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Study of some unified integrals associated with extended k-generalized Mittag-Leffler
function
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ABSTRACT: Many authors established a large range of integral formulas including various special functions
throughout the years.We evolve certain integrals formulas involving extended k-generalized Mittag-Leffler
function using the extension of beta function in this paper.Some special cases also discussed for our main
results..
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1. Introduction

During the past few decades special function and fractional calculus become active research area
being diverse applications in physics and engineering. Special functions play a important role to solve
both integral and differential equations of fractional order and Mittag-Leffler function is one of the tool
which is used frequently by authors [4,10,11,16,26,14,15,16,17,27,19,20,21,22,23,24,25,26,27].It has enlarge
applications in the field of Applied Sciences,Biology and many other areas.

The elementary Mittag-Leffler function is defined and represented as

n

= z
E()=Y ———— (r>0,2€C 1.1
&= 3 gy > 02 €0 (1)
let 7 = 2 and r = 4 then equation (1.1) become

E(z) = cosh(y/z2), (2 € C) (1.2)

E4(Z) =

DN | =

1 1
[COS(Z4) + cosh(z1)|,(z € C) (1.3)
Its generalization was given by Wiman [1]
o0 Zn
E'r‘,s(z) —;m,(r,s,z 6@,%(7‘) >0,%(S) > 0) (14)

After Wiman,Prabhakar [2] introduced generalization of Mittag-Leffler function as

Ef (2) = go mi, (rys,2,p € C;R(r) > 0,%R(s) > 0) (1.5)
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In 2007 Shukla and Prajapati [3] extended the definition of Prabhakar function as
EfJ( 1 1.
ZFnr+s (rszpe(CER()>O,9‘i(s)>0,9%(p)>0,06(0, )uN) (1.6)

G.A. Dorrego et.al. [4] in 2012, use the concept of k-Gamma function to define Mittag-Leffler function

as

o0 n

B ()= Pnk Cik > 0;R(r) > 0 0,%R(p) > 0 1.7
L) = 22 gy (150 € G5k ) > 0.986) = 0.%) > 0) (17
where (p)n,, and I';(2) are well known k-Pochhammer symbol, and k-Gamma function.

The above k-Mittag Leffler function is further extended and generalized by Gehlot et.al. [5,10,21]

GE" = (p)no' k

s (2 )=me (k € R;z,7,5,p € C;R(r), R(s),R(p) > 0,0 € (0,1) UN)  (1.8)

In 2018,Rahman et.al. [6] discussed on extension of k-Mittag leffler function as

: o Bi(p+nk,c— p;p)(c)nk 2"
pric 2 _ ? ) LI, 1.9
k,r,s( p) TLZ::O Bk(p, c— p)Fk(m“ + S) n! ( )
For B %
(P)nk _ Bilp+nk,c—p) (1.10)
()nk Bi(p,c—p)
where By (r, s;p) is an extension of the k-Beta function given as
1 /1 ) . ok
B = - Fr(l—u)r T ————du. 1.11
) = [ uE it (1.11)

Shilpi jain et.al. [7] 2023 define extended k-generalized Mittag-Leffler function represents as follows:

n
p,0;C

B (zp) =

in(p—Fnak,c—p;p) (C)na,k z

— 1.12
o Bi(p,c— p) Ti(nr+s) n! (1.12)

where 7, s,z,p € €; k > 0;R(r) > 0,9(s) > 0,R(p) >0 and o € (0,1) UN;p > 0.

Fox and Wright [8], describe asymptotic expansion of wright hyper-geometric function such as gener-
alized hypergeometric series ,Fy, as follows

(ll Ll) (l ] 1 l + L, ’/l) ik
v ’ P 1.13
P (mlaMl)v (mqa ); Z 1, T(m; + M;n) n! (1.13)
where the cofficients Ly, ..., L, and My, ...., M, are positive real numbers such that
(14375 My —3>7F_ My >0 and 0 < |z] < o005 2#0
(@)1 + 30 My =20 Ly =0and 0 < || < L% o Ly My B g M
The Wright function is a special case of (1.13)
P
(11,1), ..., (I, 1); } i=1 D(l) [ L.y ]
‘l/ 3 ) ) P ) z - —J== 77 F ) y VP z , 1.14
p=a [ (m1,1),...,(mg,1); H?er(mj)p T ma,...,mg; ( )
where , Fj, is the generalized hypergeometric function defined by
llv"’vlp; _ - (ll)n(lp)n 2" _ . .
qu |: mi,....mg; Z:| = Z mm —p Fq(ll7 e ,lp,ml, e 7'I’?’L(PZ) (115)
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Lavoie and Trottier integral formula [9,22,25] will be required for our present investigation .

