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Skew generalized quasi-cyclic codes over a non-chain ring F, + vl

Kundan Suxena, Om Prakash* and Indibar Debnath

ABSTRACT: For a prime p, let Fy be the finite field of order ¢ = p®. This paper presents the study on skew
generalized quasi-cyclic (SGQC) codes of length n over the non-chain ring Fy + vF,, where v2 = v. Here, first,
we prove the dual of an SGQC code of length n is also an SGQC code of the same length and derive a necessary
and sufficient condition for the existence of a self-dual code. Then, we discuss the 1-generator polynomial
and the p-generator polynomial for these codes. Further, we determine the dimension and BCH-type bound
for the 1-generator case. As a by-product, with the help of MAGMA software, we provide a few examples
of SGQC codes with improved parameters compared to those given in the existing literature and obtain some
2-generator optimal and near-optimal SGQC codes of index 2.

Key Words: Skew cyclic codes, gray map, generator polynomial, idempotent generator, skew gen-
eralized quasi-cyclic codes.
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1. Introduction

In the theory of error-correcting codes, linear codes over finite fields play a crucial role in many error-
correction schemes. Initial works of linear codes are based on the binary field, and researchers have been
continuing their study on it due to the ease of their practical implementation. Later, this study was
extended to codes over finite fields and rings, keeping broader aspects and optimal codes in mind. In the
1990s, some studies on cyclic and self-dual cyclic codes over the ring Z4 have been reported in [14,9,20],
whereas [6] studied the same family of codes over the ring Fy + uF». In 2000, Abualrub and Siap [4]
studied cyclic codes over the rings Zs +uZy and Zsy +uZy + u?Zy, whereas Zhu et al. studied cyclic codes
over Fo+vFy [27]. Later on, cyclic, quasi-cyclic (QC), and generalized quasi-cyclic (GQC) codes over finite
commutative rings have been studied by introducing different Gray maps in [10,26,22,23,18].

On the other hand, in 2007, Boucher et al. [7] introduced cyclic codes over finite noncommutative
rings (skew polynomial rings) and presented #-cyclic codes over Fy[z, 8] with restrictions on their length,
where Fj is the finite field and ¢ is an automorphism over F,. They have obtained some codes that
improved upon previously best-known linear codes. Meanwhile, in 2011, Siap et al. [25] studied skew
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cyclic (SC) codes of arbitrary length over the field Fj,. After that, some other works on SC codes over
rings have been seen in [3,13,15,8,17].

Recall that skew quasi-cyclic (SC) codes of length nl and index [ over a finite field F, are linear codes
where the SC shift of each codeword by [ positions is another codeword. It is noted that the SC codes
of index [ = 1 are well-known SC codes of length n. Also, it has been shown that the class of SC codes
significantly contributes to the class of linear codes over finite fields and rings [2,19,18,5]. Later, the
notion of SGQC codes over finite fields was introduced by Gao et al. [11] and studied with the restriction
that the order of the automorphism divides the length of codes. Also, based on the structural properties
of SGQC codes, Abualrub et al. [1] gave some good skew I-GQC codes and constructed some asymmetric
quantum codes over the finite field Fy. Recently, Seneviratne and Abualrub [24] studied SGQC codes of
arbitrary length over the field F, and obtained many new linear codes.

The above works inspired and gave us a space to consider and study the SGQC code over the finite
non-chain ring Fy + vF, where v2 = v. By considering the automorphism 6; as 6; : a + vb al’ + vb”t7
we establish the algebraic structure of these codes. Since the class of SGQC codes is much larger than the
class of SC codes, it opens the door to search for better codes in this class. Here, we present 1-generator
and the p-generator SGQC codes. Further, we show that 1-generator idempotent polynomial exists for
SGQC code over F, and Fy + vFy, respectively. We arrange our paper as follows. Section 2 recalls some
known results concerning the skew polynomial ring S(z; 6;], where S = F, + vF,, and SC code. Section 3
provides the algebraic structure of SGQC codes and their duals over the finite non-chain ring S. Section 4
discusses the duality of SGQC code under certain conditions on the code length, while Section 5 presents
the generator for these codes. Additionally, we introduce an idempotent generator polynomial over F,
and S for SGQC codes and list some 1-generator and 2-generator polynomial parameters, among them
some are optimal, near-optimal codes. Also, some parameters are better than those given in existing
literature [11,19] over F3 + vF5, Fy+ vFy, and Fy + vFy, respectively. Section 6 presents the conclusions
and outlines some challenging problems.

List of Symbols and Abbreviations

Throughout the paper, we use some symbols and abbreviations, which are listed below.

p : A prime number
d : A positive integer
¢ : A prime power number p?
F, : Field with ¢ elements
0¢ : An automorphism map over Fj,
SC : Skew cyclic
o : Skew cyclic shift operator
QC : Quasi-cyclic
GQC : Generalized quasi-cyclic
SQC : Skew quasi-cyclic
SGQC : Skew generalized quasi-cyclic
¢ : Gray map
p : A positive integer
1; : Conjugation map
| : Is the right divisor of
gerd @ Greatest common right divisor

gcld - Greatest common left divisor



SGQC CODES OVER Fy + vFj, 3

2. Preliminaries

In this section, we recall the basic definitions and results of linear and SC codes over a finite non-chain
ring that we will use throughout our work.

Let F, be a finite field containing g elements, and S = F,[v]/(0?—v) = {a+0vb: a,b € F}, and v? = v},
where ¢ = p?. The ring S has order ¢2, is non-chain, and possesses exactly two maximal ideals, namely
(1 —v) and (v). For more details on this ring, we refer [21]. An S-submodule C of S™ is called a linear
code of length n over S, and its elements are called codewords. We define a Fy-linear Gray map as

¢S — qu given by ¢(a+ vb) = (a,a + b).
This linear map ¢ can be extended component-wise from S™ to F q2n given by

o(s1,82,...,8,) = (a1,...,an,a1 +b1,...,2, +by),

where s; = a; + vb; € S, for all i = 1,2,...,n. The number of nonzero elements in ¢ € F is called the

Hamming weight and is denoted by wg (¢). For any pair of words ¢ = (co, ¢1,...,¢n), ¢ = (¢}, ¢}, ..., cl,) €
F}, the Hamming distance between c and ¢’ is defined as d(c,c’) = [{i = ¢; # c}}|. One can easily verify
that d(c,¢’) = wg(c—¢’). The minimum distance between each pair of codewords of C over Fy is said to
be the distance of C' and is denoted by d(C). The number of nonzero elements in ¢(s) is called the Lee
weight of an element s € S and is denoted by wy(s) i.e., wr(s) = wy(P(s)). The Lee distance of any pair
of codewords of a linear code C over S is defined by dy,(s1,s2) = wr(s1 — $2), where s1, 593 € S™. Note
that the Gray map ¢ induces an isometry between linear codes over S™ (Lee distance) and their images
in F?" (Hamming distance) and preserves orthogonality.

Now, we define some operations on linear codes, similar to those given in [13, Definition 1]. Suppose
X and Y are two linear codes over the field F;,. Then we define two operations @ and ® on X and Y
given by

XoY={x+z:x€X,z€)}, and
XY ={(x2z):x€eX,z€ Y}

Let C be a linear code of length n over the ring S. Define

Cy:={c€ F;:c+vseC forsome s e F'}, and
Oy ::{c—f—seF::c—HlsEC}.

Clearly, C; and Cy are linear codes over Fy, and from Corollary 1 [13], linear code C over S can be
written as C = (1 — 0)C; @ vCs.

Let 6; be an automorphism defined on S given by af’ + prt, where a + vb € S. Clearly, 6; acts on
F, as follows:

0: 1 Fy— F
aral.
Definition 2.1 Consider the set
S[z; 0] := {a(z) =ap+aiz+-Fap_12" ' :a; €8 foralli=0,1,2,...,n— 1}.

Then S[z;0:] is a ring under the usual addition of polynomials, and the multiplication is defined under
the rule (az')(bz’) = abi(b)2"™7 for all a,b € S. This ring is known as the skew polynomial ring.

