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The Band Generalized Fibonacci Difference Operator of Poisson Binomial Like Matrix on
Rough Statistical Convergence on Triple Sequences and Its Rate

C. Priya, A. Esi and S. Nagarajan

ABSTRACT: In this paper, the definition of new rough statistical convergence with band generalized Fibonacci
difference operator of Poisson binomial like matrix is given and some general properties of rough statistical
convergence are examined. Furthermore, approximation theory worked as a rate of the rough statistical
convergence. The results obtained in this study will be a more general expression of previous studies.
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1. Introduction and Preliminaries

In the theory of numbers, there are many different definitions of density. It is well known that the
most popular of these definitions is asymptotic density. But, asymptotic density does not exist for all
sequences. Now densities have been defined to fill those gaps and to serve different purposes. The
asymptotic density is one of the possibilities to measure how large a subset of the set of natural number.
We know intuitively that positive integers are much more than perfect squares. Because converge every
perfect square is positive and many other positive integers exist besides. However, the set of positive
integers is not infact larger than the set of perfect squares, both sets are infinite and countable and
can therefore be put in 1-1 correspondence. Nevertheless, if one goes through the natural numbers, the
squares be become increasingly scarce. It is precisely in this case, rational density help us and makes this
intuition precise.

Let « be a subset of positive integers. We consider the interval [1,n] and select an integer in this
interval randomly. Then, the ratio of the number of elements of « € [1, n] to the total number of elements
in [1,n] is being to a,probably, for n — oo, if this probability exists, that is this probability tends to some
limit, then this limit is used as the asymptotic density of the set «. The mentions as that the asymptotic
density is a kind of probability of choosing a number from the set «.

The set of positive integers will be denoted by Z*. Let o and 3 be subsets of Z*. If the symmetric
difference a/AS is finite, then we can say « is asymptotically equal to 8 and denote a ~ . Freedman and
Sember have introduced the concept of a lower asymptotic density and defined a concept of convergence
of density.

The idea of statistical convergence was introduced by [7] and also independently by for real or complex
sequences. Statistical convergence is a generalization of the usual notion of convergence which parallels
the theory of or finally convergence.

A triple sequence (real or complex) can be defined as a function X : N x N x N — R(C),where N, R
and C denote the set of natural numbers, real numbers and complex numbers respectively. The different

Submitted August 19, 2025. Published April 09, 2026

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.78486

2 C. Priva, A. Esi AND S. NAGARAJAN

types of notions of triple sequences was introduced and investigated at the initial by [2,3.4,5,6,11,12]
and many others.

Let K be a subset of the set Nx N x N and let us denote the set {(m,n,k) € K :m <wu,n <v,k <w}
by Kuvyw- Then the natural density of K is given by

0(K)= lim L
UV, W—> 00 uvw
where |Ky,.,| denotes the number of elements in K,,,. Clearly, a finite subset has natural density
zero, and we have §(K°¢) = 1 — 6(K)where K¢ = N\ K is the complement of k. If K; C Ks, then
O(K1) < 6(Ko).
Consider a triple sequence = (Znk ), such that T, € R, m,n, k € N. A triple sequence x = (Zpnk)
is said to be statistically convergent to 0 € R, written as St — lim x = 0, provided that the set

m,n,k— oo
{(m,n,k) € N* : |z,nk — 0] > e}has natural density zero for any € > 0. In this case, 0 is called the
statistical limit of the convergence x.

If a triple sequence is statistically convergent, then for every e¢ > 0, infinitely many terms of the
sequence may remain outside the e-neighborhood of the statistical limit, provided that the natural density
of the set consisting of the indices of these terms is zero. This is an important property that distinguishes
statistical convergence from ordinary convergence. Because the natural density of a finite set is zero, we
can say that every ordinary convergent sequence is statistically convergent.

If a triple sequence & = (k) satisfies some property P for all m,n k except a set of natural density
zero, then we say that the triple sequence x satisfies P for ” almost all (m,n,k)” and we abbreviate this
by "a. a. (m,n,k)”.

Let (Zm; n,; k) be a sequence of = (k). If the natural density of the set

K = {(mi,nj, k) € N*: (i,5,k) € N°}

is different from zero, then (2, n, k) is called a non-thin subsequence of a triple sequence z.c € R is
called a statistical cluster point of a triple sequence & = (Z;nk) provided that the natural density of the
set {(m,n,k) € N3 : |zpnr — | < €} is different from zero for every ¢ > 0. We denote the set of all
statistical cluster points of the sequence x by I';.

A triple sequence & = (Xnk) is said to be statistically analytic if there exists a positive number M such
that

0 ({(m,n,k) € N3 |k TR > M}) =0.

