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Skew generalized quasi-cyclic codes over a non-chain ring Fq + vFq
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abstract: For a prime p, let Fq be the finite field of order q = pd. This paper presents the study on skew
generalized quasi-cyclic (SGQC) codes of length n over the non-chain ring Fq + vFq , where v2 = v. Here, first,
we prove the dual of an SGQC code of length n is also an SGQC code of the same length and derive a necessary
and sufficient condition for the existence of a self-dual code. Then, we discuss the 1-generator polynomial
and the ρ-generator polynomial for these codes. Further, we determine the dimension and BCH-type bound
for the 1-generator case. As a by-product, with the help of MAGMA software, we provide a few examples
of SGQC codes with improved parameters compared to those given in the existing literature and obtain some
2-generator optimal and near-optimal SGQC codes of index 2.

Key Words: Skew cyclic codes, gray map, generator polynomial, idempotent generator, skew gen-
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1. Introduction

In the theory of error-correcting codes, linear codes over finite fields play a crucial role in many error-
correction schemes. Initial works of linear codes are based on the binary field, and researchers have been
continuing their study on it due to the ease of their practical implementation. Later, this study was
extended to codes over finite fields and rings, keeping broader aspects and optimal codes in mind. In the
1990s, some studies on cyclic and self-dual cyclic codes over the ring Z4 have been reported in [14,9,20],
whereas [6] studied the same family of codes over the ring F2 + uF2. In 2000, Abualrub and Siap [4]
studied cyclic codes over the rings Z2+uZ2 and Z2+uZ2+u

2Z2, whereas Zhu et al. studied cyclic codes
over F2+ vF2 [27]. Later on, cyclic, quasi-cyclic (QC), and generalized quasi-cyclic (GQC) codes over finite
commutative rings have been studied by introducing different Gray maps in [10,26,22,23,18].

On the other hand, in 2007, Boucher et al. [7] introduced cyclic codes over finite noncommutative
rings (skew polynomial rings) and presented θ-cyclic codes over Fq[z, θ] with restrictions on their length,
where Fq is the finite field and θ is an automorphism over Fq. They have obtained some codes that
improved upon previously best-known linear codes. Meanwhile, in 2011, Siap et al. [25] studied skew
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cyclic (SC) codes of arbitrary length over the field Fq. After that, some other works on SC codes over
rings have been seen in [3,13,15,8,17].

Recall that skew quasi-cyclic (SC) codes of length nl and index l over a finite field Fq are linear codes
where the SC shift of each codeword by l positions is another codeword. It is noted that the SC codes
of index l = 1 are well-known SC codes of length n. Also, it has been shown that the class of SC codes
significantly contributes to the class of linear codes over finite fields and rings [2,19,18,5]. Later, the
notion of SGQC codes over finite fields was introduced by Gao et al. [11] and studied with the restriction
that the order of the automorphism divides the length of codes. Also, based on the structural properties
of SGQC codes, Abualrub et al. [1] gave some good skew l-GQC codes and constructed some asymmetric
quantum codes over the finite field F4. Recently, Seneviratne and Abualrub [24] studied SGQC codes of
arbitrary length over the field Fq and obtained many new linear codes.

The above works inspired and gave us a space to consider and study the SGQC code over the finite
non-chain ring Fq + vFq where v2 = v. By considering the automorphism θt as θt : a+ vb 7→ ap

t

+ vbp
t

,
we establish the algebraic structure of these codes. Since the class of SGQC codes is much larger than the
class of SC codes, it opens the door to search for better codes in this class. Here, we present 1-generator
and the ρ-generator SGQC codes. Further, we show that 1-generator idempotent polynomial exists for
SGQC code over Fq and Fq + vFq, respectively. We arrange our paper as follows. Section 2 recalls some
known results concerning the skew polynomial ring S[z; θt], where S = Fq + vFq, and SC code. Section 3
provides the algebraic structure of SGQC codes and their duals over the finite non-chain ring S. Section 4
discusses the duality of SGQC code under certain conditions on the code length, while Section 5 presents
the generator for these codes. Additionally, we introduce an idempotent generator polynomial over Fq

and S for SGQC codes and list some 1-generator and 2-generator polynomial parameters, among them
some are optimal, near-optimal codes. Also, some parameters are better than those given in existing
literature [11,19] over F3 + vF3, F4 + vF4, and F9 + vF9, respectively. Section 6 presents the conclusions
and outlines some challenging problems.

List of Symbols and Abbreviations

Throughout the paper, we use some symbols and abbreviations, which are listed below.

p : A prime number

d : A positive integer

q : A prime power number pd

Fq : Field with q elements

θt : An automorphism map over Fq

SC : Skew cyclic

σ : Skew cyclic shift operator

QC : Quasi-cyclic

GQC : Generalized quasi-cyclic

SQC : Skew quasi-cyclic

SGQC : Skew generalized quasi-cyclic

ϕ : Gray map

ρ : A positive integer

ψj : Conjugation map

|r : Is the right divisor of

gcrd : Greatest common right divisor

gcld : Greatest common left divisor
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2. Preliminaries

In this section, we recall the basic definitions and results of linear and SC codes over a finite non-chain
ring that we will use throughout our work.

