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The third natural representation of the symmetric groups

Maysaa Zaki*, Raneen Sabah Haraj, Dunya Mohamed Hameed

ABSTRACT: The intension of this work is to analyze the third natural representation module, M3(n) =
KSpzizox3 and we concentrate our work on finding exact sequence for the K Sp-submodules.
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1. Introduction

Let K be a field of characteristic P (which may be zero or a prime number) and 1, ..., x, be linearly
independent commuting indeterminate. KS,, denote the group algebra of the symmetric group S,, over
K.

We are interesting in the following cyclic K S,—submodules of K|[z1,...,z,] which are finite dimen-
sional vector spaces over K.

The rth — natural representation module M"(n), r = 1,2, 3 defined by M"(n) = KSpz122...2, (0 <
r <n).

The permutation module M (n —r,r), n > 3, has a K-basis B"(n) = {zj,Ti, ... z;, | 1 <i3 <iy... <
ir <n} and dim M"(n) = (7).

T

And M{(n) the KS,-submodule of M"(n) which consist of all polynomials of the form

Z kil.uir‘ril e LL‘Z‘T, With Z kil‘..ir =0

1<ir<...<ir<n 1<i1<...<ip<n

and M{(n) has a K-basis Bf(n) = {z;z;zr — x12023 | (i,4,k) # (1,2,3)} with dim = (") — 1.
Sk(n —r,r) the KSy-submodule of My, (n — r,r) over K generated by

{(sy @iy i)z —xp) | 1 <id1 <...<4.<n, j#k}

In n > 6 the spect module Si(n — r,17) generated by K S, (z;+1 — x;). We can apply the same idea for
the concepts appear in [5-8] also [9-13].

2. The third natural representation module of S,

Throughout this work we will be interesting in the following K S,,-homomorphism.
hs : M(n —3,3) — K which is defined by

hg( E ki1¢2i3$i1$i2$i3)= E i iinig-

il’iziggn i1i27;3§n

dy: M(n —3,3) - M(n — 2,2) which is defined by

"9
do(ziz ) = Z 87(1'1'.’)3]'.%‘5),
g=1"""
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and dy is the restriction of dy to My(n — 3,3), i.e. da : Mo(n — 3,3) — Mo(n — 2,2).
The K S,~homomorphism pugy : Sg(n —r,1") = M(n —r,r),r = 2,3 defined by

pz(a(@iy, i, x5)) = do(@iz;a;).
Let dy be the restriction of the K S,,-homomorphism dy to the K.S,-submodule My(n — 3,3) i.e.
dy : Mo(n —3,3) — Mo(n —2,2)

defined by:

n
0
do(xizjey — xprexy) = do(T 2 — TpTsty) = Z a—m(ximjxt — TpTsTt).
k=1

= 2% + T Ty + TjT — Trks — TpTy — T2 € Bo(n —3,3).
Lemma (2.1): If K is a field of characteristic p # 2, then My(n — 2,2) is a K S,,-submodule of Tm(ds).

Proof:
do(T123%4 + ToXT3T4 — T1T2T3 — T1T2T4)

= (1’1563 + X1T4 + X324 + T2T3 + ToXy + X3T4 — T1T2 — T1X3 — T2X3 — L1Lg — L1Lg — I2I4) S Im(dg)

Hence, 2x3x4 — 20120 = 2(x324 — T122) € Im(ds), which implies that (z3x4 — x122) € Im(ds) since
p#2

Thus KS,(x3x4 — x122) is a KS,-submodule of Im(dz), but My(n — 2,2) = KS,(x324 — x122).
Therefore My(n —2,2) is a K.S,-submodule of Im(dz) when p # 2. O
Theorem (2.2): If p =3 and n > 6 then Im(dy) = d2(Mo(n —3,3)) = Mo(n — 2,2).
Proof:

My(n —2,2) CIm(dz) by Lemma (2.1).

And Im(ds) C My(n — 2,2) since do(x;zjz)) = T2 + T2k + 28 € Mo(n — 2,2).

Thus Im(dy) = My(n — 2,2).

Now (2z12324 4+ 2002324 + T12223 + T12224) € Mo(n — 3,3), and

d2(2.’1?11'3374 + 229314 + 12273 + .’1?1.%'23?4) = d2(2$1$3$4) =+ d2(2$2$3$4) =+ d2<$1$2$3) + d2(l’1$2.’1¢4).

= 2123 + 124 + 20324 + Tox3 + ToTy + 20324 + X122 + T1T3 + Tox3 + 19 + T1X4 + ToT4.

Therefore K, (z3z4 — x122) is a KS,—submodule of do(My(n — 3,3)). Hence My(n — 2,2) =
KSn(.’Eg.T4 — .%'1%2) Q dQ(Mo(’I’L — 3,3)) g Mo(n — 2, 2).

