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Sum Divisor Cordial Labeling in Certain Graphs
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ABSTRACT: We prove that extended duplicate graphs of path, comb, twig, star and bistar graphs admit sum
divisor cordial labeling.
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1. Introduction

In 1967, Rosa introduced graph labeling [4]. A graph labeling is a mapping; when the map assigns
integers to vertices or edges, it is called a vertex (resp. edge) labeling, and when it assigns to both, it
is called a total labeling. Sampath Kumar E. in 1973 introduced duplicate graphs and proved certain
characteristics of the same. The duplicate graph of G = (V, E) with order p and size ¢ is denoted by G’.
The graph G’ contains 2p vertices, and for each edge zy in G, G’ will have two edges zy’ and yz' [5]. A.
Lourdusamy and F. Patrick in 2016 introduced the idea of sum divisor cordial labeling and verified its
existence in some standard graphs [3]. Motivated by this study, we prove here that extended duplicate
graphs of path, comb, twig, star, and bistar graphs are sum divisor cordial graphs.

2. Preliminaries
We present here the notations and definitions used in this article.

2.1. Notations

G(V,E) - 7 A simple graph with p vertices and ¢ edges”
SDCL - ”Sum divisor cordial labeling”

Pum - "Extended duplicate graph of path graph”

CB,, - "Extended duplicate graph of comb graph”

T - "Extended duplicate graph of twig graph”

S - "Extended duplicate graph of star graph”

BS.,m - "Extended duplicate graph of bistar graph”

Definition 2.1 A function f:V — {0,1} is a cordial labeling of G(V, E), if each edge xy has the label
|f(x) — f(y)| such that |vs(1) —vp(0)| <1 and |ef(1) —ep(0)| < 1. A graph admitting cordial labeling is
called cordial graph [8].
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Definition 2.2 A function f : V — {0,1} is a sum cordial labeling of G(V, E), if each edge xy gets the
label induced by the function f* defined by f*(uv) = [f(u) + f(v)|(mod2) so that |vs(0) —vs(1)] <1 and
lef(0) —ef(1)] < 1. A graph G admitting sum cordial is said to be sum cordial graph [7].

Definition 2.3 A sum divisor cordial labeling(SDCL) of a simple graph G(V, E) is a bijection f : V —
{1,2,...,p} such that an edge xy is assigned the label 1 if if 2dividesf(u) + f(v) and 0 otherwise. The
function f is called a SDCL if lef(0) —er(1)] < 1. A graph admitting sum divisor cordial labeling is called
a sum dwisor cordial graph [3].

We refer [10] for the construction of extended duplicate graph of bistar, [12] for the construction of ex-
tended duplicate graph of star and [13] for the construction of extended duplicate graphs of path, comb
and twig respectively.

3. Main Results
Theorem 3.1 The graph P,,, m > 3 admits SDCL.

Proof: Let v, v; for 1 <t < m be the vertices and e; for 1 <t < m, e; for 1 <t <m — 1 be the edges
of P,,.

Case (i): For m =0 (mod 4).
For1 <k< %, the 2m vertices of P,,, are labeled as follows:

Vap—g — 4k — 3, vgp_o ¢ m+4k —3, wvg_1 < 4k, vy~ m—+4k—1,
Vy_g < m~+4k =3, v o4k =2, v, < m+4k, v <4k — 1.

The induced function f* defined by

ff(uv) =14f 2 divides f(u) + f(v)

. (3.1)
=0, otherwise

It assigns label 0 to m — 1 edges: eg;—1 for 1 <t < %, ehy_q for 1 <t < %; and label 1 to m edges: es;
for 1 <t <3, e for 1 <t <%, and ep,.

Case (ii): For m =1 (mod 4).
The 2m vertices of P, are labeled as follows.

For1 <k< mT'H:
Va3 < 4k — 3, ’U:lk_3 —m+ 4k — 3.

