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Analytic Mean Labeling in Certain Classes of Graphs

M. Siva Senkar and P. Vijayakumar

ABSTRACT: A graph labeling is a mapping, when the map assigns integers to vertices/edges, it is called
vertex/edge labeling and when it assigns to both, it is called total labeling. The idea of mean labeling was
proposed by Somasundaram and Ponraj. An injective function f : V — {t:0<t < g} is called a mean

labeling of a graph G(V, E) if for every u,v € V, the edge labels are w

and M whenever f(u) + f(v) is odd such that edge labels are distinct. The idea of analytic mean
labeling was coined by Tharmaraj and Sarasija and they have proved the existence in the following graphs:
path,cycle, star, Ladder, bistar, fan, comb and the joint sum of two copies of certain graph [7]. The concept
of Analytic even mean labeling is introduced by Sajitha Kumari et., al, and they proved Jewel graph, Jelly
Fish graph, Triangular Book graph, Triangular Book with Book Mark admits analytic even mean labeling [4].
Motivated by these studies, here we examine the existence of Analytic Mean labeling and Analytic Even Mean
Labeling in the duplicate graphs of ladder, triangular ladder, slant ladder and Zig-Zag ladder graphs.

whenever f(u) + f(v) is even

Key Words: Graph labeling, duplicate graph, path, ladder, slant ladder, triangular ladder, zig zag
ladder, analytic mean labeling and analytic even mean labeling .
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1. Introduction

In 1967, Rosa introduced graph labeling [3]. A graph labeling is a mapping: when the map assigns
integers to vertices/edges, it is called vertex/edge labeling, and when it assigns to both, it is called total
labeling.

Sampath Kumar E. in 1973 introduced duplicate graphs and proved certain characteristics of the
same. The duplicate graph of a simple graph G(V, E) with p vertices and ¢ edges is denoted by G’. The
graph G’ contains 2p vertices, and for each zy € G, G’ will have two edges xy’ and yz’ [5].

The mean labeling was introduced by Somasundaram and Ponraj, who proved its existence in certain
graphs [6]. Vijayakumar P. et al. proved the existence of mean, odd mean, and even mean labeling in
the duplicate graphs of ladder, star, bistar, and double star graphs [13].

The concept of analytic mean labeling was introduced by Tharmaraj and Sarasija, who proved its
existence in certain graphs [7]. The concept of analytic even mean labeling was introduced by Sajitha
Kumari et al., and they proved the same in some standard graphs [4].

Motivated by these studies, here we prove the existence of analytic mean labeling and analytic even
mean labeling in the duplicate graphs of ladder, triangular ladder, slant ladder, and zigzag ladder graphs.
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2. Preliminaries

Definition 2.1 Mean labeling of a graph G(V, E) is a 1-1 function f:V — {t : 0 <t < g}, such that
distinct edge labels from {1,2, ..., q} are induced by the injective function f* given by f*(uv) = w

A graph G admitting mean labeling is called a mean graph [6].

Definition 2.2 Even mean labeling of a graph G(V,E) is a 1-1 function f :V — {2t : 1 <t < q} such

S+ f(v
2

that distinct edge labels are induced by f*(uv) = ). A graph admitting even mean labeling is called

an even mean graph [13].

Definition 2.3 Analytic mean labeling of a graph G(V,E) is a 1-1 map f:V = {t: 0 <t < p—1} such
that distinct edge labels are induced by the function f* defined by

) = V@E—U@E  ypen [f(0)]? — [f(w)] is even, o)

V@P=PP+L e, [f(0)]2 — [f(u)]? is odd.

. A graph admitting analytic mean labeling is called analytic mean graph [7].

Definition 2.4 An analytic even mean labeling of a graph G(V,E) isa 1-1 map f: V — {2t : 0 <t < ¢}
such that, when f(u) < f(v) distinct edge labels are induced by f* defined by

[W1 whenf(u) # 0

= {f Lty whenf(u) = 0 (2'2)

and are even. A graph admitting an analytic even mean labeling is called analytic even mean graph [4].