Thus do(My(n — 3,3)) = My(n —2,2). O
Corollary (2.3): If p = 3, then the K S,-homomorphism

dy : My(n — 3,3) = My(n — 2,2)isonto.

Theorem (2.4): If p = 3, then the following sequence of K.S,-modules is exact:

incl.

0 — Sk(n—3,3) 2% Mo(n —3,3) -2 Mo(n—2,2) — 0 (1)

Proof: The sequence (1) is exact since dp is onto by corollary (2.3), and incl. is one to one. And
Sk(n —3,3) C ker(dz), since: o
dg((.’l?g — 3?1)(])4 — $3)($6 — 1‘5)))

= d2($21‘4$6 — ToX4x5 — L2X3Xg + ToL3Ts — T1X4Le + L1X4X5 + T1T3Tg — 33‘13331‘5)
= XToXy4 + X2Xg + TyTg — T2Xy — T2X5 — T4Ls — T3 — T2Xg — T3Tg+

ToX3 + T3X5 + Taks — T1X4 — T1X6 + 426 + 2175 + 2425 + 123 + 126 + 326 — X103 — X105 — x3T5 = 0.
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We prove the reverse inclusion by counting the dimensions:

dimg ker dy = dimg My(n — 3,3) — dimg My(n — 2,2)

S5) o (6) 0= () () -

_n(n—1)(n ‘§> —Sn(n=1) _nln= 16)(” —5) _ dimy Sic(n—3.3).

Hence ker(dy) = Sk (n — 3,3) = Im(incl). O

Corollary (2.5): If p = 3 then

Mo(n —3,3)/Sk(n —3,3) = My(n — 2,2).

Lemma (2.6): If p # 2 and p # 3 then the KS,-homomorphism
dy: M(n—3,3) = M(n— 2,2)isonto.

Proof: Since p # 2, then My(n—2,2) C Im(dz) by lemma (2.1). And if p # 3, then Im(d2) € My(n—2,2),
since
dg(l'l.’tzxg) = X1T2 + T1T3 —+ o3 ¢ Mo(n — 2, 2)

Thus Moy(n — 2,2) € Im(ds). But dimgx Mo(n —2,2) = () —1 < (5) = dimg M(n — 2,2), so

dimg Im(ds) < dimg M(n — 2,2) = (’;)

Thus dimg Im(ds) = dimg M (n — 2,2). Hence Im(dz) = M (n — 2,2), since Im(ds) is a K S,—submodule
of M(n —2,2). Thus ds is onto. O

Remark (2.7): If p = 2, then Im(d2) = Im(usz). Therefore:

n—1

) ) £ (;‘) = dimg M(n —2,2).

dimg Im(ds) = dimg Im(ps2) = (
Thus ds is not onto when p = 2.
Theorem (2.8): If p # 2 and p # 3,n > 6 then the following sequence of K.S,-modules is exact:

0 — S(n—3,3) 2% M(n—3,3) 2 Mn-2,2) —0 (2)
Proof: Since incl. is one to one and ds is onto, by Remark (2.7). Then, we prove the exactness only on
M(n —3,3).
Sk(n —3,3) C ker(ds), since:
dg((l‘g - Jil)(.’L‘4 — .’1?3)(336 — 165)) =0.

As we proved in theorem (2.4), we prove the reverse inclusion by counting the dimensions:

dimg ker(dy) = dimg M(n — 3,3) — dimg M(n —2,2) = (g) - (Z)

_ n(n — 1E)i(n— 2) B n(n2_ 1) _ n(n — 1)(n—(25) —3n(n—1) _ n(n — lé(n— 5) — dimg Sk (n—3,3).
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Thus ker(dz) = Sk (n — 3,3) = Im(incl). Hence the sequence (2) is exact. O
Corollary (2.9): If p # 2 and p # 3, then M (n —3,3)/Sk(n —3,3) = M(n — 2,2).

Theorem (2.10): If p # 2 and p # 3, then do(My(n — 3,3)) = My(n — 2,2).
Proof: Clearly da(Mo(n —3,3)) C My(n — 2,2). We prove the reverse inclusion by counting the dimen-
sions.
dimy, d2(Mo(n — 3,3)) = dimg, Mo(n — 2,2) — dimy, ker(dz) since ker(dz) = Sk (n — 3,3)
n) 1 nn—1)(n—5) nn-1)(n-2) nn-1)(n-5)

dimy, Mo(n —3,3) = <

3 6 6 6
:n(nfl)(n727n+5)71:n(n71)(3) 1
6 6
:wA: (Z)—l:dimkMo(n—2,2).

