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Extended Vertex Odd Mean Labeling in Certain Graphs

K. Komalamba™ and P. Vijayakumar

ABSTRACT: Mean labeling was introduced and studied for certain classes of graphs by Somasundaram and
Ponraj [8]. It is defined as an injective function

f:Vv-={0,1,...,q},
and the induced edge-labeling function f* assigns to each edge uv € E a label from {1,2,...,q} by

M, if f(u)+ f(v) is even,
PO =3 s Y rw 41
2

, if f(u) + f(v) is odd.

The concept of odd mean labeling was introduced by K. Manickam and M. Marudai [3]. In this variant, vertex
labels are taken from {0,1,...,2¢ — 1} and edge labels are the odd integers {1, 3,...,2¢—1}. N. Revathi later
introduced vertex odd mean and verter even mean labelings and proved that the umbrella graph, Mongolian
tent, and K; + C, admit these labelings [5].

Motivated by these studies, in this paper we prove the existence of extended verter odd mean labeling for
the duplicate graphs of the path, comb, twig, star, and bistar graphs.

Key Words: Graph labeling, duplicate graph, path, comb, twig, ladder, star, bistar, Extended vertex
odd mean labeling .
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1. Introduction

In 1967 Rosa introduced graph labeling [4]. A graph labeling is a mapping that assigns integers to
the elements of a graph: if the map assigns integers to vertices (respectively, edges) it is called a vertex
labeling (respectively, an edge labeling), and if it assigns integers to both vertices and edges it is called
a total labeling. Sampath Kumar E. introduced duplicate graphs in 1973 and proved several of their
properties [6]. For a graph G = (V, E) of order p and size g, the duplicate graph is denoted by G’. The
duplicate graph G’ contains 2p vertices: for each & € V let 2’ denote its duplicate, and for each edge
xy € E the graph G’ contains the edges xy’ and yz’. Vijayakumar et al. proved that the extended
duplicate graphs of the path, comb, and twig graphs admit Skolem difference mean labeling [13]. In 2015
N. Revathi introduced vertex odd mean and vertex even mean labelings and proved that the umbrella
graph, Mongolian tent, and K; + C,, admit these labelings [5]. The notions of vertex odd mean labeling
(VOML) and vertex even mean labeling do not hold for graphs with p = ¢ + 1. Therefore, in this paper
we introduce the concept of extended vertex odd mean labeling (EVOML) and prove the existence of
EVOML for paths, combs, twigs, stars, and bistars, as well as for their duplicate graphs.
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2. Preliminaries

2.1. Notations

We use the following abbreviations through out this article.
G(V,E) -7 A simple graph with p vertices and q edges”
EVOML - 7Extended vertex odd mean labeling”

P - "Extended duplicate graph of path graph”

CB,, - "Extended duplicate graph of comb graph”

Tm - ”Extended duplicate graph of twig graph”

S - "Extended duplicate graph of star graph”

BS,m - "Extended duplicate graph of bistar graph”

Definition 2.1 An injection f : V — {t : 0 <t < q} is called mean labeling of G(V, E), if the induced
function f*(uv) = w provides distinct labels from the set {t : 1 <t < q} to every edge of G, also
f* is injective. A mean graph is a graph admitting mean labeling.

Definition 2.2 An injection f :— {t : 0 <t < 2q — 1} is called an odd mean labeling of G(V, E) if the
induced function f*(uv) defined by

(2.1)

f*( ) w whenever f(u) + f(v) 18 even
uv) =
W whenever f(u) + f(l)) 1s odd

is a bijection and allots distinct edge labels. A odd mean graph is a graph admitting odd mean labeling

[8].

Definition 2.3 A vertex odd mean labeling of a graph G(V, E) is an injecton f : V — {t : 1 <t <2¢—1}
such that every edge uv is distinctly labeled with the average of f(u) and f(v). A vertex odd mean graph
is a graph admitting vertex odd mean labeling [5].

Definition 2.4 An EVOML of G(V, E) is an injection f:V — {2t —1:1 <t < g+ 1} so that the edge
labels are assigned by f* defined by

f(uy = L0 50 )

are distinct.
We refer [13], [12] and [11] for the construction of extended duplicate graphs.