/01 AEL(1 =\ (1 - ;)25_1 (1 - i)n_l ) = (5)25 m (1.16)

where R(€) >0 and R(n) >0

2. Integral formulas for Extended k-Generalized Mittag-Leffler function

Theorem 1 For k > 0;z,7,8,p € C;R(r) > 0,R(s) > 0,R(p) > 0,R() > 0,5R(1n) > 0 and o €
(0,1) U p > 0 following integral formula holds true

1 )\ 2571 )\ 7771 ) )\ 2
e=1/1 _y\\2n—-1(1_ A A o5c _ A
[ () () a2
2)* (p,ok), (& 1); 4y
= (5) memn| LTSN Y]
Proof: using equ. (1.12) in the left hand side of equ. (2.1)

2
fAsr a3 @) B (1-3) |

= [ A& - M2-1 () _ Ay1mlgnoo  Bulpinokie—p) (cnos ¥TAM(1-
- fO xS 1(1 - >\)217 ! (1 - §) (1 - Z) En:() kBpk(p,cfp) : ch(nrJrks) n!

(2.1)

A\2n

dX

changing the order of integration and summation

oo Bi(pt+nok,c—p) (¢)no, norl \pae— _ A 2n+26—-1 A1
o Z ké)k (p,c—p) . Fk(nr+ks) er' fO AT 1(1 - )\)271 ! (1 - 5) (1 - Z) dX

Now using (1.16) in above equation

_Zoo By (pt+nok,c—p) ()no.k £(2

7)2”‘*‘25 L(n+8)I(n)
By (p,c—p) T'y(nr+s) n!

T(n+&+n)

3

/912 oo By(ptnok,c—p) (¢)no, " _D(n+é) (2)\2n
- (5) F(T}) Zn:O kBpk(p,cfp) : Fk(nrfs)%F(n%»EJrn) (5)

using equ. (1.10) in above
_ (2% 0 (Pno, (E)n  (4y/9)"
- (5) B(€7 17) Zn:O I"kp(nr-:s) (&+n)n yn!

thus we obtain the required result (2.1)

Theorem 2 For k > 0;z,7,8,p € C;R(r) > 0,R(s) > 0,R(p) > 0,R() > 0,58(1n) > 0 and o €
(0,1) U p > 0 following integral formula holds true

/o1 AT AT (1 - ;>2£1 (1 B 2277 1 Eiff[ (1-N)? (1 — i)]d)\
) e [

Proof: using equ. (1.12) in left hand side of equ. (2.2)
2
_ _ 26-1 1 ojc
fAs = 1= =) e a(1-3) o
1-2)"

e _ Ay 21 AYI=l oo By(ptnoke—p) (nor ¥ (-2 (1-3)"
- fO ¢ 1(1 - )\)2?7 ' (1 - g) (1 - Z) En:O kBpk(:)L,cfz) : Fk(nrJrks) n! dX

changing the order of integration and summation
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oo Bi(pt+nok,c—p) (¢)no, LCI N n _ A) 261 A\ nt+n—1
= Xt B Tt ar o XTI =TT (1= g) (1) dA

Now using (1.16) in above equation

oo Bilptnokic—p) (nok y" (2126 DET(ntn)
- E kBk (pye—p)  T(nr+s) n! ( ) I'(n+&+n)

o2 oo Bg(ptnok,c—p) (¢)no, " T(ntn)
= (3)7 IO Xk Bilpe—r) | Tulnris) ol Ttetm

using equ. (1.10) in above
_ (2 2¢ o0 ( )na. (mn_ W™
- (g) B(§7 77) Zn:O FklanJrks) ({in)n Zjl!

thus we obtain the required result (2.2)