We refer [9] for construction of the duplicate graph of ladder graph and [11] for construction of duplicate
graph of triangular ladder graph.

2.1. Construction of duplicate graphs of slant ladder graph (S£,,)

Let vy, v; (1 <t <2m+ 2) be the vertices and e, e; (1 <t < 3m) be the edges of SL,,.
The edge labels are given as below.

For 1 <k <m:

€3k—2 ’U2k717}ék+17 €3k—1 'U2k71U/2k+2, €3k < 'U2Icvlgk-+2§

€350 ¢ V2k41Vd 1, €31 ¢ V2kt2Vp_1, €3 < Vak42Vd.

2.2. Construction of duplicate graphs of ZigZag ladder graph (ZZL,,)

Let vy, v; for 1 <t < 2m be the vertices, and eq, e} for 1 <t < 4m — 3 be the edges of ZZL,,.
Now, for 1 <k <2m — 1: eap—1 < Uk g, €hy < Uky2Up;
and for 1 <k <2m — 2: egp <= WpUppy, €5y ¢ Ukg1V-

2.3. Notations

e L,, — Duplicate graph of ladder graph
e SL,, — Duplicate graph of slant ladder graph
o ZZL,, — Duplicate graph of zigzag ladder graph

e T L,, — Duplicate graph of triangular ladder graph
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3. Main Results

Theorem 3.1 £,,, m > 2 is analytic mean graph.

Proof: Let v, v; (1 <t < 2m) be the vertices and e, e} (1 <t < 3m — 2) be the edges of L,,.
The 4m vertices of L, are labeled as follows. Fix v} < 4m — 1.
When 1 <k <m:

Vop—1 ¢+ 2k — 2, wop < 2k+2m —2, vh + 2k—1.

When 1 < k<m-—1:
’Ul2k+1<_2k+2m_]"

By the induced function f* defined in (2.1), the 6m — 4 edges are labeled as below:
- When 1 < k < m, the m edges
es3r—2(= v2k—1U/2k)

receive labels 2k — 1.
- When 1 <k <m-—1, the m —1 edges

e3k—1(= ok 105y 1)

receive labels 2m? — 2m — 1 + (4m + 2)k,
the m — 1 edges

esr(= U2W§k+2)
receive labels 2m? — 4m + 2 + (4m — 6)k,
the m — 1 edges
€35, (= Vart2V3;)
receive labels 2m? + (4m + 2)k,
the m — 1 edges
eék+1(: v2k+21’/2k+1)

receive labels 2m + 2k.
- When 1 <k <m — 2, the m — 2 edges

€35 19(= Vart 3094 1)

receive labels 2m? — 2m — 1 + (4m — 6)k.
Finally, the two edges e}, e, receive labels 6m? — 4m + 1 and 8m? — 4m — 1.
Thus, all edges are distinctly labeled.
Hence L,,, m > 2 is analytic mean graph.

An example is given in Figure.1

Theorem 3.2 theorem SL,,, m > 2 is analytic mean graph.

Proof: Let v, v; (1 <t <2m+ 2) be the vertices and e, e; (1 <t < 3m) be the edges of SL,,.
The 4m + 4 vertices of SL,,, are labeled as below:
Fix v] < 2m+1, vh <« 4dm+3.
When 1 <k<m+1:
Vo1 < 2k — 2,  vgp < 2m + 2k.

When 1 <k <m:
Vg <= 2m+2k+1, w2k —1.

By the induced function defined in (2.1), all 6m edges are labeled as below:
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-For1 <k <m:

esk—2 (= Vap—1V9;,41) Teceives label 2k — 1,
e3k—1 (= Va_1Vhy4o) receives label 2m? + 2m — 1 + (4m + 6)k,

esk (= Varvhy o) Teceives label 2m + 2k 4 1,
For1<k<m-1:

€341 (= Vg3V 1) Teceives label 2 + 6k,
€hyo (= Vagravhy, 1) receives label 2m? + 8m + 8 + (4m + 10)k,

€453 (= Vakavhy o) Teceives label 6m + 6k + 8.
- The remaining 3 edges €], e}, e are labeled respectively with
2m? +2m—1, 6m+8, 6m?+4m — 3.

