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Caputo Generalized Proportional Fractional Differential Equation: Analytical Approach
and Stability Results
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ABSTRACT: This paper investigates the existence, uniqueness, and stability of solutions for a novel class
of Caputo generalized proportional fractional differential equations involving two distinct fractional orders.
We present key properties of the generalized proportional fractional derivative and establish our main results
using Schaefer’s fixed point theorem and the Banach contraction principle. Furthermore, we analyze Ulam-
Hyers and generalized Ulam-Hyers stability for the proposed problem. To illustrate the applicability of our
theoretical findings, we conclude with a numerical example demonstrating these results.
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1. Introduction

Fractional differential equations (FDEs) have attracted significant interest in recent years due to
their ability to model complex phenomena across various scientific disciplines. Their effectiveness has
been demonstrated in physics, mechanics, biology, chemistry, control theory, and other fields , see [6,
13,5,2,1,3,9,12,14,20,11,15,4,8]. Among the different definitions of fractional integrals and derivatives,
the Riemann-Liouville and Caputo operators are the most widely used. These derivatives have proven
particularly valuable in modeling systems with long-term memory effects, addressing key challenges in
science and engineering [25,26,27,28], for more details for Caputo fractional derivative, we direct readers
to the papers [7,29,30]. In [16], Jarad et al. proposed a modification of the conformable derivatives
[17,18], introducing a new category of fractional derivatives called the generalized proportional fractional
(GPF) derivative. Later, Anderson et al. [19] addressed the limitation that the fractional conformable
derivative does not approach the original function as the order p tends to zero, by defining a proportional
derivative of order p as follows:

D2b(7) = &1(p, 7)b(T) + &2(p, T)B'(7),

where &1, : [0,1] Xx R — [0, 00) are continuous functions such that, for all 7 € R,

lim 51(pa T) = 17 lim 52(p7 T) = 0) lim £1<p7 T) = 07 lim £Q(pﬂ T) = 17
p—0t+ p—0t p—1— p—1—
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and &1 (p,7) # 0,&(p,7) # 0,p € [0,1], with these modifications, the proposed proportional derivative
approaches the original function as p tends to 0.

In recent years, there has been an increasing interest among researchers in exploring this fractional
derivative. Building on these contributions, the present work aims to integrate these concepts in order
to establish existence results.

{ =Xu(r) = h(r.w(r).T € A= [1.4]
w(y) = 0,w() = Z] 1 Vf:i’xw (05) + 221y %J'Bixw (Ki) -

Where G’Df;x is the Caputo generalized proportional fractional derivative of order w, 0 < w < 1,

(1)

respectively. Jf:i’x and 35 VX are the generalized proportional fractional integral of order «j, 5; > 0,
€0,1,v>0, v, R, j=1,..mi=1,...,n7<01 <..<pp<0,7v<k <..<kyp<0and
heC(AxR,R).

The paper is structured as follows: Section 2 presents the necessary preliminaries, including notations,
definitions, and auxiliary lemmas from fractional calculus relevant to our analysis. In Section 3, we
establish existence results for problem (1) using Schaefer’s fixed-point theorem, while the uniqueness
result is derived through Banach’s contraction principle. Section 4 is devoted to studying Ulam—Hyers
stability and its generalized form for the considered problem. Finally, a numerical scheme is introduced
to demonstrate the applicability of the obtained theoretical results.

2. Preliminaries

Definition 2.1 [19] For x € (0,1]. Let &,&2 : [0,1] x R — [0, 00) be continuous functions such that,
for all 7 € R,

lim fl(XaT) = ]-7 lim 52()(77—) = 0; lim gl(X,T) = Oa lim 52(){;7_) = ]-7
x—0+ x—07F x—1— x—1—

and &1 (x,7) # 0,&(x,7) # 0,x € [0,1], then the proportional derivative of order x of b is defined
by

DX[)(T) = 51(X>T)b(7-) + 52()(77—){)/(7—)’ (2)
By setting & (x,7) = x — 1 and &(x, 7) = x, (2) becomes
DXh(r) = (1 = x)b(7) + xb'(7) (3)
Lemma 2.1 [16] For x € (0,1], o, € C with Re(o) > 0 and Re(w) > 0. If h € C([,0],R) then we
have
372370 (r) = 377N (1), > 7. 21)

Lemma 2.2 [16] Let x € (0,1], n € N*, h € L'([y,0],R) and 37Xy € AC™([y,4],R). Then

o—k

(2.2)

0, X (€T, X _ _ Xl(r v) - ~lc ox (T_/Y)
TR CDIE)(r) =b(7) —e kZ:l o)( "_kF(U—k—Fl).