Let Fq be a finite field containing q elements, and S = Fq[v]/⟨v2−v⟩ = {a+vb : a, b ∈ Fq and v2 = v},
where q = pd. The ring S has order q2, is non-chain, and possesses exactly two maximal ideals, namely
⟨1− v⟩ and ⟨v⟩. For more details on this ring, we refer [21]. An S-submodule C of Sn is called a linear
code of length n over S, and its elements are called codewords. We define a Fq-linear Gray map as

ϕ : S 7→ F 2
q given by ϕ(a+ vb) = (a, a+ b).

This linear map ϕ can be extended component-wise from Sn to F 2n
q given by

ϕ(s1, s2, . . . , sn) = (a1, . . . , an, a1 + b1, . . . , an + bn),

where si = ai + vbi ∈ S, for all i = 1, 2, . . . , n. The number of nonzero elements in c ∈ Fn
q is called the

Hamming weight and is denoted by wH(c). For any pair of words c = (c0, c1, . . . , cn), c
′ = (c′0, c

′
1, . . . , c

′
n) ∈

Fn
q , the Hamming distance between c and c′ is defined as d(c, c′) = |{i = ci ̸= c′i}|. One can easily verify

that d(c, c′) = wH(c− c′). The minimum distance between each pair of codewords of C over Fq is said to
be the distance of C and is denoted by d(C). The number of nonzero elements in ϕ(s) is called the Lee
weight of an element s ∈ S and is denoted by wL(s) i.e., wL(s) = wH(ϕ(s)). The Lee distance of any pair
of codewords of a linear code C over S is defined by dL(s1, s2) = wL(s1 − s2), where s1, s2 ∈ Sn. Note
that the Gray map ϕ induces an isometry between linear codes over Sn (Lee distance) and their images
in F 2n

q (Hamming distance) and preserves orthogonality.
Now, we define some operations on linear codes, similar to those given in [13, Definition 1]. Suppose

X and Y are two linear codes over the field Fq. Then we define two operations ⊕ and ⊗ on X and Y
given by

X ⊕ Y = {x+ z : x ∈ X , z ∈ Y}, and
X ⊗ Y = {(x, z) : x ∈ X , z ∈ Y}.

Let C be a linear code of length n over the ring S. Define

C1 := {c ∈ Fn
q : c+ vs ∈ C for some s ∈ Fn

q }, and
C2 := {c+ s ∈ Fn

q : c+ vs ∈ C}.

Clearly, C1 and C2 are linear codes over Fq, and from Corollary 1 [13], linear code C over S can be
written as C = (1− v)C1 ⊕ vC2.

Let θt be an automorphism defined on S given by ap
t

+ vbp
t

, where a + vb ∈ S. Clearly, θt acts on
Fq as follows:

θt : Fq 7→ Fq

a 7→ ap
t

.

Definition 2.1 Consider the set

S[z; θt] :=
{
a(z) = a0 + a1z+ · · ·+ an−1z

n−1 : ai ∈ S for all i = 0, 1, 2, . . . , n− 1
}
.

Then S[z; θt] is a ring under the usual addition of polynomials, and the multiplication is defined under
the rule (azi)(bzj) = aθit(b)z

i+j for all a, b ∈ S. This ring is known as the skew polynomial ring.

Clearly, S[z; θt] is a noncommutative ring unless θt is the identity automorphism. Therefore, before
establishing the structure of codes, we have to specify the existence of left/right divisibility. Recall that
for a(z), b(z) ∈ S[z; θt] with a(z) ̸= 0, a(z) |r b(z) if there exists c(z) ∈ S[z; θt] such that b(z) = c(z)a(z).
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Theorem 2.1 [19, Theorem 2.4] Let a(z) and b(z) be two polynomials in S[z; θt] with leading coefficient
of b(z) is a unit, then there exists q(z) and p(z) such that a(z) = q(z)b(z) + p(z), where p(z) = 0 or
deg p(z) < deg a(z).

Definition 2.2 Greatest Common Right Divisor: A polynomial s(z) is the gcrd of a(z) and b(z) in
S[z; θt] if

• s(z) is the right divisor of both a(z) and b(z), and

• for every common right divisor s′(z) of a(z) and b(z), it holds that s′(z) |r s(z).

Similarly, we can define gcld. Obviously, to construct the SGQC codes, we first look at the structure of SC
codes on S so that we can develop the improved versions of the results obtained in [13].

Definition 2.3 Suppose C is a subset of Sn, then C is said to be a SC code of length n if C satisfies the
following:

1. C is an S-submodule of Sn;

2. σ(c) = (θt(cn−1), θt(c0), . . . , θt(cn−2)) ∈ C whenever c = (c0, c1, . . . , cn−1) ∈ C.

Here, σ is called the SC shift operator.