The theory of statistical convergence has been discussed in trigonometric series, summability theory,

measure theory, turnpike theory, approximation theory, fuzzy set theory and so on.
Throughout I'(n, 1) to denote the incomplete gamma function. It is defined by

F(n,,u):/ e T da. (1.1)
o

Here e = 2.71828... is the Euler number. For g > 0, the RHS of (1) converges for all real n, clearly
I'(n,0) = I'(n), where I'(n) will denote the gamma function of all real numbers n ¢ {0, —1,-2,...}. I'(n)
can be expressed as an improper integral given by I'(n) = fooo e 2" ! dx. We state some properties of
gamma function which are used throughout the text:

1. Forne N,T'(n+1) =nl
2. For any real number n ¢ {0,—1,-2,...}, T'(n+ 1) = nI'(n).

3. For particular cases, we have I'(1) = I'(2) = 1, TI'(3) = 2!, TI'(4) = 4l. Here some of the basic
properties of I'(n, ).
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4. Lemma 1:
(111, p) =e#

(222, ) = e #[1 + pi°]
6

D(333, ) = [T+ 4 + %}

In general

u v.w m+n+k
Nu+1v+1,w+1,pu) =ulvlw e Z Zzuli%',u,v,w eN.
m=0n=0 k=0

Lemma 2:

I'(uow + 1, ) = vvw T(uvw) + p 0 e 4,

Lemma 3:

) Nu+lv+1w+1,p)
lim

UV, W—00 u! vl w!

=1

Let p1 > 0 be fixed. We define a new poisson like three dimensional matrix & (i) = (p"k)# by

pUUU)

ulvlw! e B, pmitntk

(pmnk)'u — J T(u+1 v+1 w+1,p) m!nlk! ’ if m < u, n <, k<w
ww 0, ifm>u, n>v, k>w

(1.2)

We can observe that

L — ulvlw! e H. pmtntk emn
T
In! k! -
m:OnZOkZOF(u—Flv—Flw—Fl,u) m!n! k! eH
Denote b
ulvlw! e H. TR
Pro(X =z) = a ;m,n,k=0,1,2,3---

Nu+lv+1lw+1,p) minlk!

The probability of getting (m, n, k) section successes in [u, v, w]*" section in dependent trials. By taking
u, v, w — oo and applying lemma 3 we get,

6_”Mm+"+k
Pro(X =z) = sm,n,k=0,1,2,3,...

m!n!k!
for fixed 4 > 0. Hence, we may term the matrix (2) as the poisson ”like” matrix or almost poisson
matrix. Now, the matrix defined in the equation (2) may be rewritten as

r1 0 0 0 L.oo_e" T

w(222,1)

e ple”* 0 0 oo _Be M
p(2220)  p(222.0) 1(333.10)
8e M 8e Hpu® e Hpub 0 L. 216e"*
wu(333,1)  p(333,4)  n(333,u) (444, )

216e * 216e Hpu® 7e Hub ule H 0
w(444,)  p(44d,p)  p(444,p)  p(444,p)
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Using Lemma 1, it is clear that the matrix &?(u) is regular.

1.1. Difference Sequence Spaces

The triple difference sequence is defined as
AZmnk = Tmnk — Tmnt1k — Tmnk+1 T Tmnt1k+1 — Tmtl nk T Tmtlnt 1k T Tmtlnk+1 — TmtInt1k+1-
Now introducing the space X (B(z,v,2)) for X € {I'*, A3} where B(x,y,z) = { Zzwmnk(xyz)} is a band
triple difference matrix defined by

u=m, v=mn, w==k

e B m:u_17n:’l]—1,k:w_1
wvw,mnk — m=u—2,n=v—2; k=w—2

(=R

otherwise

where x,y,z € R\ {0}. Clearly B(z,y,0) = B(x,y).

2. Fibonacci Sequence Spaces

Fibonacci numbers are also considered to be nature’s numbers [13,14,19]. They can be found every-
where around us, from the leaf arrangements in plants, to the pattern of the florets of flowers; the bracts
of pinecones, or the scales of pineapple. The number sequence 1,1,2,3,5,8,... is called the Fibonacci
sequence. Note that any number in the sequence is the sum of the two numbers preceding it. Thus, if
(fv)zozo = 0 is the sequence of Fibonacci numbers, then fo = f1 =1, f,=fo_1=/fv_2; v>2.