Lemma 2.3 [16] Let 0,0 € C with Re(o) > 0 and Re(v) > 0. Then for each x € (0,1] and n =
[Re(o)] + 1, we have

ag ;17—7 v— ;17-7 VvV+o0—
) (3725 =) 0) = g =) Refo) 20

O'l_‘ _
XT(v) 5

@ D)) = Sy Rele) 2

(iii) ( %gfe%‘l“ﬂ) (r — 'y)k> (1) =0, Re(o)>n, k=0,1...,n—1.
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Theorem 2.1 (Schaefers’s fized point theorem) [21,22]
Let X be a Banach space and K : X — X, be a completely continuous operator. If the set T. = {w €
X | w=eKw;0 <e <1} is bounded, then K has at least a fixed point in X.

Theorem 2.2 (Banach’s fized point theorem) [23]
Let X be a Banach space, C' a closed subset of X. Then any contraction mapping K from C into itself
has a unique fized point.

3. Main Results

Lemma 3.1 Let v > 0,0 < w <1, and f € C(A,R). Then the function w is a solution of the following
boundary value problem:

SO Nw(r) = f(r), 7€ A= [0,

m
3.1
w(y) =0, w(d) = Zl/j Wi’Xw 0j) ZL,JB“XUJ Ki), 7 < 0, ki <0, (3.1)
i=1

if and only if

(r =S
Ox®T'(w + 1)

w(r) = IT7(r) +

x |37 Dﬂ“fﬁ“ Z I o) | (3:3)
1 T ( )= (=)

— X—_l(‘r—s) w1 d T—7)€x 3.4

pr(w)L e x (1 —8)" " (s)ds + Ox=T (= + 1) (3.4)

R
X [WI}(W)L eXT(‘S_S)(é—s)wflf(s)ds (9)

_ " X=l(g—s) (. NwHBi—1

Z XZTAT (w + 53;) /7 “ (ks =) f(s)ds (3.5)
n 1 /Qj Xifl(‘g‘_s) ota;—1
— 14 - e x J 0; — S J f s dS 36
; IE=FT (w + ay) J, (0 —9) (s) (3.6)
where
w+ﬁ1 e G )eraJ o5 (=)

@ Z Li w+5, w _|_ /BZ + 1 + Z VJ w_;'_ajl—\ w + a] + 1) (3.7)
(6 e s (=) Lo .

x“l(@w +1)

Proof: Let w be the solution of problem (3.1). By applying the GPF integral of order o, w and Lemma
2.2 with Lemma 2.3, the first equation of problem (3.1) can be expressed as

e ane?
+ d16 y (39)

wlr) = 3527() +do =2

where dy and d; are constants. Next, by using the boundary condition w(y) = 0 in (3.9) we obtain d; = 0

then

(r= )5
XFL(w+1) 7

w(r) = IZXF(7) + do

~+

(3.10)
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Mz

next, by using the boundary condition w(d) = Vj”f':i Xw(o;) + Z Ll"ﬁixw(m) (3.10) we obtain

j=1
1 - - Je+a
b=g |7 Zw O () ;V S e | (3.11)

where O is given by (3.7). Substituting the value of dy in (3.10) we obtain

(r =)0

— %X
w(r) = T75(7) + =T 1 1) (3.12)
= LT (ks Z 35T (o)) |- (3.13)
i=1 j=1

The converse follows by direct computation that the solution w(7) given by (3.2) satisfies problem (3.1)
under the given boundary conditions.

4. Existence and Uniqueness Results for Problem (1)

In this section, we establish the existence and uniqueness of the solution to problem (1).