Clearly, S[z;6:] is a noncommutative ring unless 6; is the identity automorphism. Therefore, before
establishing the structure of codes, we have to specify the existence of left /right divisibility. Recall that
for a(z),b(z) € S[z; 0] with a(z) # 0, a(z) |, b(z) if there exists c(z) € S[z; 0;] such that b(z) = ¢(z)a(z).
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Theorem 2.1 [19, Theorem 2.4] Let a(z) and b(2) be two polynomials in S|z; 0] with leading coefficient
of b(2) is a unit, then there exists q(2) and p(z) such that a(2z) = q(2)b(2) + p(2), where p(z) = 0 or
degp(2) < dega(z).

Definition 2.2 Greatest Common Right Divisor: A polynomial s(z) is the gerd of a(z) and b(2z) in
Slz; 04 if

o s(2) is the right divisor of both a(2) and b(2), and
e for every common right divisor s'(z) of a(z) and b(z), it holds that s'(2) |, s(2).

Similarly, we can define gcld. Obviously, to construct the SGQC codes, we first look at the structure of SC
codes on S so that we can develop the improved versions of the results obtained in [13].

Definition 2.3 Suppose C' is a subset of S™, then C' is said to be a SC code of length n if C satisfies the
following:

1. C is an S-submodule of S™;
2. o(c) = (0¢(cn-1),0:(co), ..., 0:(cn—2)) € C whenever c = (co,c1,...,cn—1) € C.
Here, o is called the SC shift operator.

S(z; 6]

L n = 7 - a2\
et S [

left as

, 8(z) + (2" — 1) be an element of S,,, and a(z) € S[z; 0:]. Define multiplication from

a(z) x (s(z) + (2" — 1)) = a(z) * s(z) + (2" — 1) for all a(z) € S[z; 0. (2.1)
Clearly, multiplication on S,, is well defined. Then, under left multiplication defined in Equation (2.1),

Sp is a left S[z;6;]-module. Also, the SC codes in S[z;6;] is a left S[z; f¢]-submodule of the left module
Sy Now, we recall some results of the SC code from [13] that we will use later.

Lemma 2.1 Fvery left(or right) S, -submodule of S, is principally generated.

Theorem 2.2 Let C1,Cy C F' be SC codes of length n with monic generator si(z), s2(2) € Fy[z;0,]
(s1(2),52(2) |» (2" —1)). Then the code C = (1 —0v)Cy; @ 0Cy C S™ is a SC code with generator
s(z) = (1 —v)s1(2) + vsa(2) € S|z;0;] which satisfies s(z) |, (2" — 1). Equivalently, C' = (s(z)).

Two polynomials s1(z), s2(z) € S[z; 6;] are said to be right coprime if there exist polynomials u(z)
and us(z) in S[z; 6] such that uy(z)vi(z) + uz(z)ve(z) = 1. The left coprime can be defined similarly.
This notion allows for expressing a code through an alternative generator, as presented in the following
result.

Lemma 2.2 [19, Lemma 2.6] Suppose C is an SC code of length n over S with C = {(a(2)) such that
2" —1=5(2)s(2). Then, every alternative generator of code C has the form C = (v(z)a(2)), where s'(2)
is the right coprime to v(2).

3. Algebraic Structure of SGQC Codes

In this section, we study the structural properties of the SGQC code over the ring S. We generalize
Definition 2 [24] of the SC shift over the ring S. Toward this, first recall the definition of the SGQC codes.

Definition 3.1 Suppose S is a non-chain ring, and 0; is an automorphism of S with |0;| = ms. Through-
out, Let ty,ta,...,1; be positive integers and N = t1 +ta+---+1;. A subset C of § = S x Stz x ... x St
is called an SGQC code of block length (t1,ta,...,t;) and index I, if C holds the following criteria:

1. C is a S-submodule of S, and

2. if c= (c1,ca,...,01), then oy(c) = (o(c1),0(ca),...,0(c;)) € C, where ¢; = (¢i1, Cia, - .-, cit;) € SY,
foralli=1,2,...,1.
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Hence, SGQC codes of length N and index [ over S are closed under the shift o;. If each ts is equal, then
SGQC codes are SQC codes over S. If [ = 1, SGQC codes are SC codes over S.
Let a = (a1, az,...,a;) € S, where

! li !/ -
a; = (aj,O + Uaj70, aj.1 + Uaj,l, R R + Uajytj_l) for ] = ]_7 2, ceey l.

For any vector a; € S%, we associate the vector with the polynomial a;(z) = (a;,0+bva) o)+ (a;1+0va),)z+
NEA
-1y

The ring 8" = S}, X Sg, X -+ x S, is a left S[z; 0;]-module with left multiplication given by

s(z).a(z) = (s(z).a1(2), s(z).a2(2), . . ., s(z).a;(z)), (3.1)

where s(z) € S[z;0,] and a(z) = (a1(2),a2(z),...,a(z)) € §'.
Suppose a = (a1, ag,...,aq;) is an element of S. Then, the map

st (a1 + na;tj_l)ztfl = Zzg)l(aj,i +va);;)z" ! in the left S[z;6;]-module S;, =

p: S — S defined by u(a) = (a1(z),a2(z),...,a(z)) = a(z).

It defines a one-to-one correspondence. Hence, a codeword in vector form ¢ = (cq, ¢a,...,¢) € C will be
of the form of a polynomial ¢(z) = (c1(z), c2(2), . ..,c1(z)) in the set S'.

Lemma 3.1 C is an SGQC code of block length (t1,ta,...,t;) and index | if and only if C is a left S|z;0]-
submodule of S'.

The Lemma 3.1 is valid for every block length (¢1,%o,...,t;) and m;, where |6;] = m;. Therefore, there
is no need to impose the condition that m/t; for all i = 1,2,...,1.

Theorem 3.1 Let C be a linear code over S of length N. If C = (1 — 0v)Cy @ vC5, where Cy and Cy are
linear codes of length N over F,, then C is an SGQC code over S if and only if C1 and Cy are SGQC codes
of block length (t1,t2,...,t) and index | over F,.

Proof: Suppose Cy and Cy are SGQC codes of block length (¢1,%2,...,%) and index ! over F,. We aim
to show that C is an SGQC over S. Let s = (s1,82,...,8;) € C, where each s; = (a; + vb;) € S. Pick
a = (al,az, e ,al)7 where a; = (aiyl,ai,g, ey aiyti), and b = (bl, b27 ey bl)7 where bz = (bi,la bi,27 ey bi,ti)
foralli=1,...,l. Then a € C; and a + b € C5 which implies that
oi(a) = (o(ar),0(az),...,0(wm)) € Cy
= (Ht(aul), et(am), ) et(al,t1—1)7 B 9t(al,t1), et(al,l)a ) et(al,tl—l))

= ((Ch,tl)pt, (a1,1)pt7 cee 7a1,t1—1)pt7 cee (Gl,tl)pt, (Gl,l)pt, ) (al,tz—l)pt)

and similarly,

Jl(a+b)
= (0(a1+b1),0(a2 +b2),...,0(a+ b)) € Cy
_ Or(are, +b14,),0:(arn +011),...,0(are,—1 +b1g—1),
vy Oulary, + by, ) 0@y +0i1), .., 0(ag -1 + b —1)

_ [ (@)™ +t(bl,t1)pta (?Ll)pt + (br1)”", ar (a1, -1)" + (b1, -1)"
vy (agg)? + (brg)? s (ar)? 4 (bi)? s (@ —1)P + (b —1)P

-

) |

Then o;(s) = (1 — v)oy(a) + voy(a + b) € C, which implies that C' is an SGQC code of length N =
t1 +ta + -+t and index [ over S.
Conversely, assume C' is an SGQC code over S of length N = ¢; +t5 4+ -+ + ¢; and index [. For any
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b)) € Cy, and if we consider s; = a; +0v(—a; +b;),

for all 7 =

o(a)) + vo(—a; + b))

a = (CLl,CLQ,...,al) S Cl and b = (bl,bg,...,
1,...,1, then s = (s1,82,...,5;) € C. Since C is an SGQC code over S, we have
01(5)
= (o(s1), Lo(s)) eC
:(U )+ vo( a1+b1) o(az) +vo(—az +b2),...,
0:(ar,,)P" +0(—ars, + b1,t1)pt,9t(a1,1)pt +o(—ai1 +b11)? L

= ot(al,tl—l)pt +v(—a1,-1 + bl,tl—l)pta ceey
t
S0i(ar s, —1)P +o(—a—1 + brg,— )P

et(ald)pt +o(—a1 + bl,l)pt,

Therefore, ¢(o;(s)) = (oi(a), oy
are SGQC codes over Fj.

