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Double Cyclic and Quantum Codes

Shashirekha G. and Vadiraja Bhatta G. R.*

ABSTRACT: In this paper, we explore the structure of Zs + uZs = {0,1,u,u + 1} = Zs[u]-additive codes,
where u2 = 0 and their generalization to double cyclic codes. We establish the algebraic framework for these
codes over the ring Zsz[u] and its extensions. Additionally, we provide explicit generators for double cyclic
codes and define the Gray map to derive corresponding binary linear codes and quantum codes. Finally, we
present an example illustrating the construction of a binary linear code.
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1. Introduction

Cyclic codes over finite rings or fields have been extensively studied due to their importance and
simplicity compared to other types of linear codes. Since they form a subcategory of linear codes, their
coding procedures are typically less complex. Moreover, these codes exhibit rich algebraic structures,
making them particularly appealing in coding theory. The study of coding theory over rings and modules
generalizes traditional linear codes over fields. Instead of relying solely on field structures, the alphabet
in such codes may be a ring or a module. In this context, the codes are represented as submodules of a
free module over the ring or module. Recently, the traditional requirement of linearity has been relaxed,
with additivity becoming a preferred property. Additionally, the scope has expanded to include codes
with mixed alphabets.

Abualrub and Siap [2] investigated reversible cyclic codes of arbitrary length over the ring Z,4, deter-
mining their generators and providing a classification based on their generator structures. Shi et al. [12]
examined (1 + 2u)-constacyclic codes over R = Z4 + uZ4 and introduced a novel Gray map from R to
73. They demonstrated that the Gray images of these codes are cyclic codes of length 2n over Z,. The
authors also compared the parameters of these codes with existing entries in an online database, identify-
ing codes with improved parameters. Wang and Shi [13] explored ZPZ’;—additive cyclic codes, describing
their generator polynomials and establishing necessary and sufficient conditions for Zpi,—additive cyclic
codes whose Gray images are linear over Z,. Islam and Prakash [8] presented complete sets of mini-
mal generating sets and generator polynomials for cyclic codes of length 8 over Z,[u,v], as well as for
Z,Zy[u, v]-additive cyclic codes of length (a, 5). Later, Islam et al. [9] introduced a novel Gray map to
construct quasi-cyclic and cyclic codes over Z4 from constacyclic codes over Zy[u]. They showed that
Gray images of certain additive constacyclic codes, including skew codes over Z4Z4[u], yield generalized
quasi-cyclic codes over Z4. Bag et al. [5] demonstrated that Gray images of quasi-cyclic codes over Zg4
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are equivalent to quasi-cyclic, cyclic, and permuted forms of A-constacyclic codes over R. They also de-
rived skew A-constacyclic codes over R and established their equivalence to cyclic and quasi-cyclic codes
over Z4. Prakash et al. [16] studied mixed-alphabet Z4Z4[u®]-additive A-constacyclic and cyclic codes
for units A = 1 + 2u?, 3 + 2u?, identifying minimal generating sets and generator polynomials for these
additive cyclic codes. Singh and Kewat [1] investigated cyclic codes over Z,[u]/(u*), determining a set of
generators for these codes. Ozen et al. [15] analyzed constacyclic and cyclic codes with a shift constant of
(2+u) over R = Z4+uZy with u? = 1. They identified generator structures for cyclic codes over this ring
and their spanning sets. Additionally, they demonstrated that cyclic codes over Z4 can be represented
via their Z4-images, providing several examples of codes with superior parameters compared to standard
Zy-linear codes. Yildiz and Aydin [19] explored the algebraic structures of cyclic codes over Zy + uZy,
highlighting their generators and discovering new linear codes over Z4. Aydogdu et al. [4] presented
the algebraic structure of constacyclic and cyclic codes and their duals over the R-module Z$ R?, where
R = Zslu] = Zy +uZs = {0,1,u,u+ 1} with u? = 0. They determined generating sets, code types, sizes,
and properties of both the codes and their duals, identifying optimal families of codes. Abualrub et al.
[3] investigated Z2Z4-additive cyclic codes as Z4[l]-submodules of R, s, deriving their generator polyno-
mials and presenting an infinite family of Maximum Distance Separable codes. They also obtained binary
linear codes with optimal parameters derived from these additive cyclic codes. Shi and Wang [12] stud-
ied ZpZ’;—additive cyclic codes, analyzing their algebraic structures, generator polynomials, and minimal
spanning sets. They provided necessary and sufficient conditions for a class of Zf,—additive codes whose
Gray images are linear. Borges et al. [6] examined ZyZ4-additive codes and their binary images under
the Gray map, determining parameters and forms for their generator and parity-check matrices. Borges
et al. [10] further analyzed Z,Z4-additive cyclic codes, identifying all codes with odd lengths 8 whose
Gray images are linear binary codes. They demonstrated that these codes are permutation-equivalent to
Zs-double cyclic codes. Wu et al. [17] focused on ZyZsZ4-additive cyclic codes, detailing their generator
polynomials, minimal generating sets, and dual structures. They provided a comprehensive description
of the duals of separable codes and highlighted specific cases for non-separable codes.