Let Sn =
S[z; θt]

⟨zn − 1⟩
, s(z) + (zn − 1) be an element of Sn, and a(z) ∈ S[z; θt]. Define multiplication from

left as
a(z) ∗ (s(z) + ⟨zn − 1⟩) = a(z) ∗ s(z) + ⟨zn − 1⟩ for all a(z) ∈ S[z; θt]. (2.1)

Clearly, multiplication on Sn is well defined. Then, under left multiplication defined in Equation (2.1),
Sn is a left S[z; θt]-module. Also, the SC codes in S[z; θt] is a left S[z; θt]-submodule of the left module
Sn. Now, we recall some results of the SC code from [13] that we will use later.

Lemma 2.1 Every left(or right) Sn-submodule of Sn is principally generated.

Theorem 2.2 Let C1, C2 ⊆ Fn
q be SC codes of length n with monic generator s1(z), s2(z) ∈ Fq[z; θt]

(s1(z), s2(z) |r (zn − 1)). Then the code C = (1 − v)C1 ⊕ vC2 ⊆ Sn is a SC code with generator
s(z) = (1− v)s1(z) + vs2(z) ∈ S[z; θt] which satisfies s(z) |r (zn − 1). Equivalently, C = ⟨s(z)⟩.

Two polynomials s1(z), s2(z) ∈ S[z; θt] are said to be right coprime if there exist polynomials u1(z)
and u2(z) in S[z; θt] such that u1(z)v1(z) + u2(z)v2(z) = 1. The left coprime can be defined similarly.
This notion allows for expressing a code through an alternative generator, as presented in the following
result.

Lemma 2.2 [19, Lemma 2.6] Suppose C is an SC code of length n over S with C = ⟨a(z)⟩ such that
zn−1 = s′(z)s(z). Then, every alternative generator of code C has the form C = ⟨v(z)a(z)⟩, where s′(z)
is the right coprime to v(z).

3. Algebraic Structure of SGQC Codes

In this section, we study the structural properties of the SGQC code over the ring S. We generalize
Definition 2 [24] of the SC shift over the ring S. Toward this, first recall the definition of the SGQC codes.

Definition 3.1 Suppose S is a non-chain ring, and θt is an automorphism of S with |θt| = mt. Through-
out, Let t1, t2, . . . , tl be positive integers and N = t1+ t2+ · · ·+ tl. A subset C of S = St1 ×St2 ×· · ·×Stl

is called an SGQC code of block length (t1, t2, . . . , tl) and index l, if C holds the following criteria:

1. C is a S-submodule of S, and

2. if c = (c1, c2, . . . , cl), then σl(c) = (σ(c1), σ(c2), . . . , σ(cl)) ∈ C, where ci = (ci1, ci2, . . . , citi) ∈ Sti ,
for all i = 1, 2, . . . , l.
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Hence, SGQC codes of length N and index l over S are closed under the shift σl. If each t
′
is is equal, then

SGQC codes are SQC codes over S. If l = 1, SGQC codes are SC codes over S.
Let a = (a1, a2, . . . , al) ∈ S, where

aj = (aj,0 + va′j,0, aj,1 + va′j,1, . . . , aj,tj−1 + va′j,tj−1) for j = 1, 2, . . . , l.

For any vector aj ∈ Stj , we associate the vector with the polynomial aj(z) = (aj,0+va′j,0)+(aj,1+va′j,1)z+

· · ·+ (aj,tj−1 + va′j,tj−1)z
tj−1 =

∑tj−1
i=0 (aj,i + va′j,i)z

tj−1 in the left S[z; θt]-module Stj =
S[z; θt]

⟨ztj − 1⟩
.

The ring S′ = St1 × St2 × · · · × Stl is a left S[z; θt]-module with left multiplication given by

s(z).a(z) = (s(z).a1(z), s(z).a2(z), . . . , s(z).al(z)), (3.1)

where s(z) ∈ S[z; θt] and a(z) = (a1(z), a2(z), . . . , al(z)) ∈ S′.
Suppose a = (a1, a2, . . . , al) is an element of S. Then, the map

µ : S → S′ defined by µ(a) = (a1(z), a2(z), . . . , al(z)) = a(z).

It defines a one-to-one correspondence. Hence, a codeword in vector form c = (c1, c2, . . . , cl) ∈ C will be
of the form of a polynomial c(z) = (c1(z), c2(z), . . . , cl(z)) in the set S′.

Lemma 3.1 C is an SGQC code of block length (t1, t2, . . . , tl) and index l if and only if C is a left S[z; θt]-
submodule of S′.

The Lemma 3.1 is valid for every block length (t1, t2, . . . , tl) and mt, where |θt| = mt. Therefore, there
is no need to impose the condition that mt/ti for all i = 1, 2, . . . , l.

Theorem 3.1 Let C be a linear code over S of length N . If C = (1− v)C1 ⊕ vC2, where C1 and C2 are
linear codes of length N over Fq, then C is an SGQC code over S if and only if C1 and C2 are SGQC codes
of block length (t1, t2, . . . , tl) and index l over Fq.