(b)) € Cy ® C4, and hence o;(a) € Cy and oy(b) € Cs .

ot(al,tz)pt +U( a ¢, + b tl) ’

Thus, C7 and Cy
O

4. Duality of SGQC codes

Here, we present the study of the dual of an SGQC code over S of block length (t1, %2, ...

l. First, we recall some basic definitions.
Suppose a = (ay,as,...,a;) and b = (b1, b, ...
where

/ /
a; = (ai,o =+ Uaiyo, Qi1+ nai,l,

b, = (bi,O + Ub/i,Oa b@l + Ub;,l’ ey

The usual inner product of a and b is defined as

l
= E a’L bz =
i=1

Suppose C'is an SGQC code of block length (t1, 2, .. .,
is defined as O+ = {a = (a1, a2,...,a;) €S : {a,

I t;—1

i=1 j=0

Theorem 4.1 Let C be an SGQC code of block length (t1,ts,. ..,

C' is an SGQC code of length N and indez [.
Proof: Let

Sl) € Cl

S = (81,52,...,

/ i

51,0 + USLO, S1,1 + 08171, ey
/ /

So0 + 0530, 52,1 + 0S8y 1,15

ey ceey

/ /
S0+ nsl’o, Si1+ LE/RERRE

Our objective is to show o;(s) € C+.
ie,

O’l(s)

= (o(s1),0(s2),...,0(s1))

(0¢(s1,6,-1 + 087 4, 1), 0t(s51,0 + 087 9), - -+
0t(52,0,—1 + 085 4, 1), 0t(s2,0 +085),- - -,

ey P

gt(shtl—l + Us;,tlfl)v 025(517O + 03270)7 SRR

,by) are two elements of S = S

ZZ a”—|—t)a

c) = Ei‘:l a;c; =0, for each ¢ = (c1,c9,...,

,t1) and index

x Stz x ... x S,

/!
@i, -1+ vag, ), and

bi,tifl + Ubgvti_l) € St

(b@j + Ub;7j).

#;) and index [. The dual of C' is denoted by C+ and

¢) € C}
t;) and index | over S, then the dual of

/
S1,t,—1 T 087 4

/
82,t,—1 T 0834,

goe e goe e

/
Sit—1 7+ 08 4,1

0¢(51,t,—2 + 087 4, o)
01 (52,00—2 + 05/27@—2)

PR PR

Or(s1,6-2 + Usz,tﬁz)
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Now, for any ¢ = (¢1,¢a,...,¢) € C, foralli=1,2,...,1

/
(c1 0+ vc) 0,C1,1 + UCl 15 Clt =1 +0C 4
/
o = CQ()+UCQ 0,021+002 1;--~362,t2—1+0027t2_1
;=
/
L0 —|— ncl 05 Cl1 + Ucl LreeesCly—1+ Ucl,tl_l)

We have to show that (oy(s),c) =
Now,

(ou(s), )
01(81,6,-1 + 087 4, _1)(c1,0 +0¢] o) + 01510 + 087 o) (1,1 + 0] 1)+
= | dots + 01(s1,6,—2 + 081 4, _o)(C1,t,-1 + 0] 4 1) + -+ O(s1,5-1+
0874, 1)(clo +0¢0) + -+ O0u(s1t,—2 + 08, o) (cr,—1 + 001, 4)

As C is an SGQC code, then of(c) € C for any positive integer k. Now, suppose that
M = lem(my,t1,ta, ..., 1),
where my is the order of automorphism 6;, then
oM(Y)=Y, forany Y €S =5" x 8% x...x g,

Hence, 0M (y) =y, for any y € Y, and 621 (y) = 6, (y). So,

(o)
0; Mer + ¢ 1), 0; ero + 06 5), -, 07 ey —1 + ¢y, 1),
= 0y 1((31,0 +0cig)s-es by (Cl,l +0¢7 ),
915_1(@72 + 06;,2)5 ) ot_l(clﬂfz—l + ch,tlfl)’ 9;1(61,0 + UC;,O)

Now, as C' is an SGQC code, we have
(s,00" " (e)

=(s1,0 +051,0)-(07 " (c1,1 +0ch 1) + -+ (s1,6,-1 + 0514, 21)-0; ' (cr0+0C10) + -+ + (51,0 +050.0).0; ' (i1 + vl1)
4 (St—1 0814, 1)07 (cr0 +vc) = 0.

On applying 6, to both sides of the above equation, we get

0:(s1,0 + 081 o)-(c1,1 +0¢) 1) + -+ 0e(s1,6,-1 + 0574, 1)-(c1,0 + 06 o)
+ -+ 0i(s10 +0s10) (a0 + 06 y) + -+ Oi(s14,-1 + 054, 1).(cir0 +0¢ ) = 0.

We get (0y(s),c) = 0 by arranging the above expression. Thus, o;(s) € C+. Hence, C* is an SGQC code
of length N =t; +t3+ -+ t; and index [. O

From Theorems 3.1, 4.1, the following corollary follows easily.

Corollary 4.1 An SGQC code C over S is self-dual if and only if its constituent codes C1 and Cs are
self-dual SGQC codes over Fy.

In Section 3, we defined the map p : S — S’, which defines a one-to-one correspondence between SGQC
codes over S of block length (¢1,%,...,t) and index [ and linear codes over 8" = S;, x Sy, X -++ x Sy, of
length N. Here, we consider the above map p as a polynomial representation of the SGQC codes, and then
consider the Hermitian inner product. Following the definition in [5, Section 6], define a “conjugation”
map t; on Sy, by

Yi(az’) = 0, (a)z""H50<i<t;j—1land j=1,2,...,1,

and the map is extended to all elements of S;; by linearity of addition.
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Definition 4.1 Suppose a(z) = (a1(2),a2(2),...,a1(2)), and b(z) = (b1(2),ba(2),...,bi(2)) of §, then
the Hermitian inner product is given by

l

— Z ai(2) - 1 (bi(2)).

i=1

Suppose that the order of 6, is m; and m;/t; : for all j = 1,2,...,l. Therefore, ;" =1 = 9?. The
following result is the generalization of Proposition 3.2 [18].

Theorem 4.2 Let s = (S4,,51y,--+,54,), W = (Wi, Wy, ..., wy,) € S, and suppose s(z) and w(z) € S
denote the polynomial representation of s and w, respectively. Then oj(s)-w =0: for 0 < r <
t; —1,and forall j=1,2,...,1 if and only if s(2) xw(z) = 0.

Proof: First, we assume that s(z) *x w(z) = 0. Then

O—Zst ) - ¥i(we, (2)),

t;j—1 ti—1

—Z(Z SnJ—I—bS ) "(/Jj(Z wk,j—l—nw;ﬁjzk),
i1
—Z(Z s v 2" ) (Ze (w -+ vug )2 ).
7j=1 *n=0
tj—1 1 tj—1
= 3 (323 v 0 s v
7j=1 =0

where the subscript 7 +t; — 1 is taken modulo ¢;, for all j =1,2,...,l. By comparing the coefficients of
zti~1 for all j = 1,2,...,1, on both sides, we get
1 oti—1
0= Z Z ((sier,j + 0874 )0 (Wi 5 + t)w%)), for 0 <m <t; -1,
j=1 i=0
=07 (0,7 " (s)w), forall j =1,2,...,1.

Hence, it implies that 0,7~ " (s).w = 0 for all 0 < m < t; — 1 which is equivalent to o} (s) - w = 0 for all
0<r<t; - 1. O

Corollary 4.2 Suppose C is an SGQC code of block length (t1,ts,...,t;) and index 1 over S. Then
L ={w(z) € 8 :5(z) xw(z) =0, for all s(z) € C}.

Theorem 4.3 Let C be an SGQC code of block length (ty,ta,...,t;) and index | over S. Then u(C+) =
w(C)*, where the dual in S and S’ is obtained with respect to Euclidean and Hermitian inner product,
respectively.

