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ABSTRACT: In this paper, we study the stability of the 7-pseudo left and right Browder essential spectra of
bounded linear operators on Banach spaces. Firstly, we introduce new classes of operators called 7-pseudo left
and right Browder operators. Moreover, we examine the invariance of their corresponding spectral sets under
Riesz perturbations. Finally, we study the 7-pseudo semi-Browder spectra of the sum of two bounded linear
operators, exploring its relation with the pseudo semi-Browder spectrum of each of these operators.
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1. Introduction and Preliminaries

The study of pseudospectra and essential spectra of linear operators has been a central topic in
functional analysis and operator theory, with wide-ranging applications in numerical analysis, quantum
mechanics, and engineering (see [2,5,8,14,15]). The classical pseudospectrum provides crucial insights into
the stability of operators under small perturbations, which is particularly important in numerical com-
putations where rounding errors and approximations are inevitable. However, traditional pseudospectra
may not fully capture the behavior of operators in infinite-dimensional Banach spaces, especially when
dealing with non-compact perturbations. This limitation motivates the need for more refined tools, such
as the so-called J-e-pseudospectrum, which incorporates the Kuratowski measure of noncompactness 7
to better handle operators in Banach spaces.

In this paper we extend the well-known notions of upper and lower semi-Browder essential spectra (see
[1]) to the setting of F-e-pseudospectra. This generalization provides a more nuanced understanding
of operator behavior under non-compact perturbations. Moreover, it bridges the gap between classical
spectral theory and modern applications where non-compact operators are prevalent.

First, let us recall some standard notations and definitions from Fredholm theory. Throughout this paper,
let X and Y be infinite-dimensional Banach spaces, and let C(X,Y") (resp. £(X,Y")) denote the set of all
closed densely defined (resp. bounded) linear operators from X into Y. We write K(X,Y") for the subset
of compact operators in L(X,Y).

For T € C(X,Y), let a(T) denote the dimension of the kernel N (T'), and let 5(T") denote the codimension
of the range R(T) in Y. An operator T € L(X,Y) is called:

(7) upper semi-Fredholm if R(T) is closed and «o(T") < oo.

(23) lower semi-Fredholm if R(T') is closed and B(T) < oc.

We denote by &, (X,Y) (resp. _(X,Y)) the set of upper (resp. lower) semi-Fredholm operators. The
set of Fredholm operators is defined as:

O(X,)Y):={T eC(X,Y): a(T) < 0, B(T) < 00, and R(T) is closed in Y} .
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For T € ®(X,Y), the index of T is given by i(T") := a(T) — 5(T'). Clearly, if T' € ®(X) then i(T) < oc.
T e d (X)\P(X), then i(T) = —oco and if T € &_(X)\P(X), then i(T) = +o0.
Let T € L£(X). The operator T is said to be a Riesz operator if op(X) = C\{0}. We denote by R(X)
the set of Riesz operators. Recall that for T' € £(X), the ascent a(T") and the descent d(T") are defined
by:

a(T) =inf{n > 0: N(T™) = N(T"1)}, d(T) =inf{n >0: R(T™) = R(T"™1)}.
If no such n exists, then a(T") = oo (resp. d(T') = co0). An operator T is called upper semi-Browder if
Ted,(X),iT) <0, and a(T) < co. Similarly, T is called lower semi-Browder if T' € ®_(X), i(T) > 0,
and d(T) < co. Let BT(X) (resp. B~(X)) denote the set of upper (resp. lower) semi-Browder operators.
An operator T' € L(X) is called semi-Browder if it is upper semi-Browder or lower semi-Browder, and
we denote by B*(X) the set of semi-Browder operators. An operator T € £(X) is called Browder if it
is both upper semi-Browder and lower semi-Browder. We respectively denote by B(X) and B*(X) the
sets of Browder and semi-Browder operators.
The corresponding spectra of an operator T € £(X) are defined as follows:

op+(T):=={\e€C:T—-X¢B"(X)}: upper semi-Browder essential spectrum,

op-(T)={ e C:T—-X¢ B (X)}: lower semi-Browder essential spectrum,
op=(T):={AeC:T—X\¢B5(X)}: semi-Browder essential spectrum,
op(T):={AeC:T—-X¢B(X)}: Browder essential spectrum.