The paper is organized as follows: Section 2 introduces key preliminaries on linear codes, Lee distance,
and Hamming distance. Section 3 presents foundational results on additive codes. Section 4 discusses the
algebraic structure and generators of double cyclic codes. In Section 5, we define the Gray map to derive
binary linear codes and quantum codes. Finally, we provide an example in this section and conclude in
the last section.

2. Preliminaries

In our study, we denote the ring Zs[u] as Za[u] = Zo+uZso = {0,1,u,u+1}. This structure represents
a finite commutative ring of size 4 and characteristic 2, where u2 = 0. The ring contains three distinct
ideals they are the trivial ideal (0), the entire ring (1) = Zz[u], and the unique maximal ideal (u) = {0, u}.
Within this structure, 1 and 1 4 u are units, while 0 and « are non-units. A linear code C of length n
is defined as a non-empty subset of Zs[u]™ that forms a submodule under the Zj[u]-module structure.
Each element of C' is referred to as a codeword. In coding theory, a linear code C' of length n over Fy is
a subspace of the vector space Fj'.

Aset S C I is cyclic if, for every (co,c1,...,¢,-1) € S, the shifted vector (¢,—1,co,...,cn—2) is also
in S. A linear code that satisfies this property is called a cyclic code. Cyclic codes are a special class
of error-correcting codes where each cyclic shift of a codeword yields another codeword [11]. Similarly,

constacyclic codes generalize this concept, for some constant A, if (di,ds,...,d,) is a codeword, then
(M, dy,...,dp—1) must also be a codeword [15]. The Hamming distance between two words p =
(p1,p2,--.,Pn) and s = (s1, 82, .. ., s, ) of the same length n is the number of positions where p and s differ.

It is given by dg(p,s) = >, du(pi, si), where dg (pi, ;) = 1 if p; # s; and 0 otherwise. The Hamming
weight of a codeword p is the number of non-zero components in p, computed as wtg (p) = > i wtg (p;),
where wtg(p;) = 1if p; # 0. The Lee distance measures the dissimilarity between two codewords p and s
over a g-ary alphabet {0,1,...,¢—1}, defined as dr(p, s) = >, min(|p; — s;|, ¢ — [p; — s;|). When g =2
or 3, the Lee and Hamming distances coincide, as both count the number of differing symbols between two

n .

words. The Lee weight of a codeword p = (p1,p2,...,pyn) is defined as wtr(p) = > _.", min(|p;|, ¢ — [pil)-
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3. Zs[u]Z>]u]-Additive Codes

The set Za[u|Za[u] = {(f,9) | f,9 € Zz[u]} forms a commutative group under component-wise
addition. For a code of length n = p 4+ v, we define Zy[u|* x Zo[u]” = {(f,9) | f = (fo, f1,---, fu—1) €
Zo[ul*, g = (90,915 -+ - Gv—1) € Za[u]”}, where p and v are positive integers. The group Zs[ul# x Zs[u]”

is commutative under component-wise addition. We define a map 7 : Za[u] — Z2 by n(l + wm) = I, and
a multiplication
* 1 Zo [’LL] X Zo [U]ZQ [’LL] — Zy [U}ZQ [u]
given by
dx(f,9) = (n(d)f,n(d)g), whered, f,g € Zs[ul.

