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On Analytic Functions Subclass Defined by Differential Operator

A. Shashikala, B. Venkateswarlu∗ and Sujatha

abstract: In this work, we present a novel differential operator-defined a specific set of negative-coefficient
analytic univalent functions. For this class, we get subordination results, integral means inequalities, extreme
points, and coefficient inequalities.
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1. Introduction

The functions of type Ä of class ü(ß) are indicated in the sections that follow.

ü(ß) = ß +

∞∑
ι=2

äιß
ι (1.1)

which are in the open unit disc, are analytical Ë = {ß ∈ C : |ß| < 1}.
If a function ü(ß) in the class Ä satisfies the inequality, it is said to be in the class S̈T̈ (ℓ) of starlike

functions of order ℓ in Ë,

Re

{
ßü′(ß)

ü(ß)
> ℓ,

}
(0 ≤ ℓ < 1) (ß ∈ Ë). (1.2)

Keep in mind that the class of starlike function is S̈T̈ (0) = S̈T̈ .
Indicate by T̈ the subclass of Ä made up of the function ü with the following form.

ü(ß) = ß−
∞∑
ι=2

äιß
ι (äι ≥ 0). (1.3)

Silverman introduced and researched this subclass in great detail [5].
Let Ä be one of the class ü’s function. The differential operator proposed by Deniz and Ozkan [1] is
defined here,

D0
λü(ß) = ü(ß)

D1
λü(ß) = Dλü(ß) = λß3(ü(ß))′′′ + (2λ+ 1)ß2(ü(ß))′′ + ßü′(ß)

D3
λü(ß) = Dλ(D

1
λü(ß))

Dm
λ = Dλ(D

m−1
λ ü(ß)) (1.4)
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in which m ∈ N̈0 =: N̈ ∪ {0} and λ ≥ 0. In the occurrence when ü provides by (1.1), it can be shown
from the operator Dm

λ ü(ß) it is to see that

Dm
λ ü(ß) = ß +

∞∑
ι=2

Φm(λ, ι)äιß
ι) (1.5)

where

Φm(λ, ι) = ι2m[λ(ι− 1) + 1]m. (1.6)

If ü ∈ T̈ is given by (1.2) then we have

Dm
λ ü(ß) = ß−

∞∑
ι=2

Φm(λ, ι)äιß
ι (1.7)

where (1.5) yields Φm(λ, ι).

Motivated by Murugusunderamoorthy and Magesh [4],we define the following new class in this using
the operator Dm

λ ü(ß).

Let S̈m
λ be the subclass of Ä made up of function of the form (1.1) for τ ≥ 0, 0 ≤ υ < 1 and satisfy

Re

(
Dm

λ ü(ß)

ß

)
≥ τ

∣∣∣∣(Dm
λ ü(ß))′ − Dm

λ ü(ß)

ß

∣∣∣∣+ υ (1.8)

where S̈m
λ (τ, υ) is given by (1.6).

We also allowed T̈ S̈m
λ (τ, υ) = S̈m

λ (τ, υ) ∩ T̈ .

In this paper, for the function in the class T̈ S̈m
λ (τ, υ), In addition to coefficient, extreme point, and

integral means inequalities, we obtain subordination result for the function ü ∈ S̈m
λ (τ, υ) class. Moreover,

the function’s class subordination result.

2. Coefficient Estimates

Theorem 2.1 The form (1.1) of a function ü(ß) be is in S̈m
λ (τ, υ) if

∞∑
ι=2

[1 + τ(ι− 1)]Φm(λ, ι)|äι| ≤ 1− υ (2.1)

where τ ≥ 0, 0 ≤ υ < 1, and Φm(λ, ι) is given by(1.7).
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Proof: It’s enough to demonstrate that

τ

∣∣∣∣(Dm
λ ü(ß))′ − Dm

λ ü(ß)

ß

∣∣∣∣−Re

{
Dm

λ ü(ß)

ß
− 1

}
≤ 1− υ

we have

τ

∣∣∣∣(Dm
λ ü(ß))′ − Dm

λ ü(ß)

ß

∣∣∣∣−Re

{
Dm

λ ü(ß)

ß
− 1

}
(2.2)

≤ τ

∣∣∣∣(Dm
λ ü(ß))′ − Dm

λ ü(ß)

ß

∣∣∣∣−Re

{
Dm

λ ü(ß)

ß
− 1

}
≤ τ

∣∣∣∣∑∞
ι=2(ι− 1)Φm(λ, ι)äιß

ι

ß

∣∣∣∣+
∣∣∣∣∣
∑∞

ι=2 C
m,n
µ,b Φm(λ, ι)äιß

ι

ß

∣∣∣∣∣
≤ τ

∞∑
ι=2

(ι− 1)Φm(λ, ι)|äι|+
∞∑
ι=2

Φm(λ, ι)|äι|

=

∞∑
ι=2

[1 + τ(ι− 1)]Φm(λ, ι)|äι|.