3. Main Results
Theorem 3.1 P,,, m > 3 admits EVOML.

Proof: Suppose vy, v; for 1 <t < m be vertices and e; (1 <t <m), e} (1 <t <m—1) be edges of Pp,.

Case (i): For odd m
2m vertices of P, are labeled as follows:
When 1 <k < mT“,
Vog_1 +— 4k — 3, ’Uékfl <—2q-4/€+5.
When 1 <k < 251
vo < 2q — 4k + 3, vh, «+ 4k — 1.

The edges of P, are labeled using (2.2).
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q

qg—1

-1 -1
The m2 edges eg;—1 (1 <t < mn ) receive labels 4¢ — 2 <1 <t< 4) ,
m—1 m—1 .
the edges e (1 <t < ) are labeled with 2q — (4t — 2) (
m—1 , m—1 .
the edges ey, ; (1<t < ) are labeled with 2¢q — (4t — 4) (
-1 -1
the edges ey, (1 <t < m

and the edge e,, is labeled ¢ 4+ 1. So all edge labels are distinct.
Case (ii): For even m
2m vertices of P, are labeled as follows:
For 1 <k <7,
vop—1 <+ 4k — 3, wop «2q¢—4k+3, vh_4 < 2q¢—4k+5,

The edges of P, are labeled using equation (2.2).

The % edges eg;—1 (1<t <

NE

) receive labels 4t — 2 (1 <t<

-1 -2
m2 edges eg; (1§t§m

the ) receive labels 2q — (4t — 2)

the % edges eh, | (1<t < %

m—2

2

m—
the

2
edges ey, (1<t < ) receive labels 4t (1 <t<

and the edge e,, is labeled with ¢ + 1. So all edge labels are distinct.
Hence, P,,,, m > 3 admits EVOML.

) are labeled with 2¢ — (2t — 2) (1 <

q+3>

-1
) are labeled with 4¢ <1 <t< 4) .

q+1

e

=~

1wy - 10 — vy 19

Figure 1: EVOML in P5 and Pg

Theorem 3.2 CB,, ,,, m > 2 admits EVOML.

vy 23

v3 3

e 1319
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Proof: Suppose v; (1 <t < 2m), v; (1 <t <2m) be vertices and e; (1 <t <2m), e; (1<t <2m—1)
be edges of CBy, m.-

Case (i): For odd m
4m vertices of CB,, , are labeled as below:

v 1, Vo q+2, vi+2¢+1, v, +q,

For 1 <k <27t
Vgk—2 < 2q — 8k + T vgp—1 < 29 — 8k + 5, vy, < 8k — 1 vygp41 < 8k + 1
Vjp_g 8k —5, vy« 8k—3, v < 2¢—8k+3, vy« 2¢—8k+1.
Making use of the function f* defined in (2.2), the m — 1 edges

{esr—z,eq—2:1 <t < 2m=23

receive labels
{8t—6,8t—5:1<t< L2}

the m — 1 edges

—

{ear—1,e4 01 <t < =}

receive labels
{2¢— (8t —4),2¢— (8t —3):1 <t <

=)
ool |

w
-

the m — 1 edges
{eh_srehp o 1<t < #}

receive labels
{2¢— (8t —8),2¢— (8t —6):1 <t <

N
ool |

w
-

respectively, the m — 1 edges
{eh_1.eh 1<t < #}

receive labels
(8t —2,8t—1:1<t< L3,

and the label ¢ — 1 is assigned to e}, 4, the label ¢ 4+ 1 to ea,,, and the label ¢ 4+ 3 to egy,—1. Thus, all
the edge labels of CB,, ,, are distinct.
Case (ii): For even m
4m vertices of CB,, , are labeled as below.
Fix vy < 1, vor, < ¢,
v] +—2¢+1, vh, < q+2,

Forlgkg%:
Vak—2 < 2 — 8k + 7, wap_1 < 2q — 8k + 5;

UZLk—Q < 8k — 5, Ué/lk_l < Sk — 3

3
b

For 1 <k <

s ‘

Vg < 8k — 1, wvgp41 < 8k + 1;
Vjp ¢ 2¢ — 8k +3, Uy, 29— 8k+1.
Making use of the function f* defined in (2.2),

the m edges
{e4t—3764t—2 1<t < 2T7n}

receive labels

{8t —6,8t—5:1<t< Lt}
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respectively.
The m — 2 edges