For more details on the set of Fredholm operators and Browder operators, see [11,13]. In 1997, V.
RakocCevié¢ in [12] characterized the Browder essential spectrum for T' € £L(X) as follows:

o5(T) = N o(T + K).
KekK(X),TK=KT
For T € C(X,Y) and D € L(X,Y) with | D|| < e, we say that:
(i) The operator T is a pseudo-upper semi-Fredholm operator if 7'+ D is upper semi-Fredholm,
(#i) T is a pseudo-lower semi-Fredholm operator if T4 D is lower semi-Fredholm,
(#i7) T is a pseudo-Fredholm operator if T+ D is Fredholm.
For further details, see [2].

For every € > 0, the pseudospectrum of a closed densely defined linear operator T is defined as:
1
o(T):=0o(T)U {/\ ceC:||A=T)"" > 8} .

By convention, we write ||[(A —T) 7| = oo if (A — T)~! is unbounded or nonexistent, i.e., if A € o(T).
In [5], Davies defined another equivalent of the pseudospectrum, one that is in terms of perturbations of
the spectrum. In fact, for T' € C(X), we have

o(T):= |J o(T+D).
IDlI<e

We now recall some definitions and results that will be essential for the subsequent discussion. We begin
by introducing the Kuratowski measure of noncompactness (abbreviated as MNC) for a bounded subset
in a normed space. Let X be a normed space. We denote by Mx (resp. Qx) the family of all bounded
(resp. relatively compact) subsets of X. For any B € Mx, the MNC of B, denoted by ~(B), is defined
as follows:

7(B)inf{s>0: B C USi’ S; C X, diam(S;) < e, i1,2,...,n}.
i=1

The following proposition outlines some key properties of the Kuratowski MNC.
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Proposition 1.1 [9] Let X be a Banach space and let B; and By € Mx. Then, we have the following
properties:

(2) v(B1) = 0 if and only if, By is relatively compact.

(#9) If By C Ba, then v(B;) < v(Ba).

(iii) y(By + B2) < 7(B1) + 7(Ba).

(iv) v(AB1) = |A|y(By), for every A € C.

Definition 1.1 [10] Let X be a Banach space and let T : D(T) C X — X be a continuous operator.
Let k > 0, then T is said to be k-set-contraction if for any bounded subset B of D(T), T'(B) is a bounded
subset of X and v(T'(B)) < kvy(B).

We now give the definition of the Kuratowski MNC of T' € £L(X):
F(T') := inf {kz: Tis k—set—contraction}.

The Kuratowski MNC of a bounded operator T' can also be defined by the following formula:

Definition 1.2 Let X be a Banach space and let T € £(X). Then,

5= sp  XTED
BeMx\Qx ’Y(B)

Proposition 1.2 [6] Let X be a Banach space and let T}, T> € £(X). Then the following properties are
satisfied.

(#) ¥(Ty) = 0 if and only if, T} is compact.
(i) YT Tz) < 3(T1)¥(Tz)-

(731) If K € K(X), then ¥(Ty + K) = 5(T1).
(iv) If B € Mx, then y(T1(B)) < 5(T1)v(B).

The relative-y-pseudospectrum of a closed densely defined operator T' parameterized by € > 0 on a
Banach space X is defined in [3] by:

ol(T) := a(T)U{/\e(C:W(()\—T)‘l) > i} (1.1)

By convention, we write ¥((A — T) ') = oo if (A —T)~! is unbounded or nonexistent, i.e., if X is in the
spectrum o(7"). We can refer the reader to [3], for more information.

In this paper, motivated by the work done in [1], we define new essential pseudospectra for bounded
linear operators in Banach spaces called the 7-pseudo upper and lower semi-Browder essential spectra.
Furthermore, we study the stability of the 7-pseudo upper and lower semi-Browder essential spectra
under Riesz operator perturbations. Finally, we give the relationship between the 7-pseudo semi-Browder
spectra of the sum of two bounded linear operators and the pseudo semi-Browder spectrum of each of
these operators.

The paper is organized as follows: In Section 2, we introduce the definition the F-pseudo upper and lower
semi-Browder operators and their corresponding essential spectra of bounded linear operators in Banach
spaces. We further study the stability of these spectra under Riesz operator perturbations. In Section
3, we show the relationship between the F-pseudo upper (resp. lower) semi-Browder spectra of the sum
of two bounded linear operators and the pseudo upper (resp. lower) semi-Browder spectrum of each of
these operators.
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2. Stability of the 7-Pseudo Browder Essential Spectrum

In this section, we study the stability of F-pseudo semi-Browder spectra under Riesz operator pertur-
bations. We start by defining the 7-pseudo semi-Browder operators and their corresponding spectra.