The final expression has (1− υ) as its upper bound if
∞∑
ι=2

[1 + τ(ι− 1)]Φm(λ, ι)|äι| ≤ 1− υ

and the theorem has been fully proved. 2

We derive sufficient and necessary conditions for functions in T̈ S̈m
λ (τ, υ) as in the subsequent theorem.

Theorem 2.2 For τ ≥ 0, 0 ≤ υ < 1, a function ü the structure (1.2) is assigned to the class T̈ S̈m
λ (τ, υ)

within the occurrence when
∞∑
ι=2

[1 + τ(ι− 1)]Φm(λ, ι)|äι| ≤ 1− υ).

Proof: Assume that ü(ß) in the following way (1.2) belongs inside the class T̈ S̈m
λ (τ, υ) then.

Re

{
Dm

λ ü(ß)

ß

}
− τ

∣∣∣∣(Dm
λ ü(ß))′ − Dm

λ ü(ß)

ß

∣∣∣∣ ≥ υ.

Equivalently

Re

[
1−

∞∑
ι=2

Φm(λ, ι)|äι|ßι−1

]
− τ

[ ∞∑
ι=2

(ι− 1)ϕm(λ, ι)äιß
ι−1

]
≥ υ.

2

As |ß| → 1, allowing ß to be actual numbers, we obtain

1−
∞∑
ι=2

Φm(λ, ι)|äι| − τ

∞∑
ι=2

(ι− 1)Φm(λ, ι)|äι| ≥ υ

which implies
∞∑
ι=2

[1 + τ(ι− 1)Φm(λ, ι)|äι| ≤ 1− υ]

where τ ≥ 0, 0 ≤ υ < 1, Φm(λ, ι) is given by (1.7) and the sufficiency originates with Theorem 2.1.
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Corollary 2.1 If ü ∈ T̈ S̈m
λ (τ, υ) then

|äι| ≤
(1− υ)

[1 + τ(ι− 1)]Φm(λ, ι)
.

This holds true for the function

ü(ß) = ß− (1− υ)

[1 + τ(ι− 1)]Φm(λ, ι)
ßι

τ ≥ 0, 0 ≤ υ < 1, Φm(λ, ι) is given by (1.7).

3. Extreme Points

Theorem 3.1 Let ü1(ß) = ß and üι(ß) = ß− (1−υ)
[1+τ(κ−1)Φm(λ,ι)]ß

ι, ι ≥ 2 for τ ≥ 0, 0 ≤ υ < 1 and Φm(λ, ι)

is given by (1.7). Subsequently, ü(ι) belong to the class T̈ S̈m
λ (τ, υ) if and only if it can be represented as

ü(ß) =
∑∞

ι=1 λιüι(ß), where λι ≥ 0 and
∑∞

ι=1 λι = 1 are located.

Proof: If ü(ß) =
∑∞

ι=1 λιüι(ß) with λι ≥ 0 and
∑∞

ι=1 λι = 1. Then

ü(ß) =

∞∑
ι=1

λιüι(ß) = λ1ü1(ß) +

∞∑
ι=1

λιüι(ß)

=

(
1−

∞∑
ι=2

λι

)
ß +

∞∑
ι=2

[
λι(ß−

(1− υ)

[1 + τ(ι− 1)]Φm(λ, ι)
)

]

= ß−
∞∑
ι=2

(1− υ)

[1 + τ(ι− 1)]Φm(λ, ι)
ßι.

Now

∞∑
ι=2

[1 + τ(ι− 1)]Φm(λ, ι)

1− υ

1− υ

[1 + τ(ι− 1)]Φm(λ, ι)
λι

=

∞∑
ι=2

λι = 1− λ1 ≤ 1.