This multiplication is extended to the elements of Zs[u|* x Zs[u]” and Zs[u| as follows:

dx*(f,9) = (n(d) fo,n(d) f1,- .., n(d) fu-1,n(d)go, n(d)g1, ..., n(d)g—1),

where f = (fo, f1,..., fu—1) € Z2[u]* and g = (g0, 91, ..., 9v—1) € Zo[u]”.

Theorem 3.1 [1/] The set Zs[ul* X Zs[u]” forms a Zs[u]-module under the multiplication x defined
above.

Definition 3.1 A non-empty subset C' C Zs[u]* x Zs[u]” is called a Z3[u]Z3[u]-additive code of length
(u,v) if it is a Za[u]-submodule of Zs[ul* x Za[u]”.

Definition 3.2 A Z5[u]Zs[u]-additive code C of length (u,v) is said to be a Zs[u]Z2[u]-additive cyclic

code 1f7 for any z = (an f17 R fu—17907gl7 e 791/—1) S Ca its CYCHC shift U;A,D = (fu—lv an ey fu—27gv—17
9o, - - -, gu—2) also belongs to C.

We extend the ring homomorphism 7 : Zo[u][z] — Zs[z] as follows n (37 kiz®) = >1 o n(ki)a’. Let
R, = Zyul[z]/(x* — 1) x Zs[u][x]/(x¥ — 1). Then R, , becomes a Zs[u|[x]-module with multiplica-
tion defined as k(z) x (f(z),9(x)) = (n(k(x))f(z),n(k(x))g(x)), where k(z), f(x),g(z) € Za[u][z]. For
any Zo[u]Zs[u]-additive code C of length (u,v), a codeword z = (fo, f1,..., fu=1,90,91,---,gv—1) € C
corresponds to a polynomial z(z) = (b(x),c(z)) € Ry, where f(z) = fo + fiz + -+ + fu1a?™ ! €
Zolu)[z]/{z* — 1) and g(x) = go + 12 + -+ + go_12¥ " € Za[u][z]/{z¥ — 1).

Theorem 3.2 [1/)] A Zs[u]Zs[u]-additive code C of length (p,v) is a Za[u|Zs|u]-additive cyclic code if
and only if it is a Zo[u][z]-submodule of Ry, ,, .

Proof: Assume C is a Zy[u]Z3]u]-additive cyclic code of length (u,v). For k(z) € Zs[u][x] and z(x) =
(f(z),g9(x)) € C. We can show that = % (f(x),g(z)) = (zf(x),zg(z)), where zf(x) and zg(x) are cyclic
shifts of f(x) in Zoful[z]/ < z* — 1 > and g(z) in Zs[ul[z]/ < ¥ — 1 >, respectively. By induction,
x' % (f(z),g(x)) € C for any positive integer i > 1, and thus k(z) * (f(z),g(z)) € C. This shows C is a
Zul[x]-submodule of R, , .

Conversely, if C'is a Zs[u][z]-submodule of R,, ,,, the closure under multiplication implies x*(f(x), g(z))
€ C, ensuring C' is a Zs[u]Zz[u]-additive cyclic code of length (u, v). O

4. Generators of double cyclic codes

Definition 4.1 A binary linear code C' of length n = p+ v is called a Zs[u]-double cyclic code if for any

codeword (co,c1,...,cu—1]cp,ch,5...,¢,_1) € C, its cyclic shift (¢,,_,,co,¢C1,...,Cu—2 | Cu1,¢0, 15,
C;_z) (S C