3. Special Cases

Corollary 1 If we put ¢ =1 in equation (2.1) and use equation (1.8), we get

1 A 21 A\ 7 A\ 2
PR O DY Rl (5 s 1-= EPe lya(1—=2) |dA
fprtame (=) (7)) mln(i-5)
2)* (p.ok), (6,1); 4y
e B ) s\S )y FY
(3) (fﬂ?)ﬂ% |: (S,T)7(f+n,1); 9 :|
Corollary 2 If we put c =0 =1 in equation (2.1) and use equation (1.7), we get
1 = A\ 7 A\ 2
PR DY Rl (5 s 1-= AM1=ZS) [ar
fprtame(=5) (7)) seln(i-5)
2\* (p k), (6,1); 4y
— - B K b b ) _J
(3) (fﬂ?)ﬂ% |: (S,T)7(f+n,1); 9 :|
Corollary 3 If we put c =0 =k =1 in equation (2.1) and use equation (1.5), we get
1 A\ 21 A\ 7 A\ 2
PR DY Rl (B 1-= Ef Jya[1—Z) |dA
ftame (=) (=5) el (-3) ]
2\ (p 1), (€ 1) 4y
—_ (2 B s L) \Sy L)y *J
(3) (5777)21/)2 |: (S,?"),(g-'-n,l); 9 :l
Corollary 4 Ifwe put c=0 =k = p =1 in equation (2.1) and use equation (1.4), we get
1 2—1 n—1 2
/ ASTHL — 22t (1 - A) <1 - A) B, {y/\ <1 - A) ]dA
o 3 4 ’ 3
2\ (L1 (€ 1); 4y
— (= B s L) \Sy ) *J
(3) (5777)21/)2 |: (S,?"),(g-'-’f],l); 9 :l
Corollary 5 Ifwe put c=0 =k =p =s=1 in equation (2.1) and use equation (1.1), we get
1 = A\ 7 A\ 2
SR (DY U () 1-= E, 1-=) |d
ftame(=5) (=5) (=) ]

) e [ 8
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Corollary 6 Ifweputc=0c=k=p=s=1 andr =2 in equation (2.1) and use equation (1.2), we get

[reavs ()7 (- (e

() e[ 5E §
2.

Corollary 7 Ifwe putc=0c=k=p=s=1 andr = 4 in equation (2.1) and use equation (1.3), we get

/01 ATHL =) <1 - ;\)251 <1 - 2)771 {cos ()\y (1 - 3\)2>}1 + cosh </\y (1 - ’3\)2)1} dX

:2<§>2£B(§7n)2¢2 { (1,( 7),125(+ n,) 1); 49%

Corollary 8 If we put ¢ =1 in equation (2.2) and use equ (1.7), we get

1 2%—1 1
/ AT — )2t (1 — A) (1 — A)n EpY [ (1—N)? (1 - /\)]d/\
o 3 4 s 4
2\ * (p,7k), (n.1) o
B p,ok), (n,1);
- (3> B(&mav [ (5,7), (€ +n,1); y}
Corollary 9 If we put ¢ = o =1 in equation (2.2) and use equ (1.6), we get
1 A 2¢6—1 A n—1 A
/ ASTHL = 22t (1—) (1—) E;;”[ (1—,\)2<1—)]dA
0 3 4 4
2\ * (p, ), (1, 1); >
_ | = m, )
- (3> (f 77)21/)2 [ ( ) (§+777 ) y:l
Corollary 10 If we put ¢ = 0 =k =1 in equation (2.2) and use equ (1.5), we get
1 A 26—1 A n—1 A
/ ASTHL — 22l (1 - ) (1 - ) E? [y(l - )2 <1 - )}dA
A 3 1 : 1
o\ 2 (0.1, (0, 1): (3.10)
J— p7 7 b
- (3) Bl& )zt [ (5,7), (€ + 7, 1); y}
Corollary 11 If we put c =0 =k = p =1 in equation (2.2) and use equ (1.4), we get
A\ 21 A\ 7L A
/ /\5_1<1 — )\)Qn_l (1 - ) (1 - ) Er,s |:y<1 - )‘)2 <1 - )}d)‘
A 3 1 1
o\ 2 w1 (1) (3.11)
_ 3 ) /'77 ;
= (3) B(&mav [ (5,7), (€ + 1, 1); y}
Corollary 12 Ifwe putc=0 =k =p=s=1 in equation (2.2) and use equ (1.1), we get
1 A 26—1 A n—1 A
/ AT — )2t (1 - ) (1 - ) E, [y(l —2)? (1 - )]d/\
A 3 1 1
N A1), (0.1): (3.12)
= (3) B(§aﬁ)2¢2 |: ( 77;) (5 +7777 ) )7 y:|
Corollary 13 Ifwe putc =0 =k =p=s=land r = 2 in equation (2.2) and use equ (1.2), we get
1 261 -1
/ ASTHL = )2 (1 — A) (1 — A)n cosh[ y(l — A) (1— )\)} d\
A 3 1 \ 1
(3.13)

- <§>2§B(£,n)2¢2 [ (1(12)125(—2;)1) y}

(3.7)
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Corollary 14 If we put c =0 =k = p=s = land r =4 in equation (2.2) and use equ (1.3), we get

/01 (P ;)25_1 (1- i)”_l {eostotr -2 (1 AY]H 4 cosh [y(1— 2)? (1 - 2] b
=o(5) e [l

4. Conclusion

By involving extended k-generalized Mittag-Leffler function,two unified integrals established in the

form of generalized Wright hyper-geometric function. Also discussed certain cases which are converted
into the elementary Mittag-Leffler function.
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