Thus, all edges are labeled distinctly.
Hence SL,,, m > 2 is analytic mean graph.

Example 3.1 We illustrate the analytic mean labeling of L4 and SL4 in the following figure.

0wy 0vy vy 18
16 vy 38 vy vé 20
dvg 4 g vy2
20 vy 22 vy v‘i 24
8vsg 8 vg v 6
24 vy 26 vg vg 28
12 vy 12 v; 171, 10
28 vg 30 vg vg 32

Duplicate graph of ladder — £y
16 vg v.’, 14
34 g vig 36
Duplicate graph of slant ladder — Sy

Figure 1: AML in £4 and S£4
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Theorem 3.3 ZZL,,, m > 2 is analytic mean graph.

Proof: Let vy, v, (1 <t < 2m) be the vertices and eq, e} (1 <t < 4m — 3) be the edges of ZZL,,
The 4m vertices of ZZL,, are labeled as follows:
Fix v} + 4m — 1.
When 1 <k <m:
Vokp_1 2k — 2, w9 + 2m + 2k — 2, Uék «— 2k — 1.
When 1 <k<m-1:
Vg ¢ 2m+ 2k — 1.

By the induced function defined in (2.1), the 8m — 6 edges are labeled as below:
-For1<k<m:
eqrx_3(= var_1v5;) receives label 2k — 1.

~For1<k<m-—1:
€ak—1(= VoVl ) receives label 2m + 2k — 1,
eak—2(= Vak_1vh;, 1) receives label 2m* — 2m — 1 + (4m + 2)k,

eak (= VarVhy o) Teceives label 2m? — 4m + 2 + (4m — 6)k,

)
)
)
€lq1 (= Vart2Vhyy 1) Teceives label 2m + 2k,
ep_1(= vag11v;,) Teceives label 2k,
)

el (= vop 4 2vh; ) Teceives label 2m? 4 (4m 4 2)k.
~For1<k<m-—2:

lpt2(= Var+3vhy, 1) Teceives label 2m* — 2m — 1+ (4m — 6)k.

Hence, the two edges e}, e receive the labels 6m? — 4m + 1 and 8m? — 4m — 1, respectively. So all

edges are labeled distinctly. Hence, ZZL,,, m > 2, is an analytic mean graph.
An example is given in Figure ?77.

Theorem 3.4 TL,,, m > 2, is an analytic mean graph.

Proof: Let v, v; (1 <¢ < 2m) be the vertices and e, e} (1 <t < 4m — 3) be the edges of TL,,
The 4m vertices of T L,,, are labeled as follows:
Fix v + 4m — 1.
When 1 <k <m:

Vogp_1  2m + 2k — 2,  wop < 2k — 2, v/2k71 «— 2k — 1.
When 1 <k<m-1:
Vhppo ¢ 2m + 2k — 1.

By the induced function f* defined in (2.1), the 8m — 6 edges are labeled as below:
-For 1 <k<m:
ehp_s(= vapvhy_) receives label 2k — 1.

~For1<k<m-—1:
€akt1(= Vak4 105y o) Teceives label 4m + 4k,

ear—2(= ng_lvék_H receives label 2m? — 2m + 2 + (4m — )k,

)
)
esr—1(= Uzkﬂvékﬁ) receives label 2m + 2k — 1,
ear (= vopvhy, o) receives label 2m? — 2m — 1 + (4m + 2)k,
€hp_o(= Vary1hy_ ) Teceives label 4m? — 1 4 (8m + 4)k,
)

€1 (= Vara2vh,_1) Teceives label 2k.
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When 1 <k <m — 2, the m — 2 edges

ppra(= V2ktaVyyy o)

receive labels
2m? — 2m — 1+ (4m — 6)k.

The two edges e; and € receive labels
6m? —4m+1 and 8m? —4m — 1,

respectively.
Thus, all edges are labeled distinctly. Hence, TL,,, m > 2, is an analytic mean graph.