Let ¢ = (co,¢1,...,¢u—1 | Co,...,Cr—1) represent a codeword in the binary linear code C, and let ¢ € Z.
The i-th shift of ¢, is ¢ = (co_4, c1_4y. .., Cp—1—is CO—is - - -, Cy—1—5). If C C Zb X 7 is a Zy-double cyclic

code, then C,, and C, are the projections of C' onto the first y-coordinates and the last v-coordinates,
respectively. C,, and C, are binary cyclic codes of lengths y and v, respectively. The code C is called
separable if it is the direct product of C,, and C,. There is a natural correspondence between Z4 x Z}
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and Zg[z|/(z" — 1) X Zs[z]/(x¥ — 1) given by the map (co,c1,...,¢u—1,¢0,C1,...,c—1) = (c(x) | d(z)),
where c(z) =co+ 1z + -+ ¢yt and d(x) = do + dix + -+ dy—127 7. Let C C Za[u]* x Zslu]”
be a submodule. Define Y : C' — Za[u)* and Y’ : C' — Z3[u]” be the cannonical projections, and let K
and K’ be a submodule of Zs[u]* x Zs[u]”. Then K = {(0,d) such that T(K) € Zs[u]*} and K’ = {(c,0)
such that Y/(K') € Zy[u]"}.

The above discussion is summarized as follows.

Theorem 4.1 Let C C Zs[x]/(x# — 1) X Za[z]/(2” — 1) and projections Y (C) C Zs|z]/(ax* — 1), T/(C) C
Zs[zx]/(z¥ — 1) Then

1. T(C) and Y'(C) are submodules of their respective polynomial rings.
2. If C is separable, then C = Y(C) x Y'(C).

Theorem 4.2 Every submodule C C Zg[x]/(z* — 1) X Za[z]/(x¥ — 1) can be expressed as C = ((b(x),0),
(e(z),a(x))), where b(x),e(x) € Za[z]/(z* — 1), a(x) € Za[z]/(z¥ — 1), and b(z) | z* — 1, a(z) | ¥ — 1,
with deg(e(z)) < deg(b(z)).

Proof: By the structure theorem for modules over principal ideal rings, Za[u]/(z* —1) and Zs[u]/(z¥ —1)
are principal ideal rings. This implies that every submodule of Z[u]* and Zs[u]” is finitely generated.
Let T : Zslul* x Zs[u]¥ — Zs[u]* and Y/ : Zaul* x Zs[u]” — Zs[u]” be the canonical projections.
Denote Y(C) = C, and Y'(C) = C,, which are submodules of Z[u]* and Z,[u]”, respectively. Since
Zsu]/(x*—1) and Zs[u]/(z¥ —1) are principal ideal rings, there exist generators b(x) € C,, and a(z) € C,
such that C,, = (b(a:)}, b(x) | (x*=1),C, = (a(zx)), a(z)| (z¥—1). Now consider the submodule C. By
definition, T’(C) = (a(x)), so there exists an e(x) € Zs[u]* such that (e(x),a(x)) € C. Additionally,
(b(z),0) € C since b( ) generates C,,. We claim that C' = ((b(z),0), (e(z),a(x))). Let (p(x),q(x)) €
C. We must show that (p(z),¢(x)) is a linear combination of (b(x),0) and (e(x),a(x)). First, since
q(z) € T'(C) = = (a(u)), there exists A(z) € Zs[u] such that g(z) = A(z)a(z). Now consider
(p(x),q(x)) — )\(x) ( ;a(z)) = (p(x) — Mx)e(x),0). The first component p(x) — A(x)e(x) € 7,(C) =
C,, = (b(z)), so there exists p(x) € Zs[u] such that p(x) — A(z)e(x) = p(x)b(x). Thus (p(z),q(z)) =
p(z)(b(x),0) + A(z)(e(z),a(x)). This shows that C is generated by (b(x),0) and (e(x), a(z)). Finally, the
condition deg(e(x)) < deg(b(x)) ensures uniqueness of the generators, completing the pf. O

Theorem 4.3 Let C = ((b(z),0), (e(x),a(z))) C Za[u]/(z* — 1) x Za[u]/(z¥ — 1), where b(z) | z# — 1
and a(zx) | ¥ — 1. Then the dimension of C is viewed as dim(C) = p+ v — deg(b(x)) — deg(a(z)).