Then ü(ß) ∈ T̈ S̈m
λ (τ, υ).

Conversely, suppose ü(ß) ∈ T̈ S̈m
λ (τ, υ). Then corollary 2.1 gives

äι ≤
(1− υ)

[1 + τ(ι− 1)Φm(λ, ι)]
, ι ≥ 2

set λn =
[1 + τ(ι− 1)Φm(λ, ι)]

(1− υ)
äι, ι ≥ 2,
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where λι = 1−
∑∞

ι=2 λι then

ü(ß) = ß−
∞∑
ι=2

äιß
ι = ß−

∞∑
ι=2

λι
(1− υ)

[1 + τ(ι− 1)Φm(λ, ι)]

= ß−
∞∑
ι=2

λιß +

∞∑
ι=2

λιüι(ß)

= ß−

[
1−

∞∑
ι=2

λι

]
+

∞∑
ι=2

λιüι(ß)

= λ1ü1(ß)

∞∑
ι=2

λιüι(ß) =

∞∑
ι=2

λιüι(ß).

2

The theorem has been fully demonstrated.

4. Integral Means Inequalities

The notion of analytical functions being subordinated at once g̈ and ḧ having g̈(0) = ḧ(0), g̈ then
g̈ is a subordinate of ḧ, as shown through g̈ ≺ ḧ, if a function known as analytical exists that ω(0) =
0, |ω(ß)| < 1 and g̈(ß) = ḧ(ω(ß)), for all ß ∈ Ë.

Lemma 4.1 Assuming that g̈(ß) ≺ ḧ(ß) and ü(ß) are both analytical functions contained in Ë, conse-
quently ∫ 2π

0

|g(rθiθ)|p dθ ≤
∫ 2π

0

|ü(rθiθ)|p dθ, (0 ≤ r < 1, p > 0).

Theorem 4.1 Suppose ü(ß) ∈ T̈ S̈m
λ (τ, υ), p > 0, τ ≥ 0, 0 ≤ υ < 1 and ü2(ß) is defined by

ü2(ß) = ß− (1− υ)

(1 + τ)Φm(λ, ι)
.

Consequently, for ß = reiθ, 0 ≤ r < 1, we find∫ 2π

0

|ü(ß)|p dθ ≤
∫ 2π

0

|ü2(ß)|p dθ. (4.1)

Proof: For ü(ß) = ß−
∑∞

ι=2 |än|ßn, (4.1) is similar to demonstrating that

∫ 2π

0

∣∣∣∣∣ß−
∞∑

n=2

|äι|ßι
∣∣∣∣∣
p

dθ ≤
∫ 2π

0

∣∣∣∣ß− (1− υ)

(1 + τ)Φm(λ, ι)
ß2
∣∣∣∣p dθ, (p > 0).

Using the subordination theorem of Little Wood (Lemma 4.1,) It would be adequate to demonstrate that

1−
∞∑
ι=2

|äι|ßι−1 ≺ 1− (1− υ)

(1 + τ)Φm(λ, ι)
ß. (4.2)

Setting

1−
∞∑
ι=2

|äι|ßι−1 ≺ 1− (1− υ)

(1 + τ)Φm(λ, ι)
w(ß)
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we obtain

w(ß) =
(1 + τ)Φm(λ, ι)

(1− υ)

∞∑
ι=2

äιß
ι−1.

Moreover, with w(0) = 0 is analytic in Ë. Additionally, it is sufficient to demonstrate that w(ß) satisfies
|w(ß)| < 1, ß ∈ Ë. Now

|w(ß)| =

∣∣∣∣∣
∞∑
ι=2

(1 + τ)Φm(λ, ι)

(1− υ)
äιß

ι−1

∣∣∣∣∣
≤ |(ß)|

∞∑
ι=2

(1 + τ)Φm(λ, ι)

(1− υ)
|äι| ≤ |ß| < 1. (4.3)

As a result, the subordination (4.2) derives from the inequality (4.3), proving the theorem. 2

5. Subordination Results

Definition 5.1 A complex number sequence {b̈ι}∞ι=1 is perceived as subordinate (Subordination factor
sequence) if, for every ü(ß) =

∑∞
ι=1 äιß

κ, ä1 = 1 is convex, regular, and univalent in Ë. It concludes
as

∞∑
κ=1

b̈ιäιß
ι ≺ ü(ß), ß ∈ Ë.