Proof: Suppose C1 and C2 are SGQC codes of block length (t1, t2, . . . , tl) and index l over Fq. We aim
to show that C is an SGQC over S. Let s = (s1, s2, . . . , sl) ∈ C, where each si = (ai + vbi) ∈ S. Pick
a = (a1, a2, . . . , al), where ai = (ai,1, ai,2, . . . , ai,ti), and b = (b1, b2, . . . , bl), where bi = (bi,1, bi,2, . . . , bi,ti)
for all i = 1, . . . , l. Then a ∈ C1 and a+ b ∈ C2 which implies that

σl(a) =
(
σ(a1), σ(a2), . . . , σ(al)

)
∈ C1

=
(
θt(a1,t1), θt(a1,1), . . . , θt(a1,t1−1), . . . , θt(al,tl), θt(al,1), . . . , θt(al,tl−1)

)
=
(
(a1,t1)

pt

, (a1,1)
pt

, . . . , a1,t1−1)
pt

, . . . , (al,tl)
pt

, (al,1)
pt

, . . . , (al,tl−1)
pt
)

and similarly,

σl(a+ b)

=
(
σ(a1 + b1), σ(a2 + b2), . . . , σ(al + bl)

)
∈ C2

=

(
θt(a1,t1 + b1,t1), θt(a1,1 + b1,1), . . . , θt(a1,t1−1 + b1,t1−1),
. . . , θt(al,tl + bl,tl), θt(al,1 + bl,1), . . . , θt(al,tl−1 + bl,tl−1)

)
=

(
(a1,t1)

pt

+ (b1,t1)
pt

, (a1,1)
pt

+ (b1,1)
pt

, . . . , (a1,t1−1)
pt

+ (b1,t1−1)
pt

,

. . . , (al,tl)
pt

+ (bl,tl)
pt

, (al,1)
pt

+ (bl,1)
pt

, . . . , (al,tl−1)
pt

+ (bl,tl−1)
pt

)
.

Then σl(s) = (1 − v)σl(a) + vσl(a + b) ∈ C, which implies that C is an SGQC code of length N =
t1 + t2 + · · ·+ tl and index l over S.
Conversely, assume C is an SGQC code over S of length N = t1 + t2 + · · · + tl and index l. For any
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a = (a1, a2, . . . , al) ∈ C1 and b = (b1, b2, . . . , bl) ∈ C2, and if we consider si = ai+v(−ai+bi), for all i =
1, . . . , l, then s = (s1, s2, . . . , sl) ∈ C. Since C is an SGQC code over S, we have

σl(s)

=
(
σ(s1), σ(s2), . . . , σ(sl)

)
∈ C

=
(
σ(a1) + vσ(−a1 + b1), σ(a2) + vσ(−a2 + b2), . . . , σ(al) + vσ(−al + bl)

)
=

 θt(a1,t1)
pt

+ v(−a1,t1 + b1,t1)
pt

, θt(a1,1)
pt

+ v(−a1,1 + b1,1)
pt

, . . . ,

θt(a1,t1−1)
pt

+ v(−a1,t1−1 + b1,t1−1)
pt

, . . . , θt(al,tl)
pt

+ v(−al,tl + bl,tl)
pt

,

θt(al,1)
pt

+ v(−al,1 + bl,1)
pt

, . . . , θt(al,t1−1)
pt

+ v(−al,tl−1 + bl,tl−1)
pt

 .

Therefore, ϕ(σl(s)) = (σl(a), σl(b)) ∈ C1 ⊗ C2, and hence σl(a) ∈ C1 and σl(b) ∈ C2 . Thus, C1 and C2

are SGQC codes over Fq. 2

4. Duality of SGQC codes

Here, we present the study of the dual of an SGQC code over S of block length (t1, t2, . . . , tl) and index
l. First, we recall some basic definitions.

Suppose a = (a1, a2, . . . , al) and b = (b1, b2, . . . , bl) are two elements of S = St1 × St2 × · · · × Stl ,
where

ai = (ai,0 + va′i,0, ai,1 + va′i,1, . . . , ai,ti−1 + va′i,ti−1), and

bi = (bi,0 + vb′i,0, bi,1 + vb′i,1, . . . , bi,ti−1 + vb′i,ti−1) ∈ Sti .

The usual inner product of a and b is defined as

⟨a, b⟩ =
l∑

i=1

ai.bi =

l∑
i=1

ti−1∑
j=0

(ai,j + va′i,j).(bi,j + vb′i,j).

Suppose C is an SGQC code of block length (t1, t2, . . . , tl) and index l. The dual of C is denoted by C⊥ and

is defined as C⊥ = {a = (a1, a2, . . . , al) ∈ S : ⟨a, c⟩ =
∑l

i=1 aici = 0, for each c = (c1, c2, . . . , cl) ∈ C}.

Theorem 4.1 Let C be an SGQC code of block length (t1, t2, . . . , tl) and index l over S, then the dual of
C is an SGQC code of length N and index l.

Proof: Let

s =
(
s1, s2, . . . , sl

)
∈ C⊥

=


s1,0 + vs′1,0, s1,1 + vs′1,1, . . . , s1,t1−1 + vs′1,t1−1

s2,0 + vs′2,0, s2,1 + vs′2,1, . . . , s2,t2−1 + vs′2,t2−1

. . . , . . . , , . . . , . . .
sl,0 + vs′l,0, sl,1 + vs′l,1, . . . , sl,tl−1 + vs′l,tl−1

 .