Proof: The modules Zs[u]* and Zs[u]” consist of vectors over Zs[u] of lengths p and v, respectively.
The degrees of b(x) and a(x), which divide 2# — 1 and x¥ — 1, determine the constraints on C. The
projection of C' onto the first component is (b(z)) € Zs[u]*, with p — deg(b(x)) free binary variables.
Similarly, the projection onto the second component is {(a(z)) C Za[u]”, with v — deg(a(z)) free binary
variables. The generators of C, (b(z),0) and (e(x), a(x)), Hence, the total dimension of C' is dim(C) =

p+ v — deg(b(x)) — deg(a()). 0

Theorem 4.4 The projections of C onto Zalul* and Zs[u]” are:

Proof: Consider the submodule C' = {(b(x),0), (e(z),a(z))) C Za[u]* x Zs[u]”. The projection Y (C)
maps C to its first component in Zs[u]*. The generator (b(z),0) maps to b(z), while (e(x), a(x)) projects
to e(zx), which is constrained to have deg(e(z)) < deg(b(z)). Thus, T(C) = (b(x)).

Similarly, the projection Y/(C) maps C to its second component in Zs[u]”. The generator (b(z),
maps to 0, while (e(x),a(x)) maps to a(z), yielding Y'(C) = (a(x)). Hence, the projections are T(C)

0)
(b)), T(C) = {a(x)). o



DouBLE CycLIC AND QUANTUM CODES 5

Theorem 4.5 A minimal generating set for C as a Zo[u]-module is
S1 = {a' (b(w),0) | 0 < i < 1 — deg(b(a))},

Sz = {27 (e(x), a(x)) | 0 < j < v — deg(a(x))}.
The union S1 U Se forms a basis for C'.

Proof: The generator (b(x),0) of C' corresponds to the projection (b(z)) C Zo[u]*. Shifting b(x) by
powers of z, the set S; = {2'(b(x),0) | 0 < i < u — deg(b(z))} spans all elements of (b(z)) in
Zou)*. Similarly, the generator (e(z),a(x)) corresponds to the projection (a(z)) C Zo[u]”. The set
Sy = {27 (e(z),a(x)) | 0 < j < v — deg(a(z))} spans all elements involving a(x) in Zs[u]”. Together,
S1 U Sy spans the entirety of C' as a Zs[u]-module, providing a minimal and complete generating set for
C. O

5. Quantum Codes over Zs[u]" X Zg[u]”

We define a Gray map:
D : ZQ[U]H X ZQ['LL]V — Zg,

where n = 2p + 2v, as follows ®((q + ur)(z), (s + ut)(z)) = (r(z), (¢ ®7)(2),t(x), (s B t)(z)). Here, the
elements (q 4 ur)(z) € Zz[u]* and (s + ut)(x) € Zo[u]” are expressed in the forms:(q + ur)(x) = ((go +
urg), r(qrtury), ..., 2"~ H(quo1tury—1)) € Zo[ul* and (s+ut)(x) = ((so+uto), z(s1+uty),..., " H(su—1+
uty_1)) € Za[ul”.

The map ¢ transforms the Lee distance on Za[u]* X Za[u]” to the Hamming distance on Z%. The Lee
weight of a coordinate r € Zo[u] is defined as

2, ifr=u,
wtr(r) =41, ifre{1,1+u},
0, otherwise.

For a codeword (bg,bs), its Lee weight is the sum of the individual Lee weights of bs and bs wt(b) =
wtr, (be) + wtr(b3). The Hamming weight of a vector in ZJ corresponds to the count of its non-zero
entries, while the Hamming distance is the number of positions where two vectors differ. Thus, ®
preserves the Lee distance by transforming it into the Hamming distance, making it an isometry.

