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Degree Sum (1/3)rd Index of Certain Graphs

R. Rashmi∗, K. N. Prakasha, Arun C. Dixit and Ismail Naci Cangul

abstract: In this paper, we have computed the degree sum (1/3)rd index of some double graphs, sub-
division graphs and complement of standard graphs.Topological indices are numerical quantities linked to a
graph structure which are frequently employed in computer science, mathematical biology, and theoretical
chemistry. Degree based topological indices, such as degree sum (1/3)rd index offer important insights into
the stability, reactivity, and branching of molecules. These indices are widely used to predict the physi-
cal, chemical, and biological characteristics of chemical compounds in the research of structure–property and
structure–activity relationships (QSAR/QSPR). They are also helpful in network analysis, drug design, and
nanostructure characterization.
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1. Introduction

Let G be a graph with n vertices {v1, v2, . . . , vn} and m edges. In this graph we have considered simple
and undirected graphs. A topological index is a molecules numerical value that is calculated from its
structural graph. Topological indices are employed in chemistry to model the physical, pharmacological,
biological, and other characteristics of chemical substances. One of these topological indices is degree
sum (1/3)rd index which is defined in terms of the vertex degrees as follows:

Definition 1.1 Degree sum (1/3)rd index =
∑

uv∈E(G)

(
d
1/3
u + d

1/3
v + (dudv)

1/3
)

Definition 1.2 [7] A graph G complement is another graph Ḡ with the same set of vertices in which
two different vertices are adjacent if and only if they are not neighboring in G.

Definition 1.3 [7] Consider the graphG and its vertex set V as a partition, with Pk = {V1, V2, . . . , Vn}.
The k-complement of G is defined similarly to the complement of a graph: remove the edges between
Vi and Vj for every Vi and Vj in Pk with i ̸= j, and then add the edges between the vertices of Vi

and Vj that are not in G. The resulting graph is denoted by Ḡk.

Definition 1.4 [7] Consider the graphG and its vertex set V as a partition, with Pk = {V1, V2, . . . , Vn}.
Next, we obtain another type of graph complement, the k(i)-complement of G, as follows: For every
partition set Vr in Pk, eliminate the G edges that connect the Vr vertices,then add the edges of G
(complement of G), which is represented by ¯Gk(i), to the vertices of Vr.
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The new graph created by appending an additional vertex to each edge of a basic graph G is known
as its subdivision graph, or subgraph, S(G). In the literature, the subgraphs have been examined

When a graph G has the vertex set V (G) = {v1, v2, . . . , vn}, we take another copy of G and name
its vertices {v1, v2, . . . , vn}, with vi for each i. When vi is connected to its neighbors for every i, a new
graph known as the double graph of G and denoted by D(G) was studied in [4],[5],[6],[10].

2. Degree sum (1/3)rd index of some standard graphs

For these common graphs, numerous graph theorists calculated the various topological indices. It
could be useful to generalize the link between various topological indices in the future. Hence we have
computed the degree sum (1/3)rd index for few standard graphs.

Theorem 2.1 The degree sum (1/3)rd index of some standard graphs are as follows.

Degree sum (1/3)rd index =



6.627(n) + 5.694(n)4/3 if G = F 3
n

4.107(n)− 5.6946 if G = Pn

2(n− 1)4/3 + (n− 1) if G = S0
n

2(n− 1)4/3 + (n− 1) if G = K1,n−1

4.1072(n) if G = Cn

2(n− 1)4/3 + (n− 1)5/3 if G = Kn

n+ 2(n)4/3 if G = K1, n

4.1072(n)− 12.9704 if G = T(p,q)

6.4068(n)− 6.406 + (n− 1)4/3(2.4422) if G = Wn

Proof: Let G be a Friendship graph F 3
n . It has 2n vertices of degree 2 and 2n in its centers. The vertices

of degree 2 are connected by n edges. The central vertex and the other vertices of degree 2 are connected
by 2n edges.