The ratio of successive terms in the Fibonacci sequence approaches an irrational number 1+2\/g which
is called the golden ratio. This number has great application in the field of architecture, Science, and
arts. Some more basic properties of Fibonacci numbers can be listed as follows:

1 5
Jim f}jl = +2\[(G01den ratio),
Zfr = fr+2 -1 (7" € N)u
v=0
1
Z — converges, fr_1 fry1— f2=(=1)""Y r>1 (Cassine formula),
y=0""

combining Fibonacci band matrix F' and triple difference operator B, the product matrix

mnk
F(B) = (f(B)) is defined by

uvw

Z fuvw

mnk futrv+1ws1’ m=u, n=v, k=w
7£Cfu+f1v+1w+1 + 7 Yfuvw c m=u+ln=v+1lk=w+1
f(B) — uvw u+lv+lw+1l .
_yfu+f1v+1w+1 ’ 2 fuvw s o m=u+2n=v+2k=w+2
uvw f wvw wutlot+lwsl
—W; m=u+3n=v+3k=w+3

Equivalently, F'(B) can also be expressed as
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J}fooo 0 0 0 0
111
—x fa22 yfinn zfi11
fi11 + faz2 faz2 0 0 0
—Yf333 z2f222 —xf333 yfaz2 z fa00 0 0
fazz f333 faz2 f333 f333
F(B) =
( ) —2faaq —Yyfaaa 2f333 —Tfa4a yfazs zf333 0
f333 f333 faaa f333 faaa faaa
0 —2f555 —yfs55 + zfa44 —xfsss _ Yyfaaa  xfaa4
faaa faaa f555 faaa f555 f555

One may clearly observe that (F(B))(1,0,0) = F, (F(B)(z,y,0)) = (F(B))(z,y). Note that the
terms with negative subscripts is considered to be zero. The triple sequence it is called F'(B)— transform
of the sequence S. Now we define the spaces I'* (2*(F(B))) and A3 (2*(F(B))) by

I*(2"(F(B))) = {z = (xpn) € w* : P*(F(B))z € I*}
and
A (2*(F(B))) = {z = (Tmnk) € w* : P*(F(B)) z € A*}.
The spaces ['* (2#(F(B))) and A3 (2*(F(B))) may be redefined as

3 (21 (F(B))) = (ri”)w(F(B)) and A% (21(F(B))) = (A3 (r(B))

We further emphasize that the spaces I'* (Z#(F(B))) and A3 (2#(F(B))) are reduced to certain classes
of sequence spaces in the special cases of x,y, 2z € R.

For z = 0, the above sequence spaces reduces to the classes
I3 (1(F(B(x,y)) = (1) and A% (*(F(B(x,y))) = (A?)

2.1. Approximation Theory

Pu(F(B(z,y)) Pu(F(B(zy))

Korovkin type approximation theorems are practical tools to check whether a given triple sequence
(Qmnk)m,n,k>1 of positive linear operators on Cfa, b] of all continuous functions on the real interval [a, b]
is an approximation process. That is, these theorems present a variety of test function which provide that
the approximation property holds on the whole space if it holds for them such a property was determined
by Korovkin in 1953 for the function 1,x, 2% in the space Cla,b] as well as for the functions 1, cos z, and
sinz in the space of all continuous 27 periodic functions on the real line.

3. The Band Fibonacci Difference Operator of Poisson Binomial Like of Rough Statistical
Convergence

A sequence & = (Tymnk) is said to be triple analytic if sup |Zmnkl ¥k < 0o0. The vector space of

m,n,k
all triple analytic sequences are usually denoted by A3. A sequence & = (Z,nk) is called triple entire

sequence if |Zpmnk| FFFE 5 () as m,n, k — oco. The vector space of all triple entire sequences are usually
denoted by I'®. The space A3 and I'? is a metric space with the metric

d(xz,y) = sup {|xmnk — ymnk|mﬁl+k ‘m,n,k=1,2,3--- }

m,n,k

for all x = (Tmnk) and ¥ = (Ymnk) in T3, It is clear that I'* and A® is a linear space. Then I'® (2#(F(B)))
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and A3 (2*(F(B))) is also a linear space.

If I'3 and A® is a complete metric space, then I'* (2*(F(B))) and A3 (£2*(F(B))) is also a complete
metric space with the metric

d(z,y) = sup {| 2" (F(B))xmnt — P"(F(B))Ymnk| : m,n, k =1,2,3,...}.

Lemma 2.1:
If Fi - Fg, then '3 (PH(F(B))x) C s (2H(F(B)y)) .
Proof: It is obvious.

Theorem 2.2: Consider that I'® is a complete metric space and « is a closed subset of I'>. Then
a(P"(F(B))) is also closed in I'* (24 (F(B))).

Proof: Since « is a closed subset of I'® from Lemma 2.1, then we can write
a(PM(F(B))) C I? (P"(F(B))).
a(PH(F(B))) , & denote the closures of o (Z#(F(B))) and « respectively. It is enough to prove that

a(ZH(F(B))) = a(2"(F(B))).