For 1<k < mTflz
Ugp—o & m+4k — 1, wvgp_1 < 4k, w4 < m + 4k.
Vo 4k —2, vy | m+4k—2, v, <+ 4k—1.

The function f* defined in (3.1) assigns label 0 to m edges e; for 1 < ¢ < m and label 1 to m — 1
edges e} for 1 <t <m—1.

Case (iii): For m =2 (mod 4).
The 2m vertices of P, are labeled as follows.

3 /
Fix v, < m, v, < 2m —1.
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Forlgkg%:
Vgp—g < 4k —3, vy _q —m+4k—2.

For 1 < k < m=2,
Va1 < 4k, vgp_o < m+4k, w4 +— m+ 4k —1;
Vipoy & m+4k =3, v, 4k -1, v, _, < 4k —2.

The function f* defined in (3.1) assigns label 0 to m — 1 edges e; for 1 < ¢ < m — 2, together with
em, and label 1 to m edges e} for 1 <t < m — 1, together with e,,_.

Case (iv): For m 2 (3 mod 4).
2m vertices of P,,, are labeled below
For 1 <k < %
Vag—3 < 4k — 3, vap_o < m + 4k — 2, vgp_1 < 4k,
Vg —m—+4k, vy o4k —2, vy, —m+4k—1.

Forlgkg%_?’:
g —m+4k+1, v 4k — 1.

The function f* defined in (3.1) assigns label 0 to m — 1 edges e; for 1 <t <m — 1, and label 1 to m
edges e} for 0 <t < m — 1, together with e,,.

Hence, the graph P,,, m > 3, admits SDCL.

Example 3.1 Example
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lo, « i s ;6 v 7
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Figure 1: SDCL in Ps; and Pg

Theorem 3.2 The graph CB,,, m > 3 admits SDCL.

Proof: Let v, v; for 1 <t < 2m be the set of vertices, and e; for 1 <¢ < 2m, e} for 1 <t <2m —1 be
the set of edges of CB,,.

Case (i): For odd m.
The 4m vertices of CB,,, are labeled as follows.

Fix v1 + 1, wvoy < 4m, o] < 2m+4k, v}, + 2m.
When 1 <k < 251
Vg < 4k, Va1 < 4k 4+ 1, vgp—0 < 2m + 4k — 2 v4p—1 < 2m + 4k — 1;
Vi < 2m A4k, vy < 2m 4k 1, vy o 4k -2, vy 4k -1

By the induced function f* defined in (3.1), the 2m — 1 edges eq; for 1 < ¢ < m — 1 and €}, for
1 <t <m—1 are labeled 1, and the 2m edges es;_1 for 1 <t < m and eb, ; for 1 <¢ < m are labeled 0.

Case (ii): For even m.
Fix v1 ¢ 1, wvop < 2m, vf«<2m+1, v}, <+ 4dm.

For 1<k < mT*Z:
vak < 4k, Vak4+1 < 4k + 1, wvgp_o < 2m+4k —2, w41 < 2m+4k —1;
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Vip < 2m 4k, vy, —2m Ak 41, vy g 4k -2, vy 4k -1

The function f* defined in (3.1) assigns label 1 to the 2m edges eq; for 1 <t <m — 1, egy,_1, €), for
1<t<m-—1,and €}, ;, and label 0 to the 2m — 1 edges eg;—1 for 1 <t <m and e}, _; for 1 <t < m.
respectively.
Hence, the graph CB,,, m > 2 admits SDCL.

Example 3.2 Example

1w v 9 1wy
10 v, v 2 12 vy
11 vy ¥; 3 13 oy
an, vy 12 auy
5w v 13 5
14 vy V.6 16 vy
15 1y vy 7 17 vy
18 vy vy 16 Brg
ow,
20 vy

Figure 2: SDCL in CBy and CBs

Theorem 3.3 The graph T,,, m > 2 admits SDCL.