Figure 1: G: F 3
n

According to the definition of degree sum (1/3)rd index,
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Degree sum (1/3)rd Index(F 3
n) = n

(
21/3 + 21/3 + 41/3

)
+
[
(2n)1/3 + 21/3 + (4n)1/3

]
(2n)

= n
(
21/3 + 21/3 + 41/3

)
+

[
21/3n1/3 + 21/3 + 41/3n1/3

]
(2n)

= n
(
21/3 + 21/3 + 41/3

)
+ 2n

[
21/3n1/3 + 21/3 + 41/3n1/3

]
= n

[
24/3 + 22/3 + 24/3n1/3 + 24/3 + 25/3n1/3

]
= n

[
24/3 + 22/3 + 24/3 + n1/3(24/3 + 25/3)

]
= n

[
27/3 + 22/3 + n1/3(24/3 + 25/3)

]
= 6.627085252n+ 5.694644204n4/3

Similarly degree sum (1/3)rd index of other graphs can be calculated. 2

3. Degree sum (1/3)rd index of some subdivision graphs

Theorem 3.1 The degree sum (1/3)rd index of subdivision graph of some standard graphs are as follows.

Degree sum (1/3)rd index =



7.077715 + (4.1072)2(p+ q − 2) if G = T(p,q)

[(n− 1)1/3(2.2599) + 1.2599](3n) if G = Cn

8.214486304(n) if G = Kn

8.2144(n)− 1.1748 if G = Pn

14.817n+ 2.259(n− 1)1/3 − 14.8177 if G = Wn

18.94(n) + 5.694(n)4/3 if G = F 3
n

1.7797(n) + 2.2599(n− 1)4/3 if G = S0
n

Proof: Let G1 be a subdivision graph of Kn. In this case, the subdivision graph has n(n+1)/2 vertices
and n(n-1)edges. Of these n original vertices have degree (n − 1) and nC2 new vertices have degree 2
each.

Figure 2: G1: Subdivision graph of Kn

According to the definition of degree sum (1/3)rd index,
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Degree sum (1/3)rd Index(Kn) =
(
21/3 + 21/3 + 41/3

)
(2n)

=
(
2 · 21/3 + 22/3

)
(2n)

= (2.5198421 + 1.5874011) (2n)

= 4.1072432 · (2n)
= 8.2144864 · n

Similarly degree sum (1/3)rd index of other subdivision graphs can be calculated.
2

4. Degree sum (1/3)rd index of some double graphs

Theorem 4.1 The degree sum (1/3)rd index of double graph of some standard graphs are as follows.

Degree sum (1/3)rd index =


22.7785(n)− 29.5598 if G = Pn

22.77857(n) if G = Cn

2[(n2 − 6n+ 13)1/3 + (n2 − 6n+ 13)2/3](n2 − 31n+ 60) if G = Kn

8.21446(n)− 3.1748 if G = S0
n

Proof: Let G2 be a subdivision graph of Pn. Double graph of Pn has 4(n− 3) vertices of degree 4 and
8 vertices of degree 2.

Figure 3: G2 :Double graph of the path

According to the definition of degree (1/3)rd index,

Degree Sum (1/3)rd of Pn =
(
21/3 + 41/3 + 81/3

)
· 8 +

(
41/3 + 41/3 + 161/3

)
· 4(n− 3)

= [1.26 + 1.5874 + 2.0] · 8 + [1.5874 + 1.5874 + 2.5198] · 4(n− 3)

= 4.8474 · 8 + 5.6946 · 4(n− 3)

= 38.7792 + 22.7784(n− 3)

= 38.7792 + 22.7784n− 68.3352

= 22.7784n− 29.556

Similarly degree sum (1/3)rd index of other double graphs can be calculated.
2
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5. Degree sum (1/3)rd index of complement of some graphs

Theorem 5.1 The degree sum (1/3)rd index of complement graph of some standard graphs are as follows.

Degree sum (1/3)rd index =


[21/3 + 21/3 + 41/3](n) if G = Cn

3n−3 · [2(n− 1)1/3 + (n− 1)2/3] if G = S0
n

6n if G = F 3
n

Proof: Let G3 be a Complement of the graph of Sn. In this case, the complement graph has 3n−1

vertices of degree (n− 1) and an isolated vertex.

Figure 4: G3 : Complement of Sn graph

According to the definition of degree sum (1/3)rd index,

Degree sum (1/3)rd Index = 3n−3
[
(n− 1)1/3 + (n− 1)1/3 +

(
(n− 1)2

)1/3]
= 3n−3

[
2(n− 1)1/3 + (n− 1)2/3

]
= 3n−3 · (n− 1)1/3

[
2 + (n− 1)1/3

]
= 3n−3 · [2(n− 1)1/3 + (n− 1)2/3]

Similarly degree sum (1/3)rd index of other double graphs can be calculated. 2
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