Definition 2.1 Let X be a Banach space, ¢ > 0 and T' € £(X). Then,

(1) T is called a F-pseudo upper (resp. lower) semi-Browder operator if T+ D is an upper (resp. lower)
semi-Browder operator for all D € £(X) such that 7(D) < ¢ and TD = DT.

(#4) T is called a 7F-pseudo semi-Browder operator if T'+ D is a semi-Browder operator for all D € £L(X)
such that ¥(D) < e and TD = DT.

(#9t) T is called a F-pseudo Browder operator if T'+ D is a Browder operator for all D € £(X) such that
J(D) < eand TD = DT.

We denote by BY(X), BX7(X), Bf7(X) (resp. B=7(X)) the set of F-pseudo-Browder operators, 7-
pseudo semi-Browder operators, F-pseudo-upper semi-Browder (resp. lower semi-Browder) operators,
respectively.

In general, we have:
Bf (X) c BI7(X), B (X) c B-7(X) and B.(X) C BY(X).

Note that if € — 0, we recover the usual definitions of the upper semi-Browder, lower semi-Browder,
semi-Browder and Browder essential spectra of a bounded linear operator T', respectively.

Their corresponding spectra are given in the following definition.

Definition 2.2 Let ¢ > 0 and 7' € £(X), we define the following F-pseudo semi-Browder essential
spectra:

JZM (T):={AeC:A\=T¢BH(X)}: #F-pseudo upper semi-Browder essential spectrum,

022,5 (T):={ANeC:A\=T¢B7(X)}: #pseudo lower semi-Browder essential spectrum,
O'ZS’E(T) ={AeC:A\-T¢BF7(X)}: 7F-pseudo semi-Browder essential spectrum,
0247€(T) ={AeC:\-T¢BI(X)}: #H-pseudo Browder essential spectrum.

As an extension of the concept of pseudo Browder essential spectrum given in [12], we define the F-pseudo
Browder essential spectrum of T € £(X) as:

0y (T) = N o)(T + K).
KeK(X),TK=KT

Next, we present the following useful lemma.

Lemma 2.1 Let X be a Banach space and let T' € £(X) such that 5(T") < 1. Then, I — T is invertible.

Proof: First, let us prove the surjectivity of I —T. We aim to show that for every y € X, there exists
x € X such that:
(I-T)x=y.

The equation (I —T)x = y can be rewritten as: x = Tz + y. This suggests that x is a fixed point of the
mapping ¥(z) = Tz + y. Obviously, for any bounded set M C X, we have:

(M) =T(M) + {y}-
Using the subadditivity and monotonicity of v (see Proposition 1.1), we get

V(M) = (T (M) +{y}) <AT(M)) +~v({y})-
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Since {y} is a singleton, v({y}) = 0. Thus, v(¥(M)) < ~v(T(M)). By Proposition 1.2, we have v(T'(M)) <
F(T)v(M). Since ¥(T') < 1, it follows that ¥ is 7(T')-set-contractive.

Now, by Darbo’s Fixed point theorem, W has a fixed point x € X, satisfying:
z=Tz+y.

This implies that I — T is surjective.

Moreover, since 7(T') < 1, then by applying Lemma 2.11 and Theorem 3.2 in [4], we infer that ] — T is a
Fredholm operator of index zero. This result combined with the fact that I — T is surjective enables us
to deduce that I — T is injective. Consequently, I — T is invertible. O

Theorem 2.1 Let X be a Banach space, T € £(X) and € > 0. Then,

(i) If S € R(X) and T'S = ST, then for all D € L(X) such that (D) < e and DS = SD, we have:
op, (T) =0} (T+S), iefl,.... 4}

(15) If K € K(X) and TK = KT, then for all D € £(X) such that 7(D) < € and DK = KD, we have:
op, () =0} (T+K), ie{l,... 4}

Proof: (i) Firstly, we prove that O’Zha(T—F S) C aZhE(T). Let A ¢ O’Zha(T). Then A\ —T € BF7(X). It

follows that
A= (T+D)eBL(X), V¥(D)<eand TD = DT.

Since (T + D)S = S(T + D), then by using [[12], Corollary 2], we deduce that
A= (T+8+D)eB.(X), V(D) <cand (T'+8)D=D(T+8).

Therefore, A ¢ O’ZI’E(T + 5). The converse inclusion follows by symmetry.