Proof: Let v, v] for 1 <t < 3m + 2 be the vertices, and e; for 1 <t < 3m+2, e} for 1 <t <3m+1 be
the edges of T,.

Case (i): For m =0 (mod 4).
The 6m + 4 vertices of T, are labeled as follows.

Fix v; ¢« 6m+4, v« 1, vj«<6m+2, vy 3m-+3.

For 1 <k < 7
Vigk_g < 3m + 12k — 7, Vigk_g ¢ 3m + 12k — 5, Vigk_7 < 3m + 12k — 3,
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V12k—6 < 12k — 10, V12k—5 < 12k — 8, V12k—4 < 12k — 6,
Viok_3 < 3m + 12k — 4, viop_o  3m + 12k — 2, w91 < 3m + 12k.
viok ¢ 12k — 3, V12k4+1 12k — 1, V1242 < 12k + 1.
Vigp_g < 12k —9, Vg g« 12k =7, vlg,_, 12k —5;
Vigp_g < 3m + 12k — 10, vy, 5 ¢ 3m+12k—8, v\, _, « 3m+ 12k —6;
Vlgp_g < 3m+ 12k —4, vy _o < 3m+12k -2, vy, 4 < 3m+ 12k;
Vigp < 3m+ 12k — 1, wig . < 3m+12k+1, vy, o < 3m+ 12k + 3.

—_

) allots label 1 to the 2m — 1 edges ess—4, €st—3, et—2 for 1 <t < 3,
, and es;,12; and label 0 to the 3m + 2 edges egi—1, €6, €6t4+1 for
t<

)

The function f* defined in (3.
€6i—_as €Gr—3, Ear_o for 1 <t <
1 S t S %7 e/6t—17 €%t7 e%t-‘rl fOI' 1

IAWIZ

Case (ii): For m =1 (mod 4).
The 6m + 4 vertices of 7T, are labeled as follows.

Fix v < 6m+2, we<« 1, vj«6m+4, v)<+ 3m-+6.

For 1<k < mTH:
V12k—9 < 3m + 12k — 4, V12k—8 < 3m + 12k — 27 V12k—7 < 3m + 12k,
Vlgpo & 12k =9, Vg o 12k =T, vl 7 12k — 5.

For1 <k < mT_l:
Viok_g < 12k — 10, vi9k—_5 12k — 8, Viog_4 12k — 6;
Vigk_3 < 3m + 12k — 7, viok_o < 3m + 12k — 5, vi9k_1 < 3m + 12k — 3;
V12k < 12k — 3, V12k+1 < 12k — 1, V1242 < 12k + 1.
Vigp_g < 3m+ 12k — 13, vy, 5 < 3m+ 12k — 11, viy,_,  3m+ 12k —9;
Vlgp_g < 12k —4, Wiy o 12k =2, vy, < 12k;
Vigp <= 3m + 12k +2, wig . < 3m+12k+4, vy o < 3m+ 12k +6.

The function f* defined in (3.1) gives label 1 to the 3m+ 1 edges egt—4, €6t—3, est—2 for 1 <t < %,
6/61‘/747 6/6t73a e/6t72 for 1 S t S 3”23747 and €3m+1;
and label 0 to the 3m + 2 edges eg;—1, €6, €gt41 for 1 <t

!/ / /
and ezm—_1, €315 €3> €1, €]-

3m—4 / ’ ’
S 6 66t—17 e6t7 66t+1 fOI‘ 1 S t g 2m—_

Case (iii): For m = 2 (mod 4)
The 6m + 4 vertices of 7, are labeled as below.
Fix v; ¢ 6m+4, vg + 1, v] + 6m+3, v5+ 3m+5.