Proof: Suppose C is an SGQC code and s € C, then of(s) € C. From Theorem 4.2, we have of(s) - w =
0;0 <k <t;—1,foralj = 1,2,...,0. which implies that u(w) € u(C+). Now, once again from
Theorem 4.2, if O'Zk(S) -w = 0, then

s(z) *w(z) =0, and p(s) * p(w) = 0.

As u(s) € p(C), we get u(w) € u(C)*. Therefore, u(C+) C u(C)*.

On the contrary, assume w(z) = p(w) € u(C)L, then there exists s(z) = p(s) in u(C) such that
s(z) * w(z) = 0 = p(s) * p(w). From previous Theorem 4.2, of(s) - w = 0. As s € C and C is an SGQC
code, then of(s) € C. Therefore, w € C that means u(w ) € u(Ct). Thus, u(C) C u(C)* and as a
result, we get u(C) = u(C)*. O
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Corollary 4.3 Suppose C is an SGQC code of block length (t1,t2,...,t;) and index | over S. Then C
is self-dual over S under the usual inner product if and only if u(C) is self-dual over Si; for all j =
1,2,...,1, under the Hermitian inner product.

5. Generator set for SGQC codes

In this section, we extend the results derived in Section 4 of Gao et al. [11] to obtain the generator
set for SGQC codes and establish a BCH-type bound on their minimum Hamming distance.

A SGQC code C of block length (¢1,t2,...,t) and index [ over S is called a p-generator code if p is the
least positive integer for which there exist codewords

a;j(z) = (a;1(2), aj2(2), ..., a;(z)), for 1< j<p

such that C' = s1(z)ai(z) + s2(z)az(z) + - - - + s,(z)a,(z) for some s1(2), 52(2),...,s,(z) in S[z;6;]. The
set {ai1(z),a2(2),...,a,(z)} is called a generating set for SGQC code C.

5.1. l-generator polynomial SGQC codes

Definition 5.1 If an SGQC code C' generated by a single element s(z) = (s1(2),s2(2),...,s1(2)), where
si(z) € Sy, forall i =1,2,....1, then C is called a 1-generator SGQC code. Clearly, it has the form
C ={a(2)s(z) = (a(z)s1(2),a(2)s2(2),...,a(2)s;1(2)) : a(z) € S[z;0:]}. The monic polynomial f(2) of a
minimum degree satisfying s(z)f(2z) = 0 is called the parity check polynomial of C.

Suppose C'is an SGQC code of 1-generator of block length (¢1,...,¢;) and length N = ¢1+to+- - -+¢; with

SEO ai=10. 0
@ 1)

the generator polynomial s(z) = (s1(2), s2(2z), . . ., $1(z)), where s;(z) € S, =

Define the map
U; 8" — Sy, given by (a1(z),a2(2), ..., ai(z)) — ai(2).

It is a well-defined module homomorphism. Also, ¥;(C) = C;. Since C' is a 1-generator SGQC code over S,
C is a left S[z; 0;]-submodule of S". Hence, C; is a left S-submodule of S;,. i.e. C; is an SC code of length
ti. By Theorem 2.2, we have C; = (s;(z)), where s;(z) = (1 — v)s}(z) + vs?(z), and s;(z) |- (2" — 1),
such that z' — 1 = s/(z)s;(z) for 1 <4 <[. And by the Lemma 2.2, any generator of C; has the form
(gi(z)si(2)), where si(z) and ¢;(z) are right coprime. From the above discussion, we summarize this in
the following theorem.

Theorem 5.1 Suppose C is a 1-generator SGQC code of block length (t1,ta,...,t;) and index | over S,
then 1-generator polynomial of C' can be taken of the form

V(2) = (11(2)51(2), 2(2)52(2), - - ., au(2) 51(2)),
where s;(2) |, (2" — 1) and gerd(qi(2), (28 —1)/s;(2)) = 1.

In [11], Theorem 4.2 discusses the parity check polynomial for 1-generator SGQCcode over the field Fy.
We extend this over the ring S.

Theorem 5.2 Let C be a 1-generartor SGQC code of block length (t1,t2,...,t;) and index | , generated
by s(z) = (s51(2),52(2),...,5/(2)) € 8. Assume f(z) is the parity check polynomial of the 1-generator
SGQC code C. Then

2zl —1 }
gcld(si(z), 2t — 1 =120

1. f(z) = lclm{

2. As a submodule over S, dimension of C is deg(f(2)).
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Proof: Let 8" = S, x S;, x --- x S}, be a S[z;0;]-module under componentwise addition and scalar
multiplication as defined in Equation (3.1). For 1 <i <, define well defined module-homomorphism

U, S — Sti,a given by 1,[}1'((11(2),(12(2), . '7al(z)) = ai(z)'

It implies that s;(z) = s}(z) + vs?(z) € ¥;(C), since s(z) € C implies a(z) - s(z) € C. So, ¥,;(C) is a

S[z; 0
left-submodule of Sy, and, hence a SC code of length ¢; in <t[z7tl]> It has a parity check polynomial
z T —
ti _ 1
fi(z) = z CIf a(z) - si(z) =0, where a(z) = a'(z) + va?(z) and s;(z) = s} (z) + vsi(z),

 gcld(si(z), 2zt — 1)
then f;(z) | a(z); it is against the assumption that f;(z) has the least possible degree. Therefore,
statement 1 follows the assumption that f(z) has the minimum possible degree.
For the statement 2, we define a map ¢ : S[z;60;] — S given by

B(z) = B(z)(s1(2), s2(2), .- ., s1(2)).
5[z 1] and dimS[Z;et] =

(f(z)) (f(z))
deg(f(z)). Thus, the dimension of C' is deg(f(z)). O

It is a S[z;6;]-module homomorphism with kernel (f(z)). Hence, C' =

Corollary 5.1 Suppose C' is an SGQC code of block length (t1,ta,...,t;) and index | with the generator
c(z) = (c1(2),c2(2),...,c(2)). Suppose fi(z):= gcld(f(z), 2" —1). With the notation of Theorem 5.2,
if ©;(C) has generator polynomial u;(2z), then for some polynomial v;(2) dividing by f;(2z), we have

(2 = 1)

A0 cvi(2) = u;(2). (5.1)

Proof: As f(z) is the parity-check polynomial of C, then

0= f(z)e(z) = f(z)(c1(2), c2(2), ..., alz)), (5.2)
i.e, f(z)-ci(z) =0 (mod z' —1), for all 1 <4 < [. Therefore, ¢;(z) € <Z;(Z)1>, hence ¢;(C) C <z;(z)1>
This implies 5.1 if w;(z) is the generator polynomial. It is deduced from Tfl(z) ~u;(z) = (2% — 1)v;(z) and
fi(2) - ui(z) = 2zt — 1 that v;(2)/fi(2). O

In the following examples, we use Theorems 5.1 and 5.2.

Example 5.1 Let S[z;0] be the skew polynomial ring under the Frobenius automorphism 6 over S =
Fy + vFy. Consider the polynomials s1(z) = 2* + 1|, (2* — 1), and s2(2) = 25 + 1 |, (2% — 1) in S[2;6).
Let C be a 1-generator SGEC code of block length (4,6) and index 2, generated by s(z) = (s1(2), s2(2)).
By using theorem 6, we compute

f(2) =lcdm {z* +1,2° + 1},
=24+ 2+ 241,

The dimension of C' is 4, and its generator matriz over S is given as

O = O =
_ O~ O
O~ O
—_o = O
_ o O
oo RO
o= OO
_ O O =
SO~ O
o~ OO

Its Gray image is [20,4,8] QC code of degree 10 linear code over Fy.
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Example 5.2 Consider S|z;0|, where 0 is a Frobenius automorphism over S = Fg + vFy. Take the
polynomials s1(2) = 22+ 2 |, (2* — 1), and sa(2) = 25 + 22 + 22 + 2 |, (2® — 1) in S[z;0]. Let C
be a 1-generator SGQC code of block length (4,8) and index 2, generated by s(z) = (s1(2), s2(2)). Using
Theorem 6, we obtain f(z) = 2> + 1. The dimension of C is 2, and its generator matriz over Fy + vFy

18 given as
201 201201201
0 2020202020 2)
Its Gray image is [24,2,12] SC code of degree 12 linear code over Fy.