Our objective is to show σl(s) ∈ C⊥.
i.e,

σl(s)

= (σ(s1), σ(s2), . . . , σ(sl))

=


(θt(s1,t1−1 + vs′1,t1−1), θt(s1,0 + vs′1,0), . . . , θt(s1,t1−2 + vs′1,t1−2)
θt(s2,t2−1 + vs′2,t2−1), θt(s2,0 + vs′2,0), . . . , θt(s2,t2−2 + vs′2,t2−2)
. . . , , . . . , . . . , . . .
θt(sl,tl−1 + vs′l,tl−1), θt(sl,0 + vs′l,0), . . . , θt(sl,tl−2 + vs′l,tl−2)

 .
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Now, for any c = (c1, c2, . . . , cl) ∈ C, for all i = 1, 2, . . . , l

ci =


(c1,0 + vc′1,0, c1,1 + vc′1,1, . . . , c1,t1−1 + vc′1,t1−1

c2,0 + vc′2,0, c2,1 + vc′2,1, . . . , c2,t2−1 + vc′2,t2−1

. . . . . . . . . . . .
cl,0 + vc′l,0, cl,1 + vc′l,1, . . . , cl,tl−1 + vc′l,tl−1)

 .

We have to show that ⟨σl(s), c⟩ = 0.
Now,

⟨σl(s), c⟩

=

θt(s1,t1−1 + vs′1,t1−1)(c1,0 + vc′1,0) + θt(s1,0 + vs′1,0)(c1,1 + vc′1,1)+
dots+ θt(s1,t1−2 + vs′1,t1−2)(c1,t1−1 + vc′1,t1−1) + · · ·+ θt(sl,tl−1+
vs′l,tl−1)(cl,0 + vc′l,0) + · · ·+ θt(sl,tl−2 + vs′l,tl−2)(cl,tl−1 + vc′l,tl−1)

 .

As C is an SGQC code, then σk
l (c) ∈ C for any positive integer k. Now, suppose that

M = lcm(mt, t1, t2, . . . , tl),

where mt is the order of automorphism θt, then

σM
l (Y ) = Y, for any Y ∈ S = St1 × St2 × · · · × Stl .

Hence, θMt (y) = y, for any y ∈ Y , and θM−1
t (y) = θ−1

t (y). So,

σM−1
l (c)

=

θ−1
t (c1,1 + vc′1,1), θ

−1
t (c1,2 + vc′1,2), . . . , θ

−1
t (c1,tl−1 + vc′1,tl−1),

θ−1
t (c1,0 + vc′1,0), . . . , θ

−1
t (cl,1 + vc′l,1),

θ−1
t (cl,2 + vc′l,2), . . . , θ

−1
t (cl,tl−1 + vc′l,tl−1), θ

−1
t (cl,0 + vc′l,0)

 .

Now, as C is an SGQC code, we have

⟨s, σM−1
l (c)⟩

=(s1,0 + vs′1,0).(θ
−1
t (c1,1 + vc′1,1) + · · ·+ (s1,t1−1 + vs′1,t1−1).θ

−1
t (c1,0 + vc′1,0) + · · ·+ (sl,0 + vs′l,0).θ

−1
t (cl,1 + vc′l,1)

+ · · ·+ (sl,tl−1 + vs′l,tl−1).θ
−1
t (cl,0 + vc′l,0) = 0.

On applying θt to both sides of the above equation, we get

θt(s1,0 + vs′1,0).(c1,1 + vc′1,1) + · · ·+ θt(s1,t1−1 + vs′1,t1−1).(c1,0 + vc′1,0)

+ · · ·+ θt(sl,0 + vs′l,0).(cl,1 + vc′l,1) + · · ·+ θt(sl,tl−1 + vs′l,tl−1).(cl,0 + vc′l,0) = 0.

We get ⟨σl(s), c⟩ = 0 by arranging the above expression. Thus, σl(s) ∈ C⊥. Hence, C⊥ is an SGQC code
of length N = t1 + t2 + · · ·+ tl and index l. 2

From Theorems 3.1, 4.1, the following corollary follows easily.

Corollary 4.1 An SGQC code C over S is self-dual if and only if its constituent codes C1 and C2 are
self-dual SGQC codes over Fq.

In Section 3, we defined the map µ : S → S′, which defines a one-to-one correspondence between SGQC

codes over S of block length (t1, t2, . . . , tl) and index l and linear codes over S′ = St1 × St2 × · · · × Stl of
length N . Here, we consider the above map µ as a polynomial representation of the SGQC codes, and then
consider the Hermitian inner product. Following the definition in [5, Section 6], define a “conjugation”
map ψj on Stj by

ψj(az
i) = θ−i

t (a)ztj−i; 0 ≤ i ≤ tj − 1 and j = 1, 2, . . . , l,

and the map is extended to all elements of Stj by linearity of addition.



8 K. Suxena, O. Prakash and I. Debnath

Definition 4.1 Suppose a(z) = (a1(z), a2(z), . . . , al(z)), and b(z) = (b1(z), b2(z), . . . , bl(z)) of S′, then
the Hermitian inner product is given by

a(z) ∗ b(z) =
l∑

i=1

ai(z) · ψj(bi(z)).