{ear—1,eq0: 1 <t < 2243

receive labels
{29 — (8t —4),2¢ — (8t —3) : 1 <t < 9T},

respectively.
The edges

/ / . 2
{e4t—3764t—2 1<t < Tm}

receive labels
{2¢ — (8t —8),2¢ — (8t —9) : 1 <t < T2},

and the m — 2 edges
{ehr,eh 11 <t < #}

receive labels

{8t—2,8t—1:1<t< 22}

respectively.

Finally, the labels ¢ — 1, ¢+ 1, and g+ 3 are assigned to the edges €5, 1, €2, and egy,_1, respectively.

Thus, all the edge labels are distinct.
We notice that in both cases 4m — 1 edges are labeled with distinct integers.
Hence, CBy, m, m > 2 admits EVOML.

11, 1wy S 2 —e v; 39
29, 37 vy T 13
27 vy vs 5 3515 /:o v 5
e —
7y vi 25 v, TTe 133
9 g vl 23 9 vy e v 3
21v, vg 11 19 v e pl11
19v; vh 13 27 v, e 513
151y vy 17 15 vy e vy 25
17 vg s vp23
2y, e T v1g19

Figure 2: EVOML in CBy 4 and CBs 5

Theorem 3.3 7,,, m > 2 admits EVOML.
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Proof: Suppose v; (1 <t < 3m+2), v; (1 <t < 3m+ 2) are vertices and e; (1 <t < 3m + 2), €}
(1 <t<3m+1) are edges of Ty,.

Case (i): For odd m
We label 6m + 4 vertices of 7, as follows:
Fix

Vi q+2, w1, v 3, vh+2q+1.

—

For 1 < k < mtl.

Vgk—3 < 2q — 12k + 11, Vgp_g & 12k =7,

Vgk_o  2q — 12k + 9, Voo < 12k — 5,

Veh—1 < 2q — 12k + 7; Vgj_q — 12k — 3.
For1 <k < m2_1:

v +— 12k — 1, Vg < 29 — 12k + 5,

Vept1 < 12k + 1, Vgpp1 < 2q — 12k + 3,

Vegr2 < 12k + 3; Vi < 2¢ — 12k + 1.

The edges are labeled by the function f* defined in (2.2) as below.
The % edges {ept—4, €6t—3,€6t—2 : 1 <t < mTH} receive labels 4, 5, 6, 16, 17, 18,..., ¢—5, ¢ —4, ¢ — 3,
The 273 edges

/ / / .
{€6t—1s €603 €61—2: 1 <t <

}

m—+1
2
are labeled with
2q, 2q—1, 2q—2, 2q—12, 2¢ — 13, 2¢—14,...,q+9, ¢+8, ¢+ 7,

the % edges

m—1

}

{esi—1, €6t 6041 :1 <t <

receive labels
2q—6,2¢q—7,2¢—8, 2¢—18, 29— 19, 2¢—20,...,q—5, ¢q—4, ¢ — 3,

respectively.
The % edges
m —

o

/ / / .
{€6t71766tve6t+1 1<t <

receive labels
10, 11, 12, 22, 23, 24,...,q+9, ¢+ 8, ¢+ 7,

and for the three edges €}, e3my2, and ey, the labels are

3 1
2, q+2, %’
respectively.

Case (ii): For even m
We label the 6m + 4 vertices of 7, as follows:
Fix

v 3, vy 1, v q+2, vh<2¢+1.
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For 1 <k < 7

Vep—3 < 2q — 12k + 11, vep < 12k — 1, Ugp_s < 12k =7,
Vgk—2  2q — 12k + 9, Vek+1 < 12k + 1, Uék—? — 12k — 5,
Veh—1 — 2¢ — 12k + 7; Vekr2 < 12k + 3; Vg — 12k — 3.

Vg < 29 — 12k 45,  wvgpy < 2¢ — 12k + 3, Vg0 < 2¢ — 12k + 1.