Based on Lemma 3.1 we define the operator IC : C — C by

(r =)= T

(Kw)(r) = 3770(7, w(r) + g s (4.1)
x |37 Xh 5, w( ZL §w+5“x b (ki w Zl/j w+%’x b (0j,w (05)) (4.2)
- == / T (5 (s, w(s))ds “3)

Y
w 0 N
t - (7) ; [prﬂw) / T 0795 — 5) (s, w(s))ds (15)
x x (1—v g
- 1 B xoa . w4+ B —
_'X;Lixwwil“(er&)/y % ) (1 — )7 (s, w(s))ds (4.4)
n 1 o Xi—l(gj_s) wta;—1
Dvimmreray ), ©F @ @7 ) (4.5)
e

where C = C([v,0],R) denotes the Banach space of all continuous functions from [v,d] into R with
the norm ||w|| := sup{|w(7)|;T € [, d]}.

To address the existence and uniqueness results for problem (1), we introduce the following notations
to simplify the computations.
(0—7)%

T T 1) 4.6
X% (w+1) (4.6)
(0—7)% — )T
- i 4.
® ©|x7'(w + 1) ”—“T w—l—l +Z|L | w+ﬁ7 T (w+ B +1) (4.7)
wHa
—9)
+ Z ‘Vﬂ| w+a]F w +a; + 1) (4-8)
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The main results are established under the following assumptions.

(Hq): |b(m,v) = h(r,w)| < Llv—w|; £ >0, for each 7 € [y,6] and v, w € R.

(H3): there exist non-negatives continuous functions v and s, such that
Ib(r,w)| < i(7) + o(T)|w], (1,w) € [v,0] x R, with [[¢1]| = suprefyali(T)], [[vall =
SUDrely,8]|V2(T)

(Hs): [[¢2]| (A4 B) < 1, where A and B are given by (4.6) and (4.7).

Existence analysis through Schaefer’s fixed-point theorem

Theorem 4.1 Assume that (Hsz) and (Hs) are satisfied. Then, there exists at least one solution for the
problem (1) on [v,4].

The proof of Theorem 4.1, is carried out by verifying that the operator X meets the conditions of Theorem
2.1 (Schaefer’s fixed point theorem).

Proof: Consider the operator K defined in (4.1), we will show that I is a completely continuous
operator.
Step 1: K is continuous.
By using the continuity of function b, it follows that K is continuous.
Step 2: K is bounded.
Let N a bounded set, such that " C B, we will show that K(N) is bounded for all w € A. For each
7€ A and w € N, we have

-1
w5 (T=7)

(Kw)(r)| < 37 o w(r)] + T

B |©[x=T(w + 1)
X |[) 511) |+ZL~w+ﬂz |h Ky W lﬁ:z |+Zyﬁ~w+aj,x|h(gj7w(gj))|
=1
S XWI:‘[()‘/YT e%(T—S)(T _ S)w_l‘h(&UJ(S))‘dS
)l S B LR CTO R
+ et e, ¢ 9 o

+Z T ww)/ XU (= )T (s, w(s))|ds

m 1 2j x—=1
+ Vi e x
> @

= (05— )T (s, w(s))|ds |

using (Hs) and the property 5 (=) <lfory<s<t<rt<4it leads to
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(6 —v)= (60—~
lw(r)| < @+ 1) (1]l + |w| [|19p2]]) + O (@ + 1)
0—7)%
x [wwln + ol 2l

)W—O—ﬁi

+Z|Lz| ey (vl + ol el

w+ta
+Z|uj| T <||¢1+|w|||¢2||>]
( v) 0 =77

wl"w—i—l ‘i w+51 w—l—ﬂz—l—l)

(0 v)ma'
J
+Z|V]| w—i—ajl"(w-&-aj—i-l)

(]l + Tl [42])

< (lell + [w[[[¢2]]) (A +B),
< (A +B) [l + w92l (A +B),

then [|[Kwl|| < (lv1] + pll1]]) (A + B), where 2 and 9B are given by (4.6) and (4.7).
Step 3: K is equicontinuous.
Let 71,72 € [7,d] such that 7 < 72, and for each w € N we obtain



CAPUTO GENERALIZED PROPORTIONAL FRACTIONAL DIFFERENTIAL EQUATION 7

[(Kw) (12) = (Kw) (1)