Suppose that the order of θt is mt and mt/tj : for all j = 1, 2, . . . , l. Therefore, θmt
t = 1 = θ

tj
t . The

following result is the generalization of Proposition 3.2 [18].

Theorem 4.2 Let s = (st1 , st2 , . . . , stl), w = (wt1 , wt2 , . . . , wtl) ∈ S, and suppose s(z) and w(z) ∈ S′

denote the polynomial representation of s and w, respectively. Then σr
l (s) · w = 0 : for 0 ≤ r ≤

tj − 1, and for all j = 1, 2, . . . , l if and only if s(z) ∗ w(z) = 0.

Proof: First, we assume that s(z) ∗ w(z) = 0. Then

0 =

l∑
j=1

stj (z) · ψj(wtj (z)),

=

l∑
j=1

(tj−1∑
n=0

sn,j + vs′n,jz
n

)
· ψj

(tj−1∑
k=0

wk,j + vw′
k,jz

k

)
,

=

l∑
j=1

(tj−1∑
n=0

sn,j + vs′n,jz
n

)
·
(tj−1∑

k=0

θ−k
t (wk,j + vw′

k,j)z
tj−k

)
,

=

tj−1∑
m=0

( l∑
j=1

tj−1∑
i=0

((si+m,j + vs′i+m,j

)
θmt (wi,j + vw′

i,j)))z
m,

where the subscript i+ tj − 1 is taken modulo tj , for all j = 1, 2, . . . , l. By comparing the coefficients of
ztj−1 for all j = 1, 2, . . . , l, on both sides, we get

0 =

l∑
j=1

tj−1∑
i=0

(
(si+m,j + vs′i+m,j)θ

m
t (wi,j + vw′

i,j)

)
, for 0 ≤ m ≤ tj − 1,

= θmt (σ
nj−m
l (s).w), for all j = 1, 2, . . . , l.

Hence, it implies that σ
nj−m
l (s).w = 0 for all 0 ≤ m ≤ tj − 1 which is equivalent to σr

l (s) · w = 0 for all
0 ≤ r ≤ tj − 1. 2

Corollary 4.2 Suppose C is an SGQC code of block length (t1, t2, . . . , tl) and index l over S. Then

C⊥ = {w(z) ∈ S′ : s(z) ∗ w(z) = 0, for all s(z) ∈ C}.

Theorem 4.3 Let C be an SGQC code of block length (t1, t2, . . . , tl) and index l over S. Then µ(C⊥) =
µ(C)⊥, where the dual in S and S′ is obtained with respect to Euclidean and Hermitian inner product,
respectively.

Proof: Suppose C is an SGQC code and s ∈ C, then σk
l (s) ∈ C. From Theorem 4.2, we have σk

l (s) · w =
0; 0 ≤ k ≤ tj − 1, for all j = 1, 2, . . . , l. which implies that µ(w) ∈ µ(C⊥). Now, once again from
Theorem 4.2, if σk

l (s) · w = 0, then

s(z) ∗ w(z) = 0, and µ(s) ∗ µ(w) = 0.

As µ(s) ∈ µ(C), we get µ(w) ∈ µ(C)⊥. Therefore, µ(C⊥) ⊆ µ(C)⊥.
On the contrary, assume w(z) = µ(w) ∈ µ(C)⊥, then there exists s(z) = µ(s) in µ(C) such that

s(z) ∗ w(z) = 0 = µ(s) ∗ µ(w). From previous Theorem 4.2, σk
l (s) · w = 0. As s ∈ C and C is an SGQC

code, then σk
l (s) ∈ C. Therefore, w ∈ C that means µ(w) ∈ µ(C⊥). Thus, µ(C) ⊆ µ(C)⊥ and as a

result, we get µ(C) = µ(C)⊥. 2
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Corollary 4.3 Suppose C is an SGQC code of block length (t1, t2, . . . , tl) and index l over S. Then C
is self-dual over S under the usual inner product if and only if µ(C) is self-dual over Stj for all j =
1, 2, . . . , l, under the Hermitian inner product.

5. Generator set for SGQC codes

In this section, we extend the results derived in Section 4 of Gao et al. [11] to obtain the generator
set for SGQC codes and establish a BCH-type bound on their minimum Hamming distance.

A SGQC code C of block length (t1, t2, . . . , tl) and index l over S is called a ρ-generator code if ρ is the
least positive integer for which there exist codewords

aj(z) = (aj1(z), aj2(z), . . . , ajl(z)), for 1 ≤ j ≤ ρ

such that C = s1(z)a1(z) + s2(z)a2(z) + · · ·+ sρ(z)aρ(z) for some s1(z), s2(z), . . . , sρ(z) in S[z; θt]. The
set {a1(z), a2(z), . . . , aρ(z)} is called a generating set for SGQC code C.

5.1. 1-generator polynomial SGQC codes

Definition 5.1 If an SGQC code C generated by a single element s(z) = (s1(z), s2(z), . . . , sl(z)), where
si(z) ∈ Sti , for all i = 1, 2, . . . , l, then C is called a 1-generator SGQC code. Clearly, it has the form
C = {a(z)s(z) = (a(z)s1(z), a(z)s2(z), . . . , a(z)sl(z)) : a(z) ∈ S[z; θt]}. The monic polynomial f(z) of a
minimum degree satisfying s(z)f(z) = 0 is called the parity check polynomial of C.