For1 <k < mT"'Q:
Viok—g < 3m + 12k — 8, wviop_g < 3m + 12k — 6, vi9x_7 < 3m + 12k — 4;
V12k—6 < 12k — 10, V12k—5 < 12k — 8, V12k—4 < 12k — 6;
Vigp_o ¢ 12k —9, Vg g 12k =7, vlg,_, < 12k —5;
Vigp_g ¢ 3m+12k =9, vy 5 3m+12k—7, vy, < 3m+ 12k —5.

For1 <k < ’"772:

Viog—3 < 3m + 12k — 3, viop_9 + 3m + 12k — 1, vy9k_1 < 3m + 12k + 1;
vigk < 12k — 3, V12k+1 < 12k — 1, V12k+2 < 12k + 1.
Vigp_3 ¢ 12k —4, Vg _o <+ 12k —2, vy, < 12k;
Vigp < 3m 4+ 12k — 2, iy 1 < 3m+ 12k, iy o < 3m + 12k + 2.
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Using the induced function f* defined in (3.1), the 3m + 2 edges eg;—4, €6:—3, €et—2 for 1 <t < %,

/ / ! 3m—1 / : .
€6t—a5 €61—3) Cor—o for 1 <t < == and ey, €] receive label 1;

3m—1
6

3m—1

the 3m + 1 edges egi—1, €et, ept+1 for 1 <t <
receive label 0.

! ! /
) €6t—1s €6ts Cary1 Tor 1 <t < , and eg;mt1

Case (iv): For m = 3 (mod 4)
The 6m + 4 vertices of 7, are labeled as below.
Fix v1 ¢+ 6m+4, vg + 1, v] + 6m+3, v)+ 3m+5.

For1 <k < mT'H:
Vigk_9 ¢ 3m + 12k — 12, wyigp_g < 3m + 12k — 10, wviop_7 <+ 3m + 12k — 8§;
V12k—6 < 12k — 10, V12k—5 12k — 87 V12k—4 < 12k — 6,
V12k—3 < 3m + 12k — 5, V12k—2 < 3m + 12k — 3, V12k—1 < 3m + 12k — 1,
Vlgpo & 12k — 9, Vg o 12k =T, vl < 12k — 5;
Vigh_g < 3m+ 12k =7, vy 5 3m+12k =5, v\, 4 < 3m+ 12k — 3.

Vigpg = 12k —4, Wy o 12k =2, )y 4 « 12k

For 1<k < mT*?’:
Vi12k < 12k — 3, V12k+1 < 12k — ]., V12k+2 < 12k + ].7

Vigp < 3m+ 12k + 1, wig g < 3m+12k+3, Vg o < 3m+ 12k +5.

Using the induced function f* defined in (3.1), the 3m + 2 edges e; for 1 <t < 3m+ 1 and €] receive
label 1, while the 3m 4 1 edges e} for 2 <t < 3m + 1 and eg,, 12 receive label 0.

Hence, the graph 7,,, m > 2 admits SDCL.
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Example 3.3 Example

16wy 221 vy 21
1w 1vs ve 14
10 vg Gy vy 3
12 vy 11wy 135
14 v 13 vs vg 7
2 v 2ug vg 15
qv; 4vy v 17
6vp Bug vg 19
16 g vg B
1B vyg vyp 10
20 vy vy, 12

Figure 3: SDCL in 73 and T3

Theorem 3.4 The graph S,,, m > 4 admits SDCL.

Proof: Let v, v; for 1 <t < m be the vertices and e; for 1 <t < m, e, for 1 <t <m — 1 be the edges
of S,,.

Case (i): For m =0 (mod 4)
For 1 < k < 7, the 2m vertices of S;, are labeled as follows:
V4k—3 < 4k — 3, Vgk—2 < M + 4k — 2, Vk—1 < 4k, Vg < M+ 4k — 1;
Vg —m+4k =3, v 54k —2, vy _, < m+4k, v 4k —1.