1 " w—1 w—1
< pr(w)/v [(72_3) — (1 —s) } [h(s,w(s))|ds
1 7—2 w—1
g 0 s w(elds
‘(7‘2 — ’y)w e%(ﬁ’-’ﬁ _ (Tl _ ’Y)w efol(ﬂ_,y)’
_|_
|O|x=T (@ + 1)
1 ’ w—1
X [WL (6= 5)7 (s, w(s))|ds

n 1 K i
+,;”xu‘%r(w+ﬁi)/V (ki =)™ (s, w(s)lds

+;vjxw+ajr el ARG T A ORI
(leall +pll2l) (™ w1 w1
SWL |:(7'2—S) —(7'1—8) :|d8
(Il + pllw2l) [ w1
+ —pr(w) /T1 (12 — s5) ds
‘(TQ — ) @M _ (7 )T 6’%1(71—7)‘
i OI=T (@ + 1)
(Ilz/flll +pllwal) [ w1
+Z lﬂl Pl [
(o]l + o112l o
+Z vj w+i]1ﬂ ZU—‘rQOz] /7 + 1d5] )
< “'f;"rfw”fﬁj”) 2 =7 +1(m =) ~ (1~ )7
(2= )T T~ (ry = )T )|

" OhT (= + 1)

Ul + pllv2l) -
: [wmm)“‘”

- ||1/J1||+p\|¢2||) )

i (b1 |l + p lle2l))

)w+05j
=TT (@ + o + 1)

(0j —

)

the right hand side tends to zero as 75 —+ 71, indepently of w € N which leads to |(Kw)(7) —
(Kw)(71)] — 0 as 7o — 7 this implies that IC(N) is equicontinuous. From step 1, step 2 and step 3 it
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follows-by applying the Arzela-Ascoli theorem-that the operator K is relatively compact, as consequence
the operatorr K is completely continuous.

Step 4:The set T. = {w € C(A,R) | w =eKw; 0 <e < 1} is bounded.
We are going to show that the set Y. is bounded. For all w € T, by using (Hs), we have

(r—y)=e’ s O
O[x®I'(w + 1)

w(r)] < 35X[b(7, w(T))| +

5 ~ i) ~+
X [3ZX[6(6, w(0) |+ZLZ I (kiyw (k) |+Zz@ 3TN (07, w (07)]

yF

# TexT—l(Tfs)T_Sw_l s wl(s 5
< T >L ()7~ (s, w(s))ld

(T_’Y) c X S L ’ %(5*5) — s w—1 s.w(s S
T eI + 1) [wa(w)fy c (0 —5)7 7 [h(s,w(s))|d

Ri

+Z T ww)/ e (mi = )T b (s, w(s))Ids

+Zuj e )

using (Hs) and the property eXT_l(tfs) <lfory<s<t<rt<4itleads to

Qj

5@ (g, — ) (s, w(s))|ds |

B Gl w I Clule) i
0] < gy (ol + ol el + 5 Sy
(6—7)
‘ [len + ol 1)
)‘W+/Bi

+Z|Lz| e (ol + ol )

wta
+Z|uj| )l + ol )
5— = §5—~®

(6—7) (ki — 7)™t
x“I(@w +1) Z"' XZHAT (w4 B; + 1)

n wta;
(0 —""™"
+ Xl et | (ol + ol )

< (Hz/)lll + [wl [|ia]]) (2 + B),
< @+ B) [[9a ]l + Jwl[[¢2] (A +B),

Where 21 and 9 are given by (4.6) and (4.7). Thus, we have

Wl < (2 +B) [l
Tl (A+B)
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This proves that the set Y. is bounded in C(A,R), by using Theorem 2.1, K has at least one fixed point
which is the solution of the problem (1).

Uniqueness result employing Banach’s contraction mapping theorem

The second existence and uniqueness result is obtained through the application of the Banach fixed
point theorem

Theorem 4.2 Assume that (Hy) is verified. If E(Ql + ‘B) < 1, where A and B are respectively given by
(4.6) and (4.7), then the problem (1) has a unique solution on [v,d].