Suppose C is an SGQC code of 1-generator of block length (t1, . . . , tl) and lengthN = t1+t2+· · ·+tl with

the generator polynomial s(z) = (s1(z), s2(z), . . . , sl(z)), where si(z) ∈ Sti =
S[z; θt]

⟨zti − 1⟩
, and i = 1, 2, . . . , l.

Define the map

Ψi :S
′ → Sti , given by (a1(z), a2(z), . . . , al(z)) → ai(z).

It is a well-defined module homomorphism. Also, Ψi(C) = Ci. Since C is a 1-generator SGQC code over S,
C is a left S[z; θt]-submodule of S′. Hence, Ci is a left S-submodule of Sti . i.e. Ci is an SC code of length
ti. By Theorem 2.2, we have Ci = ⟨si(z)⟩, where si(z) = (1 − v)s1i (z) + vs2i (z), and si(z) |r (zti − 1),
such that zti − 1 = s′i(z)si(z) for 1 ≤ i ≤ l. And by the Lemma 2.2, any generator of Ci has the form
⟨qi(z)si(z)⟩, where s′i(z) and qi(z) are right coprime. From the above discussion, we summarize this in
the following theorem.

Theorem 5.1 Suppose C is a 1-generator SGQC code of block length (t1, t2, . . . , tl) and index l over S,
then 1-generator polynomial of C can be taken of the form

V (z) = (q1(z)s1(z), q2(z)s2(z), . . . , ql(z)sl(z)),

where si(z) |r (zti − 1) and gcrd(qi(z), (z
ti − 1)/si(z)) = 1.

In [11], Theorem 4.2 discusses the parity check polynomial for 1-generator SGQCcode over the field Fq.
We extend this over the ring S.

Theorem 5.2 Let C be a 1-generartor SGQC code of block length (t1, t2, . . . , tl) and index l , generated
by s(z) = (s1(z), s2(z), . . . , sl(z)) ∈ S′. Assume f(z) is the parity check polynomial of the 1-generator
SGQC code C. Then

1. f(z) = lclm{ zti − 1

gcld(si(z), zti − 1
}i=1,2,...,l.

2. As a submodule over S, dimension of C is deg(f(z)).
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Proof: Let S′ = St1 × St2 × · · · × Stl be a S[z; θt]-module under componentwise addition and scalar
multiplication as defined in Equation (3.1). For 1 ≤ i ≤ l, define well defined module-homomorphism

Ψi : S
′ → Sti , given by ψi(a1(z), a2(z), . . . , al(z)) = ai(z).

It implies that si(z) = s1i (z) + vs2i (z) ∈ ψi(C), since s(z) ∈ C implies α(z) · s(z) ∈ C. So, Ψi(C) is a

left-submodule of Sti and, hence a SC code of length ti in
S[z; θt]

⟨zti − 1⟩
. It has a parity check polynomial

fi(z) =
zti − 1

gcld(si(z), zti − 1)
. If α(z) · si(z) = 0, where α(z) = α1(z) + vα2(z) and si(z) = s1i (z) + vs2i (z),

then fi(z) |r α(z); it is against the assumption that fi(z) has the least possible degree. Therefore,
statement 1 follows the assumption that f(z) has the minimum possible degree.
For the statement 2, we define a map ζ : S[z; θt] → S′ given by

β(z) → β(z)(s1(z), s2(z), . . . , sl(z)).

It is a S[z; θt]-module homomorphism with kernel (f(z)). Hence, C ∼=
S[z; θt]

⟨f(z)⟩
and dim

S[z; θt]

⟨f(z)⟩
=

deg(f(z)). Thus, the dimension of C is deg(f(z)). 2

Corollary 5.1 Suppose C is an SGQC code of block length (t1, t2, . . . , tl) and index l with the generator
c(z) = (c1(z), c2(z), . . . , cl(z)). Suppose fi(z) := gcld(f(z), zti − 1). With the notation of Theorem 5.2,
if Ψi(C) has generator polynomial ui(z), then for some polynomial vi(z) dividing by fi(z), we have

(zti − 1)

fi(z)
· vi(z) = ui(z). (5.1)

Proof: As f(z) is the parity-check polynomial of C, then

0 = f(z)c(z) = f(z)(c1(z), c2(z), . . . , cl(z)), (5.2)

i.e, f(z) · ci(z) = 0 (mod zti −1), for all 1 ≤ i ≤ l. Therefore, ci(z) ∈ ⟨z
ti − 1

fi(z)
⟩, hence ψi(C) ⊆ ⟨z

ti − 1

fi(z)
⟩.

This implies 5.1 if ui(z) is the generator polynomial. It is deduced from fi(z) · ui(z) = (zti − 1)vi(z) and
fi(z) · ui(z) = zti − 1 that vi(z)/fi(z). 2

In the following examples, we use Theorems 5.1 and 5.2.