Example 3.2 We illustrate the analytic mean labeling of T Lo and ZZLs in the following figure.

0vy By
By, Ov,
2vg 10 vy
10w, 2y
4 vg 12v5
12 vy 4 vy
6 v, 14 v,
14 vg B g

Duplicate graph of Zig-Zag ladder — 220, Dugplicate graph of Triangular ladder — T s

Figure 2: AML in 7Ly and ZZL3

Theorem 3.5 (L,,), for m > 2 is analytic even mean graph.

Proof: Let v, v; (1 <t < 2m) be the vertices and e, e} (1 <t < 3m — 2) be the edges of L,,.
The 4m vertices of DG(L,,) are labeled as follows:
Fix v] < 8m — 2.
When 1 < k <m:

Vop_1 < 4k — 4, wvop < dm + 4k —4, vhy <+ 4k — 2.



ANALYTIC MEAN LABELING IN CERTAIN CLASSES OF GRAPHS 7

When 1 <k<m-—1:
Vhppq  4m + 4k — 2.

The induced function f* with f(u) < f(v) defined in (2.2) allots labels to the 6m — 4 edges as follows:
-For1 <k <m:
e3k—2(= vag_1v4;,) receives label 4k — 2.

-For1<k<m-1:

receives label 8m? — 8m — 2,
receives label 8m? — 16m + 4 + (16m — 28)k,
receives label 8m? 4 (16m + 4)k,

receives label 4m + 4k.

/
e3k—1(= Vak—1V5p 41

/
esk(= V2kV2g4-2

! /
€35, (= Vak+2v5;

~—_— — — ~—

/ _ /
63k+1(_ V2k+2V2k+1

-For1<k<m-—2:
€hio(= Vort3vhy 1) Teceives label 8m? — 8m — 10 + (16m — 28)k.

The two edges

€i(=vavh),  eh(=vsvy)

receive labels

24m? —20m +2, 32m? — 16m — 10,

respectively.

Thus, all edge labels are distinct. Hence, L,,, for m > 2, is an analytic even mean graph.
An example is given in Figure.3 O

Theorem 3.6 (SL,,), m > 3 is analytic even mean graph.

Proof: Let v, v; (1 <t < 2m + 2) be the vertices and e, e; (1 <t < 3m) be the edges of SL,,.

The 4m + 4 vertices of SL,,, are labeled as follows:

vy ¢ 4dm+2, vy < 8m+6.

For 1 <k <m:
Vopyo < Am + 4k +2, vy < 4k —2.

For1<k<m+1:
Vo1 4k — 4, Uék — 4m + 4k.

By the induced function f* defined in (2.2), the 6m edges are labeled as follows:
-For1 <k <m:
esk—2(= Vak—10hy 1) receives label 4k — 2,
e3k—1(= Vak—_10hy o) Teceives label 8m? + 32m + 32 + (16m + 28)k,
€5 (= vagy2vhy, ) Teceives label 4m + 4k + 2.

~For1<k<m-—1:

€3k+3(= Vakp2vhy4) receives label 20m + 20k + 28,
€341 (= Vak43vhy ) receives label 20k + 8,
€l to(= Vakyavhy ) receives label 8m? 4 24m + 18 + (16m + 28)k.

The three edges
ei(=vsvy), eh(=vavy), es(=wvav))
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receive labels
8m? +8m —10, 12m+14, 24m? + 12m — 22,

respectively.
Thus, all edges are labeled distinctly. Hence, SL,,,, m > 2, is an analytic even mean graph.

Example 3.3 We illustrate the analytic mean labeling of L4 and SLy4 in the following figure.

Ovy 0w, vy 18
16 vy 38 vy vy 20
4y 4wy vy 2
20 v, 22w, vy 24
Bug Bug Ve 6
24 vy 26 vg vg 28
12 v, 12 vy vy 10
28 vy 30 vy vy 32

Duplicate graph of ladder — L3
- \\‘\ v
16 vg i, . Vg 14
~2N
34 U4y Y 1yq 36
Duplicate graph of slant ladder — 5.04

Figure 3: AEML in £4 and SL4

Theorem 3.7 (ZZL,,), m > 3 is analytic even mean graph.