In [11], the authors provide the minimum Hamming distance bound for a 1-generator SGQC code in the
case where [(0;)| = m, divides each ¢; over F,. Using Proposition 1 along with Corollary 1 of [13] and
Theorem 4.1, we give the following bound for 1-generator SGQC codes over S.

Theorem 5.3 Let C be a 1-generator SGQC code of block length (t1,ts ,...,t;) and index | over S, such

that C' = (1—0)C1 @0C5, where Cq and Cy are 1-generator SGQC codes over F, with generator polynomial
Fy[z 604 % Fylz 604

s(z) = (s1(2),...,51(2)) and s'(2) = (s1(2), ..., s)(2)), where s;(2) and s(2) are in G 1) (et — 1) X
F,lz0

X M' If dy and ds are designed distances of C1 and Co respectively, then designed distance of
2 —

C d(C) > min{dy,ds}.

We review Theorem 7 of [13] in the below Theorem 5.4, which gives the number of SC codes of a certain
length. While following its approach, we introduce different notations suitable for our result.

Theorem 5.4 Let (t;;m;) =1 and 2" — 1 = H;lef;](z) where p;;(2) € Fylz; 0] is irreducible polyno-
mial. Then the number of SC codes of length n over S is [[\_, (si; + 1)2.

With the help of the above Theorem 5.4, we give the number of 1-generator SGQC codes in the below
theorem.

Theorem 5.5 Suppose C' is the 1-generator SGQC code of block length (t1,...,t;) and length N = t1 +
-+ +t; and index | over S generated by s(z) = (s1(2),52(2),...,s1(2)) € §. Let (my,t;) = 1, where
0] = my and 2" —1 =[] vy (2), where vij(2) € Fylz;0,]. Then the number of 1-generator SGQC codes

of length N over S is Hi(H;Zl(sU +1)2).
Proof: Define the map

U, :S" — S, given by
(a1(z),a2(2),...,a1(z)) = a;(z).

It is a well-defined module homomorphism. It implies that s;(z) = s} (z) +vs%(z) € 1;(C), since s(z) € C

implies a(z) - s(z) € C. Thus, ¥,(C) is a left-submodule of S, and therefore an SC code of length t;
;0 i

in <Zt[z’_t1]> Now, z" — 1 = [[j_, v;;’ (z) where v;;(z) € Fy[z;6;] is irreducible polynomial for all i =

1,2,...,l. By Theorem 5.4, the number of SC codes of length t; over S is H;:1(3ij +1)2. Now, taking

the cartesian product of ¢;(C) for all i = 1,2,...,1. i.e, ¥1(C) x ¢2(C) x - - - X ¢y (C) which is isomorphic

to C. Hence, the number of 1-generator SGQC code over S is Hi(H;zl(s” +1)32). O

In the following result, we present the alternative type of generator set that we employ in our computation
due to its simplicity.

Theorem 5.6 Let C = (1 — 0)Cy @ vCy be a SGEC code of block length (t1,...,t;) and length N =
ti+t2+---+1t; and index | over S. Let f(z) and g(2) be 1-generator polynomials of C1 and Co over Fy,
respectively. Then C = ((1 —0)f(z),0g(2)).
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Proof: Since we have 1-generator SGQC codes C1 = (f(z)) and Cy = (g(z)), where

f(z) = (f1(2), f2(2),.. -, fi(z)) and  g(z) = (91(2), 92(2), - - -, u(2)),
with each f;(z) and g;(z) being right divisors of z — 1, then

C = {a(z) = (1 - v)r(z)f(2z) +vr'(z)g(2)

r(z),7'(z) € Fylz; 0,]}

Thus, C C ((1 —v)(f1(z),..., fi(2),v(g1(2), ..., g1(z))) € S’. On the other hand, consider
z) + vk (2)g(2) € (1 - v)f(2),vg(2)),
where k(z) = (k1(2), k2(2), . . ., ki(z)), k' (z) = (k1 (z),k5(=2),. .., kj(z)) € S’. Then

(1—0)k(z) ={(1 —0)k1(2), (1 — 0)ka(2), ..., (1—10)k(2)}
={(1—-v)ri(z), 1 —v)ra(z),...,(1 —v)r(z)}, for some ri(z),...,r(z) € Fylz, 0],

and
vk (z) = {vki(z),..., vk (z)}
= {vri(2),...,vri(2)},
for somer}(z),..., r(z) € Fylz,04].
Therefore, ((1 — ) f(z),vg(z)) C C, which implies that C' = {(1 — v) f(z), vg(z)). O

Theorem 5.7 Suppose C1 and Cy are SGQC codes over F, and f(z), g(z) are 1-generator polynomials
of these codes, respectively. Let C = (1 —v)Cy @ vCs. Then there is a unique polynomial h(z) € S such
that C = (h(2)), and each component of h(z2) |, (2" — 1) where h(z) = (1 — v) f(2) + vg(2).

vg(2)). Let h(z) = (1 —v)f(z) +vg(z) = (1 -
vg;(z)). Clearly, (h(z)) C C. Since (1—0)f(z) =
C < (z) = (1 —v)f(z) 4+ vg(z)), which implies
and g(z) = (g1(2),92(2), -, 91(2)) as generator
is right divisor of z' — 1 in F,[z;60;], for all i =
t]

Proof: From Theorem 5.6, we have C' = ((1 — v) f(=2),

v) f1(2) +091(2), (1 —0) fo(2) +092(2), ..., (1 = 0) fi(2) +
(1 — v)h(z) and vg(z) = vh(z) we conclude that C

C = (h(z)). We have f(z) = (fi(2), f2(2),---, filz )))

polynomial, where each component of f(z) and g(z
1,2,...,1. Then for each i, 3 r;(z) and r(z) in o [Z_ . such that z' — 1 = r;(2) fi(z) = ri(2)gi(z). Let
r(z) = (ri(z),r2(z), . . ., ri(z) and 7' (z) = (r{(2),75(2), ..., r](z). Now, consider the following expression:
(1 —v)r(z) + vr'(2)]h(z)

(1 =0)r(z) + or'(2)]((1 - ) f(2) + vg(2))

(1= 0)*r1(2) f1(2) + 0*r) (2)g1(2), (1 = 0)*r2(2) fo(2) + 071} (2)g2(2)

----- (1= 0)*ri(2) fi(z) + 0°r}(2)qi(2)]

=[(1 = v)r1(2)fi(z) + 071 (2)g1(2), ... (1 = 0)ri(2) fi(2) + vri(2) 9:(2)]

=[(1—0)(z" —=1) +o(z" —1),...,(L—0)(z" — 1) +o(z" —1)]

Thus, (1 —v)fi(z) +vgi(z) | (2" — 1), foralli=1,2,... 1. O

In the following examples, we use Theorems 5.3, 5.6 and 5.7.
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Example 5.3 Consider the polynomials 2° — 1 and z* — 1 are in Fy[2;0], where 0 is the Frobenius
automorphism over Fy. The factorization of these polynomials is as follows:

22— 1=(L+t2 + 122  + 22 ftz+1°) (22 +tz+1t)
(2% +t2* + 24+ 1) (2% + 1222 + 2+ t2)

(22 +122% + 2+ %) (2 + 1)

(22 +1)(22 +1).