Proof: Let K be the operator defined in Equation (4.1) Accordingly, problem (1) can be reformulated
as a fixed point problem , namely finding w = Kw such that. By using Banach contraction principle we
will show that C has a unique fixed point. We set sup,¢[,,5) = [h(7,0)] = M < oo, and choose p > 0
such that
pr HELB) (19)
— L(A+B)

B, = {w € C([v,d],R); ||lw|| < p)}, where 2, B are respectively given by (4.6) and (4.7).
Step 1: We show that KB, C B,,.
For any w € B, we have

0(7, w(T))] < |b(7; w(T)) = b7, 0)[ + [b(7, 0)]
< Llw(t)|+ M
< Lw| + M,

then we have

@, X (T—7)

(T —9)e
0Cw) ()] < I b(r w(O) + =g or
x| 37X [6(5,w(0) |+ZM$J@~X|h i (7)) |+Z v 375X [ (055w (7))

! TeXT_l(Tfs)T—sw_l s,w(s))|ds
[ (r = )= [b(s, w(s))|d

~ x"I(w+o0) J,

(r—y= TV
Ox*T(w+1) | x*I'(w)

5
. / T O7(§ — 5)= 1 h(s,w(s))|ds
Y

n 1 Ry .
» (k) (o ywkBie]
+;L1XW+BIF(W+51) /y e X (Hz S) |b(s7w(8))|d8

n

1 9 x-a1 s oo —
+D v : / e @7 (g — 5)TT T (s, w(s))lds |
Y

= IxErl (@ + ay)

using (H;) and the property (o) <lfory<s<t<rt<4it leads to
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(K)o < D7) oy 4 0D

~ x"T'(w+1) |O|x®'(w + 1)
(06—~
X {K’F(w—l—l)(ﬁllw + M)
)W-‘rﬁi

+Z|Lz| w-i—ﬁl I'(w+ B +1)(£‘w|+M)

(0 =)=
+Z ‘V]| w_;’_a T'(w+a;+1) (£|'LU| + M)

(@(6) — ()" (6 —7=
< (Lhol + M) wr(w+1) T e (w1 1)
( )‘!ﬂ+5i

wrw+1 +Z|’| wﬂfz w—&—ﬁz—&-l)

w+tay

0 — 7
+Zm| wjajp(ﬁ,wﬂ)} (Clol + M)

< (ﬁ\w| + M)A +B)
< (Lp+ M) +DB)
<p,

which implies that KB, C B,. Where 2, B are respectively given by (4.6) and (4.7).

Step 2: We show that the operator K is a contraction.
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For any v,w € C, and for 7 € [y, §], we have

(r =)=
OxL(w + 1)

X |:J$J;X|[)((57v(5)) I + Z szw—i_ﬁl’x |h Ki,v (ki) — b (Kivw (Kl))‘

[(Kv)(1) = (Kw)(r)| < T52X[b(r,v(7)) = b7, w(7))] +

+ 3 ITEN 0 (05,0 (07)) — b (g5, w (07))]
j=1

1

~ x®T(w)

_ we% T — g
Lo Ten V)l L [ = s v(s) — (s, wl)s

/T e 7 (r = 5) (s, 0(s)) — (s, w(s))|ds

Ox*T(@w+1) [x*I'(w)

3 1 " x=Lig,—s o Bi—
+;Lixw+5il“(w+ﬁi)/7 e (i )(ﬂi_S) +B l\h(s,v(s))—b(&w(s))ws

Qj

ng e Tay ) T T T (s vls) — s (sl

@—p=r (0=
WF(w—!—l) |@|XWF(w—|—1)
( )‘w+5i

wrw+1 +Z|l| w+ﬁz w+@+1)

< (Ll = w))

>w+aj
Llv — w))

§£@+%m—wL

which implies, |[Kv — Kw| < £(2 + B)[v — w||. As L(2A + B) < 1, then K is a contraction.
Consequently, by the Banach fixed-point theorem, the operator K admits a unique fixed point, which
corresponds to the unique solution of the problem (1).

5. Ulam—Hyers Stability Analysis

This section is devoted to the analysis of the Ulam-Hyers (U-H) stability and the generalized Ulam-
Hyers (G-U-H) stability of problem (1).