Proof: Let v, v; (1 <t < 2m) be the vertices and e, e} (1 <t < 4m — 3) be the edges of ZZL,,.
The 4m vertices of ZZL,,, are labeled as follows:

V] 8m — 2.

For 1 <k <m:
Vogp_1 — 4k — 4, w9 + dm + 4k — 4, Ulzk — 4k — 2.

For1 <k<m-1:

U/Zk—‘rl <*4m+4k72.

The function defined in (2.2) induces the edge labels as follows:
-For1<k<m:
eqk—_3(= vop_10h;) Teceives label 4k — 2.
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~For1<k<m-—1:

receives label 4m + 4k — 2,
receives label 8m? — 8m — 2 + (16m + 4)k,
receives label 8m? — 16m + 4 + (16m — 28)k,

receives label 4m + 4k,

/
€4k—1(: V2k—1Vg
/
64k72(: V2k -1V 41
/
ear(= V2K V2K 2

/ /
€apr1 (= Vak+200p 41
receives label 4k,

receives label 8m? 4 (16m + 4)k.

/ _ /
a1 (= V2kVag+1

— — ~— ~— ~— ~—

€l (= V2r4203;
~For1<k<m-—2:
€2 (= Vors3vhy,, 1) receives label 8m* — 8m — 10 + (16m — 28)k.

The two edges
e} and e}

receive labels
24m? —20m +2 and 32m? — 16m — 10,

respectively.
Thus, all 8m — 6 edges are labeled distinctly. Hence, ZZL,,, m > 3, is an analytic even mean graph.
An example is given in Figure.4 a

Theorem 3.8 TL,,, m > 2 is analytic even mean graph.

Proof: Let vy, v, (1 <t < 2m) be the vertices and eq, e} (1 <t < 4dm — 3) be the edges of TL,,.
The 4m vertices of T L,,, are labeled as follows:

vh < 8m — 2.
For1 <k <m:
Vop_1 < 4m + 4k — 4, wvop < 4k —4, vh | <+ 4k —2.

For1<k<m-—1:
Vhppo ¢ 4m + 4k — 2.

By the induced function f* defined in (2.2), the 8m — 6 edges are labeled as follows:
~For1 <k <m:
ep_3(= varvhy_) receives label 4k — 2.

-For1<k<m-1:

€ak+1(= Vok41Vhy o) receives label 4m + 4k,

eap—2(= var_1vh; ) receives label 8m? — 16m + 4 + (16m — 28)k,

eak (= VarVhy o) Teceives label 8m? — 8m — 2 + (16m + 4)k,

)

)
eak—1(= Vak—1Vhy ) Teceives label 4m + 4k — 2,

)
€—o(= Vo 1vhy_ ;) receives label 8m? + (16m + 4)k,
)

6211%1(: U2k+2U'2k,1 receives label 4k.
~For1<k<m-—2:
€hpa(= Vo ravhy o) receives label 8m? — 8m — 10 + (16m — 28)k.

The two edges
e; and e}
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receive labels
24m? —20m +2 and 32m? — 16m — 10,

respectively.
Thus all edges are labeled distinctly. Hence, TL,,, m > 2, is an analytic even mean graph. O

Example 3.4 We illustrate the analytic even mean labeling of TLy and ZZLy in the following figure.

0wy " vy 30 16 vy
16 vqy 0w,
41, 20 vg
20 vy 4y
By 24 vg
24 vy Bug
12 v, 28/ vy
281, e vh14 12 vg

Duplicate graph of Zig-Zag ladder — ZZ1 4 Dugplicate graph of Triangular ladder — T s

Figure 4: AEML in TL4 and ZZL4

4. Conclusion

We have proved that the graphs L,,, SL,,, ZZL,, and T L,, are analytic mean graphs and analytic
even mean graphs.
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