-1

Here, t is the generator of multiplicative group of Fy. Consider Cy = (f1(2), fa(2)) and Cy = (g1(2), g2(2))
are 1-generator SGQC codes of block length (8,4) and length 12 with index 2 over Fy where fi1(z) =
2412283 + 1222 + 12 | fol2) = 2+ t, g1(2) = 25 + 1222 + z+ 12, and g2(2) = 2% + 1. Oy is of dimension
6 and Cy is of dimension 5. The generator matrices of C1 and Cy are

Gi=
t t 1 0 0 0 0O 01010
0t t 1 0 0 0 0010 1
00 ¢t ¢t 1 0 001010
00 0 ¢ ¢ 1 0 0010 1]
00 0 0 ¢ t 1 01010
00 0 0 0 ¢ ¢t 10101

and Gy =
21 ¢t 1 0 0 0 01 010
0O ¢t 1 ¢t 1 0 0 00101
0 0t 1 t# 1 0 01 010
000 ¢t 1 ¢t 1 00101
0000 t 1 ¢t 11010

respectively. Then we obtain Cy as [12,6,4] a linear code and Co as linear code [12,5, 4] over Fy. Consider
the C = (1 —0)C1 @ vCs, a 1-generator SGQC code of block length (8,4) and length 12 with index 2 over
(1 — U)G1

oG ) whose gray image is code [24,11,4] over Fy
2

Fy + vFy. Then its generator matriz is G = (
which is better than [24,10,4] given in [19].
Example 5.4 The factorization of z* — 1 and 25 — 1 in Fy[2;0] is given as follows:
28— 1= +t22+t3) (22 + 102 +1)
=2+ 1522+ 22+ 1) (2+13)
25— 1=+t 32+ 32+ %) (22 + P2+ t7)
=2+ 32+ 32+t 2+t (2 + T2+ 17).
Consider C1 = (f1(2), f2(2)) and Cy = (g1(2), g2(2)) are 1-generator SGQC codes of block length (4, 6)
and length 10 with index 2 over Fy having equal dimensions of ky = ky = 5 where f1(z) = 2*> + 52+ t,
fo(2) = 22+t32+12, g1(2) = 2+t3, and g2(2) = 22+t" 2+t2. We obtain C; as code [10,5,4] and Cy as code
[10,5, 4] over Fy. Consider C' = (1—0)C1®0C5, a 1-generator SGQC code of block length (4,6) and length 10
of index 2 over Fo+vFy. Then the generator polynomial of C is ((1—0) f1(2)+0g1(2), (1—v) fo(2)+0g2(2))

and the dimension and minimum distance are ki + ko = 10 and 4, respectively. Thus, the gray image of
C' is the code [20,10,4] over Fy.

5.2. Idempotent generators of 1-generator SGQC codes

In the case of a commutative ring, if (n,q) = 1, where ¢ = p?;d is a positive integer with p being a
prime number, there is a unique idempotent generator for each cyclic code of length n over F,. Moreover,
SC codes over F, have idempotent generators under some restrictions on the length of the code. In this
regard, Irfan et al. [13] already identified idempotent generators of SC codes over S. In this subsection,
we show that SGQC codes admit idempotent generators under certain length restrictions, and we illustrate
the result with examples over both F, and S.
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Theorem 5.8 [13, Theorem 6] Let C be an SC code length n generated by C = (f(2)), f(2) |- (2" —1) in
F,lz0,]. Consider gcd(n,m) =1 and ged(n,q) = 1, where my = |(04)|, then there exists an idempotent
F,[z0
polynomial s(z) € M such that C = (s(z)).
zTL —
From Lemma 3.1 and Theorem 5.7, the following theorem identifies an idempotent generator of SGQC
code C' over Fy,.

Theorem 5.9 Let C' be a 1-generator SGQC code over Fy of block length (t1,t2,...,t;) and length N =
t1+to+ -+t with C = (c(2)) = (c1(2), c2(2), ..., c1(2)) where ¢;(z) € Fy|z 0] is right divisor of 2 — 1
foralli=1,...,0. If (t;;q) = 1,(t;,my) =1, forall i =1,2,...,1 where my = |(6:)|, then there exists
Fylz 604 Fylz 0] Fy[z 0]

G —1) X 2 1) X e X G —1) such

an idempotent polynomial s(z) = (s1(2),s2(2),...,s1(2)) €
that C' = (s(z)) .
Proof: Suppose C' is a 1-generator SGQC code over F, of block length (¢1,...,%;) and length N = t; +

ty + -+ + t; with generator polynomial ¢(z) = (¢1(z),c2(2), ..., c(z)), where ¢;(z) € F,[z;0] is a right
divisor of z — 1. If (¢;,q) = 1, (t;,m) =1, for all 4=1,2,...,1, then define the map

' F,[z; 0] F,[z; 6] F,[z; 6] F,lz; 0] .
R E— X 2t 1) X -e X 1) — E— by (a1(z),a2(2),...,a1(z)) — a;(z).

It is a well defined module homomorphism, and <I> (C) = C;. Since C is an 1-generator SGQC code

F,|z; F,|z;
over Fy(z;0;], C is a left F,[z;0,;]-submodule of Fylz;6) X alz: 0] X e X M. Therefore, C;
(zr—1) (2 1) (zi = 1)
F [2;9]

s From Lemma 3.1, C; is an SC code of length t;, which implies

C; = (gi(2)), where ¢;(z) |, ( i —1). Now, from Theorem 5.8, there exists an idempotent polynomial

F,lz; 0
si(z) € 2t Q[z’ 1] such that C; = (e;(z)). Taking cartesian product of ®;(C), where i = 1,2,...,[ then

)
D1(C) x Po(C) x -+ x Dy (C) =2 C. Since ¢;(C) = (s;(z)), we conclude that C = (s1(z), s2(2), ..., s1(2)),
where each s;(z) is an idempotent polynomial. O

is also a left submodule of

Following the above Theorem 5.8 and Lemma 2.2, the following theorem identifies an idempotent gener-
ator of the SC code C over S.

Theorem 5.10 [13, Corollary 8] If C = (1—0)C1&0vC 5 is an SC code of length n over S and (n,m¢) = 1,
(n,q) =1, then C; has an idempotent generator, say s;(z) for i =1,2. Moreover, s(z) = (1 —v)s1(2z) +
vs2(2) is an idempotent generator of C, i.e., C = (s(2)).

Theorem 5.11 Let C' be a 1-generator SGQC code over S of block length (t1,ta,...,t) and index 1
with C = {((u1(2),u2(2),...,u(2))), where u;(2) |, (2t — 1) in S|z 60;]. If (tiyq) = 1, and (t;,my) =
1, forall i =1,2,...,1, where my; = |[(0;)|, then there exists an idempotent polynomial s(z) = ((1 —
0)s1(2) + 051 (2), (1 — 0)s2(2) + 0s5(2),..., (1 —v)s;(2) + vs](2)) € S such that C = (s(z)).

Proof: Define the map
U, : S — S, given by (a1(z),a2(z),...,a1(z)) — a;(z).

It is a well-defined module homomorphism. Here, ¥;(C) is a left-submodule of S, and hence ¥;(C)
is an SC code of length ¢; in S;,. Now, by Theorem 5.9, ¥,;(C) has an idempotent polynomial, i.e.
U, (C) = ((1 — v)s;(z) + vs}(z), where s;(z) and s}(z) are the idempotent polynomial generator of the
constituent ¥;(C) over F,. The proof is now similar to Theorem 5.10. Hence, C = ((1 — v)s1(z) +
05} (2), (1 — 0)s2(z) + vsh(2), ..., (1 — 0)s(z) + vs)(z)). O
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Example 5.5 Let Fy[z; 0] be a skew polynomial ring, where 0 is a Frobenius automorphism over Fj.
Consider polynomials g1(2) = z*+z+1 and ga(2) = 2*+2°+ 2%+ z+1 in Fy[z 0] such that g1(2) | (22—1)

Fylz;0
and ga2(2) | (2° — 1), respectively. In addition, g1(2) and go(2) are idempotent polynomials in <4:;[z,1]>
25 _
Fylz 0
and < é[z’ 1]>, respectively. Let C be a 1-generator SGQC code of block length (3,5) and length 8 of index
25 —

two generated by C = (g1(2), g2(2)) over Fy. Then, from Theorem 4.2 of [11], parity check polynomial of
C is
2-1 2°2-1
f(2) =lclm {, }
91(2) ~ 92(2)
=z+1.

Thus, C is an SGQC code of length 8 of index 2 and dimension 1. The generator matrix for C is given by
(1 111 1 11 1). Then, the code C as the parameter [8,1,8] is a 1-generator SGQC code over
Fy, an optimal linear code over Fy.