Lemma 5.1 Only in the case that Subordinating factor sequence {b̈ι}∞ι=1 corresponds to this

Re

{
1 + 2

∞∑
ι=1

b̈ιß
ι

}
> 0, ß ∈ Ë.

Theorem 5.1 Considering the function ü ∈ S̈m
λ (τ, υ) and g̈(ß) in the classification of convex functions

C, then
(1 + τ)Φm(λ, 2)

2[(1− υ) + (1 + α)Φm(λ, 2)]
(ü ∗ g̈)(ß) ≺ g̈(ß) (5.1)

where τ ≥ 0, 0 ≤ υ < 1, with Φm(λ, 2) is given by (1.7)

Re{ü(ß)} > − (1− υ) + (1 + τ)Φm(λ, 2)

(1 + α)Φm(λ, 2)
; ß ∈ Ë. (5.2)

The constant (1+τ)cΦm(λ,2)
2[(1−υ)+(1+τ)Φm(λ,2)] is the best estimate.

Proof: Let ü ∈ S̈m
λ (τ, υ) and suppose that g̈(ß) = ß +

∑∞
ι=2 c̈ιß

ι ∈ C, then

(1 + τ)Φm(λ, 2)

2[(1− υ) + (1 + α)Φm(λ, 2)]
(ü ∗ g̈)(ß) = (1 + τ)Φm(λ, 2)

2[(1− υ) + (1 + τ)Φm(λ, 2)]
(ß +

∞∑
ι=2

c̈ιäιß
ι).

According to definition ä1 = 1, the subordination outcome is valid if{
(1 + τ)Φm(λ, ι)

2[(1− υ) + (1 + τ)Φm(λ, ι)]

}∞

ι=1

is an ordered sequence of subordinating factors where, in the context of ä1 = 1. 2
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Lemma 5.2 This can be translated into the inequality that follows

Re

{
1 +

∞∑
ι=1

(τ + 1)Φm(λ, 2)

(1− υ) + (1 + τ)Φm(λ, 2)
äιß

ι

}
> 0, ß ∈ Ë. (5.3)

We now have |ß| = r < 1, for which

Re

{
1 +

∞∑
ι=1

(τ + 1)Φm(λ, 2)

(1− υ) + (τ + 1)Φm(λ, 2)
äιß

ι

}

= Re

{
1 +

∞∑
n=1

(τ + 1)Φm(λ, 2)

(1− υ) + (τ + 1)Φm(λ, 2)
ß +

∑∞
ι=1(τ + 1)Φm(λ, 2)äιß

ι

(1− υ) + (τ + 1)Φm(λ, 2)

}

≥ 1−
∞∑

n=1

(τ + 1)Φm(λ, 2)

(1− υ) + (τ + 1)Φm(λ, 2)
r −

∑∞
ι=1(τ + 1)Φm(λ, 2)äιr

ι

(1− υ) + (τ + 1)Φm(λ, 2)

≥ 1−
∞∑

n=1

(τ + 1)Φm(λ, 2)

(1− υ) + (τ + 1)Φm(λ, 2)
r − 1− υ

(1− υ) + (1 + τ)Φm(λ, 2)
r

> 0.

Given that 1 + τ(ι− 1)Φm(λ, ι) is a function which grows as ι ≥ 2 and based on (2.1).
This establishes the subordination result (5.1), which is also supported by the inequality (5.3), as stated
by Theorem 5.1. From (5.1), the inequality (5.2) is obtained by taking

g̈(ß) =
ß

1− ß
= 2 +

∞∑
ι=2

ßι ∈ C.

Now we consider the function ü(ß) = ß− (1−υ)
(1+τ)Φm(λ,2)ß

2 where τ ≥ 0, 0 ≤ υ < 1

and clearly Ü ∈ S̈m
λ (τ, υ). For this function (5.1) becomes

(1+)Φm(λ, 2)

2[(1− υ) + (1 + τ)Φm(λ, 2)]
Ü(ß) ≺ ß

1− ß
.

It is easily verified that

min Re
{

(1+)Φm(λ,2)
2[(1−υ)+(1+τ)Φm(λ,2)] Ü(ß)

}
−1
2 , ß ∈ Ë.

This show that the constant (1+α)Φm(λ,2)
2[(1−β)+(1+α)Φm(λ,2)] is best possible.
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