), u(v)) dv
0 1 I B VA - B
et [ (55) s s
o 1 no np _ e -1 B B
b [ (B2 G o). a(0) ao
1 ¢ e —9p\°t
p—1
i [0 (5T) e
5—1
01 1 R A
— 9P D 0
B+ 01— 01 T(0) /,«u1 < p v2(9)d
o1 Lo (e
9P 9) dd.
+51-$-£>1—U1F(5)/m ( p ¥at)
Proof 4.1 The solution is obtained via Corollary 3.1.
Lemma 4.2 The following inequalities are satisfied.
[o(e) = 11(v, u)| < wie, (45)
| (6) (’Dvﬁ” < wag, ’
where
Wy = 1 (N + |o1] + o )
L+ |Bri+oi—o1] © |Bi+or—o| ™
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and

1 o
e 1 LA

(Nt - .
F(5+1)( |61+ 01 — o1 Bi+o01—0o1] ™

Proof 4.2 From (4.4) and using the operators defined in (3.5), we have

3(e) = T (5, 7) + ﬁ L 9o (Ep - ﬂpf_l 1 (9) dd

1

. 5—1
v ), (57
— P R 9 dd
B1+ 01 —0o1T(0) Ju, p V1 (9)

o | / - 19/”)
+ pm1 (M0 9) dv,
B+ 01 —01T(0) J, p ()

a(e) = Xa(0,0) + F(lé)/ o7 (ep;’g”)é_lwm a

1

. 5—1
01 1 / ? -1 (“g — ﬁp)
— 9P ¥ d
Br+o01—01T(0) Jy, p v2(0)

o1 1 m . (nf_ﬁp)til
+ 9P ) do.
Bt o T0) J, ) va(?)

This implies that

o_op\ 01
[o(e) ~ T (0,1)| < oy Sy 0 (552) i (01ds
o—
1 K2 —9°
Al ety S oot (5T ) |1 (9)] do
|oa] 1 m gp—1 ( nf—=9° 6-1
e 70 Jr Y (T) [¢1 ()] &V

1] o]

—o1] NH + |B1+o1—01]

< rermy (Re + e Ry, )e = wie.
Similarly

[u(e) — Ya(v,0)] < wae.
Theorem 4.1 The solution of system (4.3) is H-U and generalized H-U stable, if £ < 1 holds.

Proof 4.3 If (v(t),u(t)) € £2 be the unique solution of (1.1) and (v,a) € £2 is any solution, then

[o(€) = v(e)] < Jo(e) = T1(v,u)(e) + 11 (v, w)(€) — v(e)|
< |v(e) = Ta(v, @) ()] + 11 (v, w)(e) — v(e)].

By applying inequalities (3.8) and (4.5) and taking the maximum, we obtain
10— vll S wie+ & fllo— o] + [lu—all]. (4.8)
In a similar manner, by applying inequalities (3.9) and (4.5) and considering the mazimum, we derive
12— ul| < wae + & [[lv — ol + [lu —ul]] . (4.9)

Combining inequalities (4.8) and (4.9) and utilizing the conditions w1 + we = w and & + & = £, we
obtain

5 — || + ||@ — u|| < we+E&[lv— o] + [lu—al].
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Then,

we

1-¢

17—l + @ —ul <

Or

we

0, 1) — <
I(00) - ()l 25
From which we can deduce that the system (1.1) is H-U stable.

Corollary 4.1 If we have a non-decreasing function F : A — R, such that

Fle) = e,
FO) = o.
Then,
_ i w
[0 =l +lu—ull < —F(e)

Let C, ¢ = 1“%&, we have
19— vl + |z — ul] < Cy e F(e).
Or
(@, 2) = (v, u)[[< Cy e F(e).
Thus, the proposed system is generalized H-U stable.

5. Pertinent example

In this section, we provide illustrative example to support our theoretical findings.
For € € [0, 1], considering the given problem

_ v(e sin|u(e)| sin e —
v(e) = 10(‘)+(|12£e)\ + 1|0(g + 5000 €€A4=[0,1],
_ [u(e)] sin|v(e)| COS €
u(e) = 00+Tu(0] T ~ 100 T 100> (5.1)
v(0) + $v(1) = 750(3)
(0) + Lu() = yu(})

9

W=l Owiy Qwo

Here G (€, (), u(€)) = rogiatey + "o + oy and G (e,v(e), u(e)) = mabiiiogey + "o + o

Let (v,u) ,(7,@) € £2, then

o ) o)) sinfu(e)] sinfa(e)
|g1 (670(6)711‘(6)) - gl (6,’1)(6), U(E))| - |100 + ‘U(6)| - 100 ¥ |1—)(€)| 100 - 100 |
1 _ _
< m[|v—v|+\u—u|],
and
|G1 (e, v(€), ule)) — Gu (e, 0(e), a(e))| < 355 [Jv — 0] + [u —al].
Therefore,

Ko, =Ka, = 155-
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We have 0 = %7 p= %7 N, = \/%5%7 Kg, =Kg, = ﬁv Ny, = (%)%7 Nm = an =0,9721, B = %7
1
2

B2:%791:%’Q :%,01:(')'2:@7171:772:%. Then,
N |o1] 02| Ry
—(Kg, + K + Kg, +
¢ I‘(5+1)( G 2 (|ﬁ1+g1—01| 9 B2+ 02 — o gQ)F((S‘f'l)
|0'1| Kgle |02| KQ2N?72

< 0,1370075257 < 1.
Br+01 =01 T(0+1)  [Ba+02—0o T(0+1) ~

Since Theorem 3.1 hypotheses hold, (5.1) admits a unique solution in A.

We have
|G1(e,v,u)] <1+ 1 + 1 1.02,
- 100 100
and
|Ga(e,v,u)] <1+ = + 1 1.02.
- 100 ~ 100
Therefore, hypothesis 7 (2) is verified with the constants ¢; = ¢5 = 1.02.
We have
|G1(€,v,u)| < 1.02+ 0|v| + 0ul,
and

|G2(€,v,u)| < 1.02+ 0|v| + 0|ul.

Then, hypothesis #H(2) is verified with the constants ¢y = o = 1.02 > 0 and ¢; = w; =0 < 0.
As all requirements of Theorem 3.2 are satisfied, it follows that (5.1) possesses at least one solution
in A.

6. Conclusion

In this work, we studied a coupled system of fractional differential equations with Caputo-type mod-
ified Erdélyi-Kober fractional derivatives. Using the Banach contraction principle, we established the
uniqueness of the solution, while the Leray-Schauder alternative fixed point theorem was employed to
prove the existence of at least one solution under appropriate conditions. Additionally, we derived
Hyers-Ulam (H-U) stability results for the system, ensuring the robustness of solutions under small per-
turbations. To reinforce our theoretical findings, we presented two illustrative examples, demonstrating
the applicability of the obtained results.
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