Next, we show the same inclusion for i = 2. Let A ¢ 02275(T). Then A — T € BZ>7(X). This implies that
A—(T+D)eB (X), Vy(D)<eandTD = DT.
Since (T + D)S = S(T + D), it yields from [[12], Corollary 2] that
A-—(T+S+D)eB (X), V9(D)<eand (T'+S)D=D(T+5).

Consequently, A ¢ O'ZQ (T + S). The inverse inclusion can be checked by using a similar reasoning.
For i = 3,4, we use the fact that

023,5(/11) = UZI,E (T) N UZZ,E(T) g 0'24,5 (T) = UZLE (T) U 022,5 (T)’

to deduce that

0 (T+8) =03y (T+8) N0y (T+8) =0k (T)Noky (T) =0} (T), (2.1)
0y (T +8) =03y (T+8)Uoh, (T+S) =0k (T)Uok, (T) =0k, (T). (2.2)

(17) As K(X) € R(X) and by using assertion (i), we obtain that
op, () =0} (T+K), ie{l,... 4} m

Theorem 2.2 Let ¢ > 0, T € L£(X), and S € R(X) such that S is commuting with 7'+ K for all
K e K(X). If %(S) < ¢, then there exist £y and &7 such that 0 < gy < & < €1 satisfying:

0%y es(T+8) C oy, (T) C g, . (T+S).
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Proof: Firstly, we will show that there exists g such that 0 < g9 < € and 024750 (T+S8) C 024,5(T)'
To do so, we assume that A\ ¢ op _(T) and A ¢ o(T + K). By using Equation (1.1), we infer that
A¢{AeC:7y(T+K—-X)™")>1 VK eK(X)} This implies that (T + K — AI)~!) < 1.

Now, we can write the operator T'+ K 4+ S — X in the following form:

T+K+S-A=(T+K-X\ I+ (T+K-X"'9). (2.3)
By using the fact that
F(T+ K =AD7THS) <5((T + K = AD7HA(S) < 1,
it follows from Lemma 2.1 that I + (T + K — X\)~1S is invertible, and its inverse can be written as:
T+K+S—N"'"=(I+(T+K-)N"'8) " " (T+K-x\""

Since

I+ (T +K-x2)"18) )< —
F((I +( )71S) ) )
we conclude that -
F(T+K+S-N"H<H(T+K-N"1) ———.
7(( ) <70 ™o
Consequently
1
~(T+K+S—X\"1 < ——.
7(( Mg

By choosing g9 = ¢ — %(5), where 0 < g9 < €, we conclude that by using Equation (1.1) that A\ ¢
03, o, (T +S). Hence,
0734,50(T+ S) C ag4,E(T).
Next, we will show that there exists £1 such that 0 < ¢ < &; and 024)5(T) C ‘724,51(T +5). Let
e1 =e+75(5). For
1
AMENeC:H(T+K+S-N)"1) > ;},
1
we have 1
F(T+K+S—-XN"1< —
1
The operator T+ K — A can be written as follows:
T+K-A=T+K+S-AN({I—-(T+K+S-X7'9).
As
F(T+EK+S-)N)"'9) <1,

it yields from Lemma 2.1 that I — (T'+ K + S — A\)~1S is an invertible operator. Using Equation (2.3),
we have )
(T+EK-N'=I-(T+EK+S-XN"'8) (T+K+S-X""

Since (S + K)T =T(S + K), we obtain that

€1

7(([4‘ (T+K+ S — )\)_15)_1) < m

Thus,
F(T+K =171 <

™ | =

Consequently, A ¢ 024’ (T). O
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3. 7-Pseudo Semi-Browder Essential Spectra of the Sum of Two Operators

This section is devoted to the study of the F-pseudo semi-Browder essential spectra of the sum of two
bounded linear operators under commuting Riesz operator perturbations. Our first result is the following.

Theorem 3.1 Let T, S, and D be three operators in £(X) such that TS = ST, TD = DT, and
T(S+ D) € R(X), and let € > 0. Then:

o (T + S\{0} = 051 (T) U, (S)\{0}.
Proof: For A € C, we can write:
A=T)AN=S-D)=T(S+D)+XA—T-S5-D), (3.1)

A=S—D)YA=T)=(S+D)T+AA—T - S — D). (3.2)

Suppose that A # 0 such that A ¢ o1 (T) U}, .(S). Then (A —T) € Bi(X) and (A — S) € BX7(X). Tt
follows that l