Theorem (2.11): If p = 3 then dimy ker(ds) = dimyg Sk (n — 3,3) + 1.
Proof: If p = 3 then Im(dz) = My(n — 2,2), by theorem (2.2)

dimy ker(dy) = dimy Mo(n — 3,3) — dimy Im(dy) = (Z) - ((Z) - 1) = (g) - (Z) +1

_nn— 16)<n—2) _ ”(”2_ Doyponlns 1é(n_5) +1 = dimy Sg(n —3,3) + 1.

Theorem (2.12): If p{ (n — 4) then dags = Ig, (n—2,2), Where g3 : Sk (n —2,2) = M(n — 3,3)

Since g3(((zo — x1) (24 — 13))) = g3(Toxs — Tox3 — T124 + T173) = Towy (2 — 2owy) — 2ow3(2™) —
xo — x3) — 124(2™) — 31 — 14) + xlxg(aj(") — X1 — X3) = T1ToX4 + TaT3Tg + ToLaXs + -+ + ToTyTy —
T1T2X3 —X2X3T4 — X2X3X5 — =+ — TQX3Lp —XL1X2X4 —XL1X3X4 — T1X4X5 — *** — X1T4Tp +I1I2I3 +$1I3I‘4 +
r123%5 + - - - + 1237, Then

d2g3(((z2 — x1)(24 — 23))) = —T4T5 — T4Ze — - - — T4Ty + T3T5 + T3Tg + - - - + T3y
+ TyT5 + 46 + -+ TgXy — T3T5 — X3Xg — +** — T3Tp
— XoXy + X125 + 2126 + - -+ 12y, + X2X5 + ToXg + -+ ToT,y, — T1T5
—212g — - — 1Ty + (N — 4)zaxy — (n — 4)xox3 — (N — d) 2124 + (N — 42123

= (n—4)(xozy — xows — 124 + 123) = (N — 4) (22 — 1) (T4 — X3)

Thus ﬁdggg(((ﬂfg —x1)(x4 — x3))) = (w2 — 1) (x4 — 23) since pt (n — 4)
Le. dags = Ig;(n—2,2)-
Lemma (2.13): If p = 2, then da(My(n — 3,3)) = Sk(n — 2,2)
Proof: d2($1x2x4 + xlxga?g) = X1X2 +T1Xq4 +ToXy +T1To + X123+ XoX3 = T1X4 + ToTy + L1234+ To2X3 =
(2 4+ x1) (x4 + x3) But (2 + z1)(x4 + x3) generates Sp(n — 2,2) over KS,. And (z1x224 + T12223)

generates My(n — 3,3) over K S,,. Thus Imdy; = Sk (n — 2,2) i.e. ds is onto.
Corollary (2.14): If p = 2, then Mo(n — 3,3)/ ker(da) = Sg(,—2).

Remark (2.15): Let g5 denotes the restriction of the K.S,-homomorphism g5 to S(n — 2,2),

Le. g3 = 93’3 (22 Sk(n—2,2) = Mo(n—3,3), defined by g ((fz —x1)(24 —$3)) = g3(T24 — w273 —
k(n—a4,

T1T4+2123) = (3:2x4(x(") —xo—x3)— xzzg(x(”) — 9 —T3) —m1x4(x(”) — 1 —xy4) -‘1-1‘1563(1‘(") —x1—x3)).

Theorem (2.16) If p = 2 and n is odd then the following sequence of K.S,-modules is exact and splits

0 — Im(us) 2 Mo(n — 3,3) 25 Sp(n—2,2) —» 0 (3)

proof Since p = 2, then by lemma (2.13) dy is onto. And incl. is one to one.
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Im(ps) = Im(ds) [3]
Im(dg) = ker(dg).
Thus Im(u3) = ker(ds). But ker(dy) = ker(ds), since ker(ds) C ker(ds) and:

1
dimy ker(ds) = dimg M(n — 3,3) — dimg Im(ds) = (Z) - (" ) )

And

dimp ker(ds) = dimg Mo(n — 3,3) — dimg Sp(n —2,2) = (Z) —1- ((”;1> - 1) - (g) - (”; 1).

Hence Im(incl.) = Im(u3) = ker(dy) = ker(dz). Thus the sequence (3) is exact. Now, since p = 2 and n
is odd then there is a K.S,-homomorphism

§3 : Sk(n - 272) — MO(n - 373)

such that

dygs = d2’ Is,(n—22);

1»1()(714,,:3)93 Sk(n—2,2) -

as we proved in theorem (2.12). Thus the exact sequence (3) splits when p = 2 and n is odd.
Corollary (2.17) If p = 2 and n is odd then

Mo(n —3,3) = Im(ps) @ Im(gs).

proof : Since p = 2 and n is odd then by theorem (2.16) the exact sequence (1) splits, and as in the
proof of theorem (2.16) there is a K S,,-homomorphism

G : Skp(n —2,2) — My(n — 3,3)

such that dags = Is, (n—2,2), thus My(n —3,3) is decomposable into the direct sum of ker(ds) and Im(g).
ie.