Let € > 0, we consider the following inequality
DT Xw(r) —b(r.a(r))| <e, TEA:=[4], (5.1)

Definition 5.1 [24] The problem (1) is U-H stable if there exists A > 0, such that for each ¢ > 0 and
for each solution w € C of inequality (5.1), there exists w, € C solution of the problem (1) complying
with

[0 —w| < Ae. (5.2)

Definition 5.2 [24] The problem (1) is G-U-H stable if there exists ¢ € C with ¢(0) = 0, such that
for each € > 0 and for each solution w € C of inequality (5.1), there exists w € C solution of the
problem (1) complying with.

@ — wll < ¢(e). (5.3)
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Remark 5.1 A function @ € C is a solution of inequalities (5.1) if and only if there exists a function
g € C such that
- lg(r)| <€,
ii- for 7 € [v,4] :
DT N(r) = b(7, (7)) + 8(7). (5.4)
To simplify the computations, we use the following notations:

leﬁ{ O-y7 0

) +ﬁ?

Z| wwlr (w+Bi+1)

}, (5.5)

(5.6)

x"T'(w+1)  |Ox=I( w+1

(6 - y)= e

* wa—l—l Z‘” w"’O‘JFw—I—a]—&—l)

(6 —7)~
Qp=— 1
T XFI(w+ 1)

Theorem 5.1 Assume that (H1) hold, if Q1 < 1 then the problem (1) is Ulam—Hyers stable on [y, 8] and
consequently is generalized Ulam—Hyers stable, where Q0 is given by (5.5).

proof Let ¢ > 0, and w € C satisfies inequality (5.1), and w € C be the unique solution of the problem
(1) with the conditions w(y) = w(y), w(d) = w(d), then by Lemma 2.2, we obtain

_ we%(T—V)
w(r) = 37 r, w(r) + =

e Ox=I'(w + 1) (5:7)
x | 3T (8, w( ZLJW“X b (i, w (k) — Y w370 (05, w (0) (5.8)
Jj=1
= le—‘l(w)/w eXTfl(T_s)(T—s)wflb(s,w(s))ds (5.9)
(r=7)7eX (1 =)
Tt T (5.10)
1 /5 Xifl(g_) -1
X | —= e x (60— 8)"  h(s,w(s))ds 25
[wr(w)v (5~ 5)~"(s,w(s)) (25)
"oxm1 Ki—S) (.. w+p;—1
72 ot w+ﬁz)L T (g, — ) b(s, w(s))ds (5.11)
& x=1(pi—s) wta;—1
72 Vi ST w+a])/ ex (0j — 5) b(s,w(s))ds| , (5.12)
Since, w € C satisfies inequality (5.1) by using Remark 5.1 we have
O Xi(r) = b(r,b()) + o(r), 7 € A= [y,], 515
w(y) =w(y) , @) =w(d),

then by Lemma 2.2, we obtain
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(1 =)= T

w(r) = 370(r,w(7)) +

Ox=l'(w + 1)
X |:J,Yw4;X szﬁ;ﬂjﬁﬂxh Ky W ZV] w+aJ’Xh Q]v (Qj))
- /TexTil(Tfs)(T — 5)“1h(s,(s))ds
X=T(w) ’
(1 —7)%e'> S 1 /5 XT1(5g) s w1 .
+ Ox=T (= +1) A e (6—9) h(s,w(s))ds

X

— Z ijBl—’erﬂl)/ t e%(mfs)(ﬁi — S)w+ﬂi_1h(8,w(8))ds

Q;

X1, ot — ~
_Z Vi x@teT w+Oéj)/ e’x (e g)(gj_s) e lf)(s,w(s))ds

1 /T
I P
x“I'(w) J,

“I(r = 5)7 g(s)ds,

for each 7 € [y, ], we have

|@(7) = w(r)]
(r — 'y)weXTil(Tf‘Y)
[O|x®T(w + 1)

< 3T (7, (7)) = h(r,w(r))| +
IZX[0(5,B(8)) — b8, w(O))] + D [eal T X b ks, (k) — bri, w(ki))]
=1