Firstly, we take z € «(P#(F(B))), there exists a sequence (z“**) € a(L*(F(B))) such that
|xew — :z:|9#(F(B)) — 0 in o (Z*(F(B))) for u,v,w — oo. Thus,

uvw
Tk — Tmnk

— 0.
Pu(F(B))

as u,v,w — oo in z € a(P*(F(B))) so that

7 7 l

Z Z |Tygt” — Trst| +

r=1s=1t=1

PH(F(B))xprs, — P*(F(B))Tmnk| — 0

mnk

for (u,v,w) = oo in a. Therefore,

PH(F(B))x €@ and so x € (Z*(F(B))).
Conversely, if we take z € «o(Z#(F(B))), then x € «a(P*(F(B))). Since « is closed. Then
a(PH(F(B))) = a(2*(F(B))). Hence, a (Z"(F(B))) is a closed subset of I'3(Z*(F(B))).

Corollary 2.3: If I'® is a separable space, then I'3(Z*(F(B))) is also a separable space.

Definition 2.4: A triple sequence x = (k) is said to be band Fibonacci difference operator of
poisson binomial like matrix on rough statistically convergence if there is a number [, such that for every
€ > 0 and r be a positive number, the set

krie(PH(F(B))) :={(m <u, n<v, k<w):|P*"(F(B)Tmnk — 1| >1+¢€}
has natural density zero, i.e., d (K,1.(Z*(F(B)))) = 0. i.e.,

1
li — < <wv, k<w):|P*(F(B))xmnr — 1| > =0.
p i {(m < w, n < v, k< w) | PHEB))emnk — I 27+ e}
In this case, we write

d(P*(F(B)))— lm z=1o0r xmu = (P*(F(B))).

m,n,k— o0
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The set of PH(F(B)) rough statistically convergent triple sequence space will be denoted by
rs(P*(F(B))). In this [ = 0, we will write it as rso(Z*(F(B))).

Definition 2.5: A triple sequence & = (Zmni) is said to be band Fibonacci difference operator of
poisson binomial like matrix on rough statistically Cauchy if there exists a number N = N(r + ¢€), such
that for every € > 0 and r be a positive number the set

lim L {(m <u, n<wv, k<w):|2"(F(B))tmnr — P*(F(B))xn| >r+e€}|=0.

U, v, W—00 YVW

Theorem 2.6: If a triple sequence space z is a band Fibonacci difference operator of poisson binomial
like matrix on rough statistically convergent sequence, then x is a band Fibonacci difference operator of
poisson binomial like matrix on rough statistically Cauchy sequence.

Proof: Let € > 0 and r be a positive number. Assume that (zpynr) — [(rs(2#(F(B)))). Then

| P (F(B))Tmnk — 1] < TTH for almost all m,n, k.

If N is chosen so that
r+e

2 )

|28 (F(B))xy — 1] <
then, we have

| PH(E(B))xmne — PH(F(B))an| < [Z*(F(B)Zmnk — Il + [Z*(F(B))zy — 1|

< (r—;s) n (r—;—e) —rie

for almost all m,n, k, which implies that z is band Fibonacci difference operator of poisson binomial like
matrix on rough statistically Cauchy sequence.

Theorem 2.7: If z is a triple sequence for which there is a band Fibonacci difference opera-
tor of poisson binomial like matrix on rough statistically convergent sequence y = (Ymnk), such that
PH(F(B))Xmnk = P*(F(B))Ymnr for almost all m,n, k, then x is band Fibonacci difference operator
of poisson binomial like matrix on rough statistically convergent sequence.

Proof: Suppose that PH(F(B))xmnr =  P*(F(B))Ymnr almost all m,n,k and
(Ymnk) € L (rs(P2*(F(B)))). Then € > 0 and t be a positive real number and for each u,v,w.

{(m <u, n<wv, k<w):|P"(F(B))Tmnr — 1| > 1+ €}
c {(m <u, n<w, k< w) : |‘@M(F(B))xmnk # '@M(F(B»ymnﬂ > r+6}
U{(m <u, n <wv, k<w): |P"(F(B))Tmnr — 1| <7+ €}

Since (Ymnk) — L (rs(P*(F(B)))), the latter set contains a fixed number of integers, say g = g(r + ¢€).
Therefore, for 2#(F(B))zmnk = P*(F(B))Ymnk for almost all mn k.

1
lim ——
U, v, W—00 YVW

{(m <, n<v, k<w): | PHEDB)tmn —1 =7+ ¢}

1
< lim —

U, v, w—000 YVW

im 90T

U,V ,W—00 uvw

{(m <u, n<wv, k<w):|P*(F(B)tmnk = P"(F(B))Ymnk|}

+ =0.

Hence, (:cmnk> S 1 (rs(P*(F(B)))).
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4. Conclusion

In this paper, we study a new rough statistical convergence of the Poisson-like binomial matrix using

the band-generalized Fibonacci difference operator, its general properties, and a rate of rough statistical
convergence theory. The results provide a more general representation of previous studies.
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