Example 5.6 Using the notation of Ezample 1, consider g3(z) = 2* + 22 + z+ 1 |, (27 — 1) in Fy[z;6)

Fylz;0
L;[z’ 1] . Let C be a 1-generator SGQC codes of block length (3,5,7) and
z

length 15 with index 3, generated by C' = (g1(2), g2(2), g3(2)) over Fy. From Theorem 4.2 of [11], parity

check polynomial of C is 2* + 23 + 22 + 1. Hence, C is a 1-generator SGQC code of length 15 of index 3

and dimension 4. Thus, C having parameters [15,4,4] is a 1-generator SGQC code over Fy.

and an idempotent polynomial in

5.3. p-Generator Polynomial SGQC codes

This subsection introduces a family of p-generator polynomials for SGQC codes over the ring S. Here,
we develop our method upon the approach introduced by Seneviratne et al. in [24] for the generator
polynomial over Fy. Using these generators, we determine the cardinality and dimension of the SGQC
codes and derive improved code parameters relative to those available in the existing literature [11,19].

Let C be an SGQC code of block length (¢1,t9,...,%) and index . Suppose
a(z) = (a1(z) + va (2),...,a;(z) + va;(z)). Define the sets

pi(z) : a codeword a(z) = (a1(z) + va)(z), az(z) + vah(z),...,pi(2),0,0,...,0) € C,

- ;6
K where p;(z) € <Stz’tl> and a;41(z) +vaj,(2) = aip2(z) +vaj ,(z) = =0 ’
Zti —
ie.,
K1 ={p1(2) : a codeword a(z) = (p1(2),0,0,...,0) € C},
Ky ={p2(z) : a codeword a(z) = (a1(z) + va}(z),p2(z),0,...,0) € C}
and
K, = {pl(z) : a codeword a(z) = (a1(z) + va)(z),a2(z) + naé(z),} '
—,pi(z) €C
As (0,0,...,0) € C, K; is the nonvoid set for all i =1,2,... 1.

S[z; 0]

Lemma 5.1 The above set K; is a left submodule of = 1)

foralli=1,2,...1.

Proof: Suppose p;(z),q;(z) € K; and s(z) € S[z; 0], then there exist

a(z) = (a1(z) + vd)(z), az(z) + vay(z),...,pi(z),0,...,0) and
b(z) = (b1(z) + vb(2),b2(2) + Vb4 (2), . ..,q(z),0,...,0) € C.
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Since C is a left submodule of Sy, X Sy, X -+ x Sy, then a(z) + b(z) = (a1(z) + va(z) + (bi(z) +
0b] ((2)), az2(z) + vah(z) + (ba(z) + vb5y((2),...,p:i(2) + ¢:i(2),0,...,0), and s(z)a(z) = (s(z)(a1(z) +
vay(2)), s(z)(az(z) + vah(z)),...,s(z)pi(z) ,0,...,0) are codewords in C, where s(z) € S[Zig'e[t]:gT}‘hus’

Note: From Corollary 2.1, each Kj; is principally generated, i.e., K; = (f;(z)), where fi(z) |, (2% —1).

pi(z) + ¢;(z) and s(z)p;(z) are elements in K;, which implies that K; is a left submodule of O

Lemma 5.2 Let C be an SGQC code of block length (t1,t2,...,t;) and index | and a(z) = (a1(2z) +
va)(2), a2(2) + va5(2),...,a(2) +va;(2)) € C. Then the sets

L ={(h1(2),h2(2),...,li_1(2) : a codeword (hi(z),h2(2),..., h-1(2), u(2)) € C'}
and
M = {(h2(2),...,(2) : a codeword (h1(2), ha(2), ..., hi—1(2), hi(2)) € C, where hi(z) = hi(2) + vhi(2)}

are left submodules of Sy, X Sy, X -+ X Sy, and Sy, X Sgy X -+ X Sy, respectively.
Proof: The proof proceeds in the same manner as that of Lemma 5.1. O

Using the above-defined notation, we give the set of p-generator polynomials of the SGQC code in the
subsequent theorem.

Theorem 5.12 Let C be an SGQC code of block length (t1,t2,...,t;) and index l. Then

C = <((1 - U)fl(z) + Uf{(Z),O, e '70)7 (p21(z)’ (1 - U)fQ(z) + t’fé(z)aov te 70)7 (p31(z)7p32(z)’>
(1 - t’)f3(z) + Ufé(z)vov s 70)’ ERRR) (pll(z)7p12(z)7 s apl(l—l)(z)7 (1 - U)fl(z) + Dfl/(z))

, where for each i =1,2,...,1, (1 —0)fi(2) +0f!/(2) |, (2" —1).

Proof: We will prove it inductively. Suppose the index [ = 1, then C = (f, (z)) = ((1—0) f1(z) +vfi(2)),

S|z; 0
i.e., C is a SC code which is principally generated in <t[127t1]> Assume that the statement holds for all
Zt
i < 1. Let C be an SGQC code as stated in the statement of index ! and a(z) = (a1(z) + vaj(z),az(z) +
S1z; 6]

vah(z),...,a;(z) + va)(z)) € C, where a;(z) + vaj(z) € T From the definition of set Kj, we have

ai(z) +vaj(z) € Ki = ((1-v)fi(z) +vf/(2)) and ai(z) + vaj(z) = (a(2) +vg,(2))((1 - 0) fi(z) +vf/(2)) =
q1,(2) ft,(z) and since fy, (z) € K, there exists a codeword (pi1(z), pi2(2), . . ., Dig—1)(2), ft,(z)) in C. Thus,
a(z) = (a1(2) + va} (2), a2(2) + vaj(2), .. v, (2) i (2))

— 4 (2) (P11(2); P12(2), - - s Pr1—1)(2)s f1,(2)) + (a1(2) + va] (2) — qt, (2)p11(2), a2(2) + vah(2z) — g¢, (2)pi2(2),
= u c.ap—1(2) +vaj_ 1 (2) — g, (2)pi1—1)(2), 0) ’

Since

(qtz (z)(pll(z)vpﬂ(z)v s vpl(l—l)(z)v ftl (Z))) € C, and

a1(z) + va1(z) — q,(2)pu(2), a2(z) + vay(z) — g1, (2)pi2(2)
( vee o a—1(z) Fva;_(z) — q (z)p2l(l,1)(z)7 0 > €C.

By Lemma 5.2,
(a1(z) +vai(z) — g1, (2)pu (2), az(z) + va3(2) — gt (2)pi2(2), - -, a—1(2) +vaj_1(2) — ¢, (2)pia-1)(2)) € L.

As L is a left-submodule of Sy, x Sy, x --- x S;,_, and by the inductive hypothesis, we have

L = <((1 - U)fl(z) + Df{(z)707 .. '70)’ (p21(z)7 (1 - U)fQ(z) + Ufé(2)707 .. '70)’ (p31(2)7p32(2), (1 - U)f3(2)>
‘H’fé(z): 0,..., 0): ERE! (p(lfl)l(z)7p(l71)2(z)7 ce 7P(171)(171)(Z)7 ft(L_l) (Z )

, where f,(z) | (2% — 1), for alli =1,2,...,1 — 1. Thus,
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vay(z) — g, (2)pi1(2), az(z) + vay(z) — g1, (2)p12(2), - - -, a—1(2) +va;_,(z) — ¢4, (2)P11-1)(2))
1(2)((1 —0) fi(z) +vf1(2),0,...,0) + c2(2z )(pz1( ), (1 —U)f2(2)+vf2( ),0,...,0) 4+
c-1(z )(P(z 1)1( ) pPu- 1)2(2) yPa—1)(1 ( )s fri_1(2)),

(()+

and

= (a1(z) +va(2), a2(z) + va5(2), ..., 4, (2) f1, (2))
( 04,(2)(P11(2), pi2(2); - - -, Pii—-1)(2), f1,(2)) + (a1(z) + UG&(@)

—q1,(2)pin(2), az(z) + vay(z) — g1, (2)piz(z),
ai—1(z) +va;_1(z) — q1,(2)p11-1)(2),0)

Qt, ) (P (z Plz( )s '-'apl(l—l)(z)vftz( ))+01( )(1—0) )

ey

+ofi(z 0)+ “F1(2)(Pa—1)1(2), Pa-1)2(2
yoes Da—1)(1-2)(2), ft,_, (2 ))

Therefore,

((1—U)f1( ) +0fi(2),0,...,0),
<Uf§( ),0,...,0), (pa1(z )p32( ) (1
,0), (‘pzl( ) p2(2)s -, Pia—1) (2

1(z
)f3(2) +0f3(2),0,
1—0)fi(z) +vfi(2))

where (1 —v)f;(z) +vfl(z) |, (2" — 1), foralli=1,2,...,1. O

(p )( (1—0)f2(z)+ >
> :

D21
v
(

Theorem 5.13 Let C be an SGQC code of block length (t1,ts,...,t;) and index | given by

C— <(ft1(z)7 0,...,0), (p21(2), f1,(2),0,...,0), (p31(2), p32(2), ft,(2),0,...,0),... ,>
(p11(2)7pl2(z),---7pz(lf1)(z),(ft,(z)) ’

where (1 —0) fi(2) + vf/(2) = f1,(2) | (2" —1) foralli=1,2,...,1. Then
1. degpij(z) < deg fi;(2) foralli=2,...,1, and j=1,2,...1 —1 withi>j.