+ZVJ”W+“”’X|6 (07, @(07) — by @(e)| | +I7¥|g(r),

using (H;), the property 5 (=) <1forvy<s<t<7 <4 and Remark 5.1 leads to

13

(5.14)
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; 0= .-
[ —w|| < T T 1)£|\ w||
(6 '7 — )w"l'Bi _
EECES) Z' il M YL
(5 ’Y) ,y)era i
(o )£||w wl|+Z|VJ| W+aJF(w+aJ+1)E”w wl
Gl Dl
XZh(w+1)"
- (0 —7)= (6—")7=
< @ —w|c
< || — w {pr(w+1) + T 7T
Y (i — )7+ (6=~
X i +
[; | |Xw+BiF(W+/Bi +1) " x®D(w +1)
)T (6 =)
+Z| J| w+ajl'\ w+a]+1) +pr(w+1)8,
< ||w —w||Q + Nae,
< O|jd — wl + Qee,
92
STz QlE,
which implies,
Q
I = w] < 7= 295. (5.15)

By setting A =

Q
1 QQ , where Q; and 5 are given by (5.5) and (5.6), we obtain
—

| —w|| < Ae. (5.16)

This proves that the problem (1), is U-H stable.
consequently, by setting ¢() = Ae with ¢(0) = 0 we get

[ —w|| < ¢(e). (5.17)

This shows that the problem (1) is G-U-H stable.

6. Numerical Scheme and Example

In this section, we demonstrate our main results through an illustrative example by examining the
following problem:

{ DT Xw(r) = h(r,w(r)), T € A= [y,4], (6.1)

w(y) = 0,w(d) = 37", VJJW w(oj) + >0, szﬁixw (ki) -

Where ¢D%X is the Caputo generalized proportional fractional derivative of order w,0 < w < 1
defined by:

To address the existence and uniqueness results for problem (6.1), we introduce the following notations
to simplify the computations.
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_ (6=7"
- x®I(w + 1)

B ke — " —)
%_|@|XWF(TD+1) WI‘ (w+1) +Z|L’| w+ﬁ1 w+ﬂz 1)

w+o¢,~

—7)
+Z|V]| era]l" ’W-I-Ck +1)

where

w—&-ﬁ; XL (k=) n wtay efx;l(gj*’v)

(0; —7)
O = L + v~
Z m+ﬁ1 erg +1) ; J Xw+ajr(w+aj+1)

5 — )" XL (5—y)
~(6—=7)7e 20
x*I(@w +1)
We reveal the principal results under the following hypotheses.
(Hy) : [b(1,v) = b(1,w)| < L|]v —wl|; L > 0, for each 7 € [,d] and v,w € R
(Hs) : there exist non-negatives continuous functions ¢ and s, such that

[b(7, w)| < ¢1(7) + o (7)|w], (1, w) € [7,0] X R, with [|¢n ] = s1[1p]|z/)1( 7)l
TEY,0
[2]l = sup_[¢a(7)]

TEY,0]

(Hz) @ [l (A +B) < 1.

We have the following integral solution:

(r =)= Y
Ox=I(w + 1)

_ 1 T XT_l(Tfs) w1
w(r) = N / e (t—3) h(s)ds +

“I(w) J,
6
X[x“’fl‘(w)/e T (5 - 5)= 7 (s)ds
1 xo1

B n v 73 X_l(fw—s) o w+ﬁ,;—1
;szwﬁ-ﬁzl—‘(w_f_ﬁl)/; € x (Hz S) h(s)ds

" 1 /Qj (g —5) wtoj;—1
- v; _ e x Wi (g; — )T T h(s)ds
j; J Xw+aJI" (w + O(]) . J

Numerical Scheme

The constant © can be computed directly by simple substitution of the parameters of the problem.

o— Z Lz +B w+ﬂte X B + i y] w—i—aje X —L(0;—) B (6 _ ,y)wexT_l(éf'y)
XF w+61+1 — w‘“”JI‘era +1) X=(@ + 1)
Jj=1 J

Let
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To compute the integrals I», I3 ;, I4 ; we use the Simpson method defined by the following formula:

/ab f(z)de ~ % (f(a) +4f <a+ Z) + f(b)) + gnzlf(a—kih) +2f (a—i—ih—i— Z) , (6.3)

=1

where
b—a

n

h =

(6.4)

Let (7x)o<k<n be a uniform grid on [y, §] with step size h:

J —
Tk:’7+kh» H= N’y

Denote wy, as the numerical approximation of w(y).
We have:

1

—_— /Tk+1 e%(7k+175)(7k+1 —8)7p(s)ds 7 ————
x“T(w) J, x®T(w)

k
Z bka+17m7
m=0
where W,,, = f (mADh 2wy @1 gy, Which will be computed using the same formula of the Simpson
method.
Let

A= 172 _ zn: LZI3,Z o zn: 1/3147]
(@) = XFHAT(w + ;) = x=tol(w + a;)

We get the following implicit Numerical Scheme, for k£ =0,1,..., N — 1:

1

L (Thg1—7)
e’ 5
Wr+1 = Xi Z bka+1 m + 7)

Ox=I'(w+1)

(Tk+1

(6.5)

If h(s) depends on w(s), approximate hr41 & by (explicit step).

Final Scheme

’Y) 6;1(7'19+1—’Y)

<A
Ox=T(w + 1)

1
Wg+1 = m Z D Wit1—m + (Tk+1

m=0

Concrete Example for Problem (6.1)
We choose the following data:

e A=[y,8]=10,1], w=0.5, x =1.
e Number of terms: n =3, m = 4.

e Points and orders:

k1 =0.25, 81 = 0.30, ko =0.50, By =0.30, rk3=0.75, B3 = 0.30,
01 =0.20, a3 =0.25, g2 =040, ap =0.25,
03 = 060, a3 = 025, 04 = 080, ay = 0.25.

o Coefficients: ¢; = 0.10 for ¢ = 1,2,3, and v; = 0.10 for j = 1,2, 3,4.

Nonlinearity:
h(r,w) =sin(7) + (0.1 +0.17) w
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Verification of (H;)

For any 7 € [0,1] and v,w € R:
[6(7,v) = h(7,w)] = (0.1 +0.17) |v — w| < 0.2 |v — w|.

Thus we may take the Lipschitz constant
£=02,
verifying (Hy).
Verification of (H>)

Set
Y1(1) = 14cos(),  tha(r) =0.140.17.

Then 1, 12 are continuous on [0, 1], with

l|h1]] = sup(1 +cos7) =2, |[oha]| = sup(0.1 +0.17) = 0.2.
[0,1] [0,1]

s

Moreover,
[b(m,w)| < [sin(7)| + (0.1 + 0.17) |w| < 91 (7) + 2(7) |wl,

o (Hs) holds.
Computation of 2
By definition,

(0 =77 199
A = = = — ~ 1.12838.
xTT(w+1) 1051(1.5) /7
Computation of ©
Using
5. (ki — )@ K (i 4 y)FHes O (5 - )@ S 07
0=l 3! - ,
=y (W+5i+1 — W+%Fw+a]+1) X7 (@ +1)
one finds numerically:
0.2598 {0.2,0.4,0.6,0.8}07 105
O ~3x0.10 4x0.10 e — = —0.7684 # 0.
X Oy T T(1.75) T(1.5) 7
Computation of B
By definition,
_ 0=y —7) (0 — )=+
‘®|XWFW+ +Z|Lz| W+[3z w+ﬁ+1 +Z‘J| w+aJF(w+a]+1) 5

which evaluates to
B~ 2.188.

Verification of (Hj)

Finally,
[ 2] (A + B) = 0.2 x (1.12838 + 2.188) ~ 0.663 < 1,

o (Hjs) holds.

All hypotheses (H1), (Hz), (Hs) are thus verified, and © # 0, completing the example.
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Numerical Solution using Fractional Scheme

0.0 4 —— Numerical Solution w(T)

—0.14

—0.2 4

= -0.34

—0.4 4

—0.54

7. Conclusion

In this work, we have established existence, uniqueness, and stability results for a novel class of Ca-
puto generalized proportional fractional differential equations involving two distinct fractional orders.
The key contribution of our study lies in the consideration of the Caputo generalized proportional frac-
tional derivative, which extends and generalizes previous works based on the classical Caputo fractional
derivative.

Using fundamental fixed-point theorems namely, Schaefer’s fixed-point theorem and the Banach con-
traction principle we rigorously proved the existence and uniqueness of solutions. Furthermore, we
analyzed the stability of the proposed problem through Ulam-Hyers and generalized Ulam-Hyers stabil-
ity criteria. To illustrate our theoretical findings, we provided a numerical example demonstrating the
applicability of the obtained results.
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