Theorem 5.1 The Gray map ® : Zo[u]* X Za[u]¥ — Z% defined as ®(qo + uro, So + utg) = (ro,q0 B
ro,to, So @ to) is an isometry, preserving distances between elements.

Proof: To prove that ® is an isometry, we need to show that the Lee distance in Zs[u]* X Zs[u]” is
preserved as the Hamming distance in Zs[u]™ under the mapping ®. Let (g0 + uro, so + uto) and (g +
ur, sp+uty) be two arbitrary elements in Zs[u]* X Zo[u]”. The Lee distance between these two elements is
defined dy, ((qo +uro, so+uto), (g +ury, so+ut)) = wt((go+ure) — (q) +ury)) +wt((so+ute) — (sg+uty)),
where wt(x) denotes the Hamming weight (number of nonzero elements) of vector x. Applying the Gray
map P to these elements, we have ®(qy + urg,so + utg) = X = (ro,q0 ® ro,to, 50 D to). Similarly,
Clgh + urg, sg +uth) = X' = (ri, qh ®r, th, sp B ty). The Hamming distance between these two elements
in Z% is given by dy (x,2') = wt(z—a’). We can observe that the Lee distance and the Hamming distance
in this context are equivalent due to the specific mapping of ®, where the operations @& correspond to
the modulo 2 addition. Therefore, the Gray map ® preserves the distances between elements, and it is
an isometry. O

Example 5.1 Consider the module structure Za[ul* x Zslu]”, where u = v = 1. The code C' in this case is
{00, Ou, u0, uu}. Applying the Gray map ® : Zo[u]* X Zau]” — Z5 to any element in C results in a binary
linear code. For instance, consider the element uu ®(uu) = (1,00 1,1,0® 1). Simplifying this ®(uu) =
(1,1,1,1). The full image of C' under the Gray map, denoted as ®(C), is {0000,0011,1100,1111}.

This demonstrates how the Gray map transforms elements from Zg[ul* X Zau]” into binary vectors
while preserving their structure and properties.
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Theorem 5.2 Let C be a Zolul* x Zs[u]”-additive code of length (u,v), and let C+ be its dual code,
defined as C*+ = {w € Zo[u]* x Zo[u]” : (v,w) = 0,Vv € C}. If the binary image of C* under
the Gray map, ®(C*t), is contained in ®(C) (i.e., ®(C+) C ®(C)), then a quantum code Q(C) with
parameters (n,k,dg) can be constructed, where n = 2u + 2v, k = n — dim(®(C)) — dim(®(C*)), and
dg = min (d(®(C)),d(®(C))).

Proof: Using the Calderbank-Shor-Steane (CSS) construction, a quantum code can be derived from two
classical binary codes C7 and Cs, provided Co C C. In this setting, the Gray map ® transforms the
Zo[u)* x Za[u]’-additive codes C and C* into binary linear codes ®(C) and ®(C+), respectively. The
condition ®(C+) C ®(C) ensures compatibility with the CSS construction. The length of the quantum
code Q(C) is determined by the length of the binary vectors, n = 2u + 2v. The dimension of Q(C) is
computed as k = n — dim(®(C)) — dim(®(C+)). The minimum distance dg of the quantum code is the
minimum of the distances of the binary codes do = min (d(®(C)), d(®(C*))). This construction ensures
that Q(C) is a valid quantum code with the specified parameters. O

6. Conclusion

In this study, we have characterized the algebraic structure of Zs[u]-additive and Zs[u]-double cyclic
codes. We established that these codes can be interpreted as submodules of polynomial rings, and we
defined the conditions under which they are cyclic. We also identified the generators of these codes and
provided a framework for understanding their dimensional properties. This work extends the theory of
cyclic codes into a broader algebraic setting, offering new perspectives on the structure and properties of
linear codes over finite rings. The results obtained contribute to the understanding of coding theory and
its algebraic foundations.
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