2. If (2" —1) = q1,(2) f1,;(2), then qi,(2)p@i)i-1)(2) € (fr;_,(2)) and qi,(2)p(i)(i-1)(2) = 5¢,(2) fr;_, (2),
foralli=2,3,...,L.

Proof: The first part can be proven inductively. So, we left out the first part. For the second part, we
observe that

dt; (z)(pil(z)vpi2(z)7 s 7pi(i71)(z)7 fti (2)7 0,... 70)
= (q1,(2)pi1(2), 41, (2)pi2(2), - - -, 41 (2)Pii-1)(2), 0, ..., 0).

This implies q¢,(z)pii—1)(z) € Ki—1 = (ft,_,(2)). Hence, qi,(2)pii—1)(2) = s¢,(2)ft,_,(2) for all i =
2.l 0

The subsequent theorem establishes the cardinality and dimension of the SGQC codes based on the struc-
tural properties of generators.

Theorem 5.14 Let C be an SGQC code of block length (t1,ta,...,t;) and index . If

C — <(ft1(z)7 Oa vy 0); (p?l(z)a ftz(z)707 oo 70)3 (p31(z)7p32(z)a ftg(z)a Oa vy 0)7>
'7(pll(z)apﬂ(z)ﬂ"'7pl(l—1)(z)’ (fu(2)) ’

where (1 —v)fi(2) + vf/(2) = fi.(2) | (2" = 1), for all i = 1,2,...,1. Then rank(C) = deg(qy, (2)) +
deg(qe, (2)) + ... +deg(q, (2)) and |C| = q2 deg(ar, (2)) g2 deg(ar,(2) | g2 dee(a () yith keeping the same
notation as in Theorem 5.13.
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Proof: The proof follows by applying the Principle of Mathematical Induction on index [ and using
Theorem 5.13 and Lemma 5.2. a

Example 5.7 Consider the polynomial factorization in S[z;0], where 0 is a Frobenius automorphism.
We take the polynomial 22 — 1 over S = F; + vFy. We have the following factorizations:

2 1=+ 0+t + 22+ (0 +1)22 + 1) (22 + (v +1)2° +1)
(P +o+t)2t + 22+ (0 +tH22 +1)(22 + (0 +tH)22 +1)

(24 (Po+ D)z + (0 +1)2° + (o +t2)22 + oz + 1) x (22 + (to + 1)2° + vz +t?)  and s0 on.

Next, consider the factorization of 25 — 1 over S = Fy + vFy. We have

=2t + (Pv+2)22 + (tv+ 1)z +2)(22 + (tv + 1)z + 1)

(22 4+ (v +2)2% + (tv + 1)z + 2)(2° + (Pv + 1) 22 + (tv + 1)z + 1)
(22 + u+ )22+ (o +t9)z+2)(2° + (v +t7)2% + (o + 7))z + 1)
=(2° +v2® + 202+ 2)(2* + 2022 + 202+ 1)  and so on.

A fundamental objective in coding theory is the construction of codes with optimal parameters, such as
the maximum possible minimum distance for a given length and dimension or improved code rates. For
finite fields, the reference point is Grassl’s table [12] of the best-known linear codes. That code table has
continuously been updated with new codes appearing in the literature by different researchers.

In Tables 1, 2 and 3, we present the parameters of Gray images of 2-generator SGQC codes of index
2 over S where we consider ¢ = 3, ¢ = 9 and g = 4, respectively. We have considered the Frobenius
automorphism for each code. We write the coeflicients of the generator polynomial in ascending order
of the degree of the indeterminate; for example, the polynomial fi(z) = z% + (b + )z +z+ (b + t) is
represented by (v +¢)1(b +¢)1.

6. Conclusion

In this work, we have studied the structure of SGQC codes over S without any restriction on length.
Here, we have derived 1-generator and multi-generator polynomial codes and their corresponding dimen-
sions. Further, it has examined the 1-generator idempotent polynomial over Fy, and S, and provided some
suitable examples. Moreover, we have also established a lower bound on the minimum Hamming distance
for the 1-generator SGQC codes and demonstrated that they produce improved parameters compared to
those reported in the existing literature [11,19].

However, to determine the minimum distances and generator polynomials of C* in terms of the
generator polynomial of C' for the p-generator polynomial codes is still open. Also, the construction of
quantum codes based on these codes would be a promising area of research.

7. Tables

Table 1: The 2-generator SGQC codes over F5 + vFj3

t1,t2, N || Generator polynomials »(C)
6,1,7 fi,=(20+2)2(0+ 1)1, por = (0 +1)(0 4+ 2)1, fi, =1 (14,4, 7]*
6,2,8 || fr, = (20+2)2(0 + D)1, por = (20 + 2)0(0 + 1), fo, = (20 + 2)1 | [16,4,7
6,2,8 || fr, = (20+2)2(b + 1)1, poy = 10(20 +2), fo, = 1 16,5,6
81,9 || fr,= (201 2)(20 + )(20 1 2)1, pa1 = (20 + 2)(0)2, fr, = 1 18,6,7
6,4,10 || fi, = 20+2)2(0 + 1)1, por = (b + 1)(v + 2)1, f, = 1111 20,4,7
6,9,15 || fr, = (204 2)2(0 + 1)1, poy = (0 + 1)(v + 2)1, f,, = 21021021 | [30,5,7]

+: denotes the near-optimal code.
@: better parameter than [12,3, 6] given in the [11].
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Table 2: The 2-generator SGQC codes over Fy + vFy

t1,t3, N || Generator polynomials o(C)
6,2,8 fr, = (20 +2)2(b + 1)1, poy = (20 +2)0 (n+1) = (20 +2)1 | [16,4,7
6,1,7 fr, = 2(0 +2)(20 + 1)1, P21 = 1(20 +2)1, fi, = 14,4,6
4,2,6 fr, = AN)2(t°)1, por = L) (t°), f1, = 1 [12,3,7]°
5,1,6 fi,=21,pa=(20+2), fr, =1 [12,5,4]

Table 3: The 2-generator SGQC codes over Fy + vFy

t1,ta, N || Generator polynomials o(C)
10,2,12 || fr, = (tP0 + D)1(%0 + 1) (%0 + 1)1(¢%0 + 1)1(t%0 + 1)1(t°0 + 1),

p21 = 101010101, fi, = (to + 1)1 [24,2,14]¢
4,812 || fiy, = t1tl, poy =21, fr, = 11 [24,8, 6]
4,2,6 fi, = o+ )1({t20 + 1)1, poy = (0 + )2 (0 + 1), fr, =1 [12,3, 8] * *
10,2,12 || fr, = (o + 1) (20 +t3)1(0 + t2) (20 + 1)1, po; = 1121,

ft, = (t* + 0t)1 [24,6,10]¢
8,412 | fr, =0+ )10 +t)1, por = (0 + ) (0 + 1)1, fi, =1 [24,9, 4]
8,1,9 fio=(0+t)1(0 + 1)1, por = (0 + )(n+t)1 fro =1 [18,6,7]
47276 ft1:(tu+1)( )1 7P21—1(t ) to =1 [1245]
6,1,7 fio =+ )0+ )11, por = (0 + )10+ ¢2), fi, =1 [14,4,7]
7,1,8 fi, = 10111, poy = 1101, f;, = 1 [16, 4, 8]

@: better parameters than [24,2,12], [24, 6, 8] and [16, 4, 6], respectively given in the [19].
#%: denotes the optimal code.
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