My(n — 3,3) = ker(ds) @ Im(gs).

But ker(dy) = Im(y3), since the sequence (3) is exact. Thus My(n — 3,3) = Im(u3) @ Im(gs).
Theorem (2.18) The following sequence of K.S,—modules is exact

0 — My(n—3,3) 2% M(n—3,3) 2% K —0 (4)
And it is split if and only if p ¢ (g)
Proof: Since incl. is one to one and for each k¥ € K we have hg(kxizox3) = k which means that hg is
onto. And ker(hs) = {z € M(n—3,3) : hs(x) =0} = {Zlgingn kijizizx Zlgingn kiji = O} =
Moy(n — 3,3) = Im(incl.). Thus the sequence (2) is exact. Now, assume that p { () and let f3 : K —

M(n — 3,3) defined by f3(k) = (f) T, f3 is a K S,~homomorphism, since for each 3 k.7 € KS,,
3

TES,
we have

S ki) = (30 kor) T = 3 ke = Y2 (T = (3 ko).

TES, TESK TESK TES, \3 TES,

Now hsf3(1) = hg(@T(”)) = (Ti)hg(T(")) = @(;) = 1. ie. hsfs3 = 1k, thus the exact sequence

(2) splits. Conversely, suppose that the exact sequence (2) splits. Let f : K — M(n — 3,3) be a
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K S,~homomorphism, and let f(1) = >, <, kijizizj2. Since f(1) is invariant under each trans-
position T = (x,z5) of S, such that 1 <r < s <n. i.e. Tf(1) = f(T1) = f(1) for each transposition of
Sy, then
0= f(Tl) — Tf(l) = Z k‘ijl(a:‘ile'l — Ta’:ile'l).
1<i<j<i<n

Butifi =r, j = sthen zyzj2—Txxj2; = vov,0—2p 22 = 0, and if i = r, [ = sthen x;2;20—Txx;0 =
22Ty — T;xxs = 0, and if j = r, | = s then x;2;2; — Txsx7 = 3202 — 232,75 = 0, and if 4, 5,1, 7, s
are distinct integers then z;x;x; — Tv;x 21 = x750 — 25252 = 0. Hence:

0= f(T].) - Tf(].) = Z kijr(xr‘rixj - Tx,«xixj) + Z kijs(xsxixj — T{ES.’EZ‘{EJ').
1§_7;<jS" 1§7‘¥<an

= E kijr(xrxixj — xsxixj) + E k;ijs(xsxixj — xrxia:j).
1<i<j<n 1<i<j<n
J#T,s J#T,s

= E (kijr — kijs)(@raizy —xszi2;), (1<r<s<n).
1<i<j<n
AT,

Equating the coefficients we have k;j, — ki;s = 0, such that 1 < 7,j,7,5 < n and i, j,r, s are distinct,
which implies that k;;, = ki;s = k (say), such that 1 <4, j,7,s <n and ¢, ,r, s are distinct. Hence

) = Z kijiwizja =k Z vy = KT,

1<i<j<i<n 1<i<j<i<n

Now, since the exact sequence (4) splits, then there exist a K.S,—homomorphism f3 : K — M(n — 3,3)
such that hsfs = 1x and f3(1) = kT,
Hence 1 = hyf3(1) = ha(kT(™) = khy(T™) = k() = k22=00=2)

which implies that
—1 -2
pt % e pt @

Corollary (2.19) If p doesn’t divide (), then M (n — 3,3) is the direct sum of My(n — 3,3) and KT™),

proof : From theorem (2.18) and its proof we have M (n — 3,3) is decomposable into the direct sum of
ker(hs) and Im(f3), i.e.
M(n —3,3) = ker(hs) ® Im(f3).

But ker(hs) = My(n—3,3), since the sequence (4) is exact, and Im(f3) = KT, as we proved in corollary
(2.17). Hence
M(n —3,3) = My(n—3,3) & KT™.

Corollary (2.20) If p divides (}) then My(n — 3,3) is not the direct summand of M(n — 3,3).

Proof : Assume that My(n — 3,3) is the direct summand of M(n — 3,3) when p | (3). This means that
there exists a K.S,—submodule L of M (n — 3,3) such that

M(n—3,3) = My(n—3,3) & L.

This means that the exact sequence (4) splits, then by theorem (2.18) we have p 4 (g), and this contradicts
the assumption. Therefore Mo(n — 3,3) is not the direct summand of M(n — 3,3) when p | (3).
Theorem (2.21) If K is a field of char. p = 2, then the following sequence of K S,,-modules is exact

0— S(n—31,1,1) 25 M(n—3,3) & M2(n) 22 K — 0.
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