The induced function f* defined in (3.1) assigns label 0 to the m — 1 edges ey;—1 (1 <t < ) and
ey (1<t <7), and label 1 to m edges ez (1<t <), en ¢ (1<t <F), and ey

Case (ii): For m =1 (mod 4)
For1 <k < mTH:
Vgp—g < 4k —3, vy — m+ 4k —3.
For1<k< mTfl
Vag—o & m+ 4k — 1, vgp_1 < 4k, vgp, < m + 4k;
Vgp_g & m+4k =2, v —m+4k—2, vy 4k -1
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The function f* defined in (3.1) assigns label 0 to m edges e; (1 <t < m) and label 1 to m — 1 edges
e (1<t<m-—1).

Case (iii): For m =2 (mod 4)
The 2m vertices of S,,, are labeled as follows:
Fix vy, < m, v, + 2m — 1.
For1 <k< mT”:
Vgp_3 — 4k — 3, ’Uik_3 —m+ 4k — 2.

For 1 <k < mT72
Va—o ¢ m + 4k, vqp_q < 4k, vg < m + 4k — 1;
Vi Ak —2, W, m+4k—3, v « 4k —1.

Now, f* defined in (3.1) gives label 0 to m edges e; (1 <t <m — 1) and €] and label 1 to m — 1

m—1»
edges e, (1 <t<m—1)and ep,.

Case (iv): For m =3 (mod 4)
The 2m vertices of S,,, are labeled as follows:
For1 <k < mTH:
Uap_3 < 4k — 3, vap_o < m+ 4k — 2, vy < 4k;
Vypz —m~+4dk, v o, —4k—2, v <+ m+4k—1.

Forlgkng_g:
va —m+4k+1, v, 4k —1.

Now, the function f* defined in (3.1) allots label 0 to m — 1 edges e; (1 <t <m — 1) and label 1 to
m edges e, (1 <t<m—1)and e,,.

Hence, the graph S,,, m > 4, admits SDCL.
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Example 3.4 Consider the star graphs S5 and Sg. They admit sum divisor cordial labeling (SDCL) as
described in the previous sections.

1wy vy 2 1w
7 v, vy 3 8v,
By g 4 Svy
au, v, 5 10w,
10 vy vy 6 11wy
12 vg

Figure 4: SDCL in S5 and Sg

Theorem 3.5 The graph BSpy, m, for m > 2 admits SDCL.

Proof: Let vy, v; for 1 <t < 2m + 2 be the vertices, and e; for 1 <t <2m+2, e, for 1 <t <2m+1
be the edges of BS, m.
The 4m + 4 vertices of BS,, ., are labeled as follows:

v+ 1, Vi 2m+3
For 1 <k <m:
Vk1 ¢ 2m+k+3, v —k+1

For1<k<m+1:
Umiht2 m+k+2, v, 0 < 3m+k+4

Case (i): For odd m

The induced function f* defined in (3.1) allots label 1 to 2m+1 edges The induced function f* defined
in (3.1) assigns label 1 to
€2t, (1§t§m+1), e/2t7 (]-Stgm)?
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and label 0 to

e 1, (1<t<m+2), ey 1, 1<t<m+1).

Case(ii): For even m
The function f* defined in (3.1) assigns label 1 to 2m + 1 edges

e, (L<t<m+1), ey, (1<t<m), ey,
and label 0 to 2m + 2 edges

ear—1, (1<t <) e o, (1<t ey, 1<t ™) e o,

Hence, the graph BS,, »,, for m > 2, admits SDCL.

Example 3.5 Example

1w, 1wy v 11
10 vy 12 v, vy 2
1w, 13 vy vy 3
12 v, 14 v, v, 4
13 vy 15 vy v S
6 Vg 16, vg 6
Tvy 7 vy vy 17
By By vy 18

9 vg vg 19
10 vyg vig 20
|

Figure 5: SDCL in BS3 3 and BS4 4
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4. Conclusion

We have proved that the graphs P,,, CBn m, Tm, Sm and BS,, , admit SDCL.
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