(A=T)eB"(X) and (A—S-D)eB"(X), v5(D)<e, SD = DS. (3.3)
Since T'(S + D) = (S + D)T, we have
A=-T)YAN=5-D)=A-S—-D)(A-T). (3.4)
By applying [[7], Theorem 7.9.2] to Equations (3.3), (3.4), we obtain that
(A=T)(A\—= S —D) e B (X), ¥§(D) < e and SD = DS.
So, by using Equation (3.1), we conclude that
T(S+ D)+ AXA—T-S—-D)e BT X). (3.5)
Since T'S = ST, TD = DT, and SD = DS, we have
T(S+D)N-T—-S-D)=\AN-T-S-D)I'(S+ D). (3.6)

Taking into account that T'(S + D) € R(X), then by using [[12], Corollary 2] to Equations (3.5) and
(3.6), we get

A—T—S—DeB"X), VD e L(X), 3(D) <e, and (T + S)D = D(S +T).
This implies A ¢ o, (T + $)\{0}. Consequently,
g1 (T +S\{0} C op1(T) Uog, (S)\{0}.
For the converse inclusion, let A ¢ o (T + S)\{0}. Then (A — T — S) € BF (X). This shows that
(A\—T —S8—D)eB"(X), VD e L(X), ¥(D) <e, and (A\—T — S)D =D\ —T — S).

Since T'(S + D) € R(X) and (S + D)T € R(X), then the use of [[12], Corollary 2] to Equation (3.6)
leads to
T(S+D)+AXA—T—-S—-D) e BHX),

and
(S+D)T+AX\—T—S — D) e Bt (X).

So, by using Equations (3.1) and (3.2), we infer that
A=T)A-=S—-D)eBt(X) and (A\-S—-D)(A\-T) € BT(X).
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Again, by Equation (3.4) and Theorem 7.9.2 in [[7], page 276], we deduce that
A-TeB"(X) and (A\—S—D)eB"(X),VDeL(X),5D)<e, A\=S)D=DN-S5).
Hence, A ¢ op1(T) U UZLE(S)\{O}. Therefore,

0p1,e (T + S\{0} = o51(T) U oy, . (S)\{0}.
O

Theorem 3.2 Let T, S, and D be three operators in £(X) and let € > 0 such that 7(D) < e, T'S = ST,
TD = DT, and T(S+ D) € R(X). Then

0o, (T + S)\{0} = 052(T) U s, . (S)\{0}.
Proof: Suppose that A ¢ [op2(T) U 022,5(5)]\{0}- Then
A-=T)eB (X) and (A—S—-D)eB (X), V(D) <eand SD = DS.
Thanks to the use of [[7], Theorem 7.9.2] to Equation (3.4), then we obtain that
A=T)(A\—=S—D) e B (X).
This combined with the use of Equation (3.1) allows us to infer that
T(S+D)+AXA—-T—-S-D)e B (X).

Again, since T(S + D) € R(X), then by applying [[12], Corollary 2] to Equation (3.6) we conclude that

A—T-S5—-DeB (X),VD e L(X), ¥(D) <e, and (T +S)D = D(T + S).
Therefore A ¢ Uzz)E(T + S)\{0}. Conversely, let A ¢ UZQ7E(T + 5)\{0}. Then

(A\—T -8 —D) e B~ (X), VD € L(X), 7(D) < ¢, and (T + S)D = D(T + S).

Since T(S + D) € R(X) and (S + D)T € R(X), it follows from [[12], Corollary 2] and Equation (3.6)
that
T(S+D)+AXA—T —S— D) e B (X),

(S+D)T+XA—T—-S—-D)e B (X).
Due to Equations (3.1) and (3.2), we get
A=-T)AN=S—-D)eB (X) and (A—-S—-D)(A—-T) e B (X).
Combining Equation (3.4) and [[7], Theorem 7.9.2], we deduce that
A—TeB (X) and A\-S—-D)eB (X),VD e L(X), ¥(D) <e, and (A= S)D =D(\—9).

Consequently, A ¢ [op2(T) U O‘ZQ)E(S)]\{O}. O

At the end of this section, we state the following corollary.

Corollary 3.1 Let T, S, and D be three operators in £(X) such that TS = ST, TD = DT, and
T(S+ D) € R(X), and let € > 0. Then,

(i) T (T + S\{0} = (085(T) U0y (8)) U (081(T) N 0y o (5)) U (982(T) N0y .(5)) \{O}.
(i1) 0 (T + S)\{0} = 05a(T) U sy (S)\{0}.

Proof: The two results follow immediately form the use of Theorem 3.1 and Theorem 3.2 to Equations
(2.1) and (2.2). O
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