The edges are labeled by the function f* defined in (2.2) as follows:
The 377" edges

m
{e6t—4,€6t—3,€60—2 : 1 <t < 5}
receive labels
4,5,6, 16,17,18, ..., ¢—11,¢q—10,q—09,
3m
the =3* edges

/ I ! .
{€6t—as€60—3:€61—2: 1 <t <

}

m
2
are labeled with

2q,2q —1,2¢g —2, 2q—12,2q—13,2¢q—14, ..., q—+ 15,9+ 14,9+ 13,

3
the =5 edges
m
{et—1,€60, 6041 : 1 <t < 5}

receive labels

2(q_3)72q_772(q_4)7 2(q_9)72q_1972(q_10)7 ERE) C]+9aCI+87Q+77

3
the =5 edges
m
{elﬁt—lae%tae%t—t-l 1<t < 5}
receive labels
10,11,12, 22,2324, .y q—5,g—4,q—3,
and the three edges
€1, €1, €3m+2

are assigned the labels

1 2
2 ) q+ ) q+ )

respectively.
So all edges are distinctly labeled. Hence 7,,, m > 2 admits EVOML.
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vy 17 231y

291, 41v,

27 v, 391,
25 v 37vs
11 v, 11w,
13 v, 13v;
15 vg

15 v,

291y

250,

Figure 3: EVOML in 73 and Ts3

Theorem 3.4 S,,, m > 3 admits EVOML.

Proof: Let v; (1 <t <m)andv; (1 <t <m)bethe vertices,and e; (1 <t <m)ande;, (1 <t<m—1)
be the edges of S,,.

The 2m vertices of S,,, are labeled as follows:
Fix
v 1, v q+2.

Forl1<k<m-1,

V1 <~ q+2(k+1), vpy < 2k+1

The edges are labeled by the function f* defined in (2.2) as below.
The m edges {e; : 1 <t < m} are labeled with

a+1q+3

2,3,...
& b 2 2

and the m — 1 edges {e} : 1 <t <m — 1} are labeled with

qg+4,q+5,9+6,...,2¢+ 1.

Thus, all edge labels are distinct. Hence, S,,, for m > 4, is an extended vertex odd mean graph.
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1y 1v, v] 13
137, 150, v33
15, 17 vy e vgS
17 v, 19v, vy 7
197, 21, v5 9
231, Yo wl11

Figure 4: EVOML in S5 and Sg

Theorem 3.5 BS,, ,, for m > 2 admits EVOML.

Proof: Let v; (1 <t < 2m + 2) and v; (1 <t < 2m+ 2) be the vertices, and e; (1 <t < 2m+ 2) and
e; (1 <t <2m+1) be the edges of BS, m.

The 4m + 4 vertices of BS,, ,,, are labeled as below:

Fix

vy 1, vy < 4dm+5(=q+2).
For1<k<m+1,
Vel < q+2k+2, v 26+ 1
For 1 <k <m,
(continue your labeling here...)

3¢+9

+1 ,
Uthrz ‘JT %41, Ve e +2(k—1).

The edges are labeled by the function f* defined in (2.2) as below.
The m + 1 edges {e; : 1 <t < m + 1} are labeled with

2.3,....m+2
the m edges {e,m+t :2 <t <m+ 1} are assigned the labels
2m+4, 2m+5, ..., dm — 1,
the m + 1 edges {e; : 1 <t < m + 1} receive the labels

dm+6, dm+7, 4m+8, ..., bm + 6,
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the m edges {em++ : 2 <t < m} are labeled with
6m+8, 6m+9, 6m+10, ..., Tm+7,

and the edge eg,, 41 is labeled with
2m + 3.

Thus all edges are distinctly labeled. Hence BS,, ,, for m > 2 admits admits EVOML.

1v, vy 17 1uy vy 21
19v, vy 3 23v, v3 3
211, vy 5 251, vy 5
231, v, 7 27, w7
25 vy ve 9 29 vg VL9
11vg vg 27 31vg v 11
13v, v§ 29 13 v, v} 33
15 v vg 31 15 vg v4 35

17 v, vh 37
19 v, V10 39

Figure 5: EVOML in 68373 and 68474

4. Conclusion

We have proved that the graphs Pr,, CBm m, Tm, Sm, and BS,, » admit EVOML.
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