Example 5.1 Let S[z; θ] be the skew polynomial ring under the Frobenius automorphism θ over S =
F4 + vF4. Consider the polynomials s1(z) = z2 + 1 |r (z4 − 1), and s2(z) = z3 + 1 |r (z6 − 1) in S[z; θ].
Let C be a 1-generator SGQC code of block length (4, 6) and index 2, generated by s(z) = (s1(z), s2(z)).
By using theorem 6, we compute

f(z) =lclm
{
z2 + 1, z3 + 1

}
,

=z4 + z3 + z+ 1.

The dimension of C is 4, and its generator matrix over S is given as
1 0 1 0 1 0 0 1 0 0
0 1 0 1 0 1 0 0 1 0
1 0 1 0 0 0 1 0 0 1
0 1 0 1 1 0 0 1 0 0

 .

Its Gray image is [20, 4, 8] QC code of degree 10 linear code over F4.
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Example 5.2 Consider S[z; θ], where θ is a Frobenius automorphism over S = F9 + vF9. Take the
polynomials s1(z) = z2 + 2 |r (z4 − 1), and s2(z) = z6 + 2z4 + z2 + 2 |r (z8 − 1) in S[z; θ]. Let C
be a 1-generator SGQC code of block length (4, 8) and index 2, generated by s(z) = (s1(z), s2(z)). Using
Theorem 6, we obtain f(z) = z2 + 1. The dimension of C is 2, and its generator matrix over F9 + vF9

is given as (
2 0 1 2 0 1 2 0 1 2 0 1
0 2 0 2 0 2 0 2 0 2 0 2

)
.

Its Gray image is [24, 2, 12] SC code of degree 12 linear code over F9.

In [11], the authors provide the minimum Hamming distance bound for a 1-generator SGQC code in the
case where |⟨θt⟩| = mt divides each ti over Fq. Using Proposition 1 along with Corollary 1 of [13] and
Theorem 4.1, we give the following bound for 1-generator SGQC codes over S.

Theorem 5.3 Let C be a 1-generator SGQC code of block length (t1, t2 , . . . , tl) and index l over S, such
that C = (1−v)C1⊕vC2, where C1 and C2 are 1-generator SGQC codes over Fq with generator polynomial

s(z) = (s1(z), . . . , sl(z)) and s
′(z) = (s′1(z), . . . , s

′
l(z)), where si(z) and s

′
i(z) are in

Fq[z; θt]

⟨zt1 − 1⟩
× Fq[z; θt]

⟨zt2 − 1⟩
×

· · · × Fq[z; θt]

⟨ztl − 1⟩
. If d1 and d2 are designed distances of C1 and C2 respectively, then designed distance of

C d(C) ≥ min{d1, d2}.

We review Theorem 7 of [13] in the below Theorem 5.4, which gives the number of SC codes of a certain
length. While following its approach, we introduce different notations suitable for our result.

Theorem 5.4 Let (ti,mt) = 1 and zti − 1 =
∏r

j=1 p
sij
ij (z) where pij(z) ∈ Fq[z; θt] is irreducible polyno-

mial. Then the number of SC codes of length n over S is
∏r

j=1(sij + 1)2.

With the help of the above Theorem 5.4, we give the number of 1-generator SGQC codes in the below
theorem.

Theorem 5.5 Suppose C is the 1-generator SGQC code of block length (t1, . . . , tl) and length N = t1 +
· · · + tl and index l over S generated by s(z) = (s1(z), s2(z), . . . , sl(z)) ∈ S′. Let (mt, ti) = 1, where
|θt| = mt and zti − 1 =

∏r
j v

sij
ij (z), where vij(z) ∈ Fq[z; θt]. Then the number of 1-generator SGQC codes

of length N over S is
∏l

i(
∏r

j=1(sij + 1)2).

Proof: Define the map

Ψi : S
′ → Sti , given by

(a1(z), a2(z), . . . , al(z)) → ai(z).

It is a well-defined module homomorphism. It implies that si(z) = s1i (z)+vs2i (z) ∈ ψi(C), since s(z) ∈ C
implies α(z) · s(z) ∈ C. Thus, Ψi(C) is a left-submodule of Sti and therefore an SC code of length ti

in
S[z; θt]

⟨zti − 1⟩
. Now, zti − 1 =

∏r
j=1 v

sij
ij (z) where vij(z) ∈ Fq[z; θt] is irreducible polynomial for all i =

1, 2, . . . , l. By Theorem 5.4, the number of SC codes of length ti over S is
∏r

j=1(sij + 1)2. Now, taking
the cartesian product of ψi(C) for all i = 1, 2, . . . , l. i.e, ψ1(C)×ψ2(C)×· · ·×ψl(C) which is isomorphic

to C. Hence, the number of 1-generator SGQC code over S is
∏l

i(
∏r

j=1(sij + 1)2). 2

In the following result, we present the alternative type of generator set that we employ in our computation
due to its simplicity.

Theorem 5.6 Let C = (1 − v)C1 ⊕ vC2 be a SGQC code of block length (t1, . . . , tl) and length N =
t1 + t2 + · · ·+ tl and index l over S. Let f(z) and g(z) be 1-generator polynomials of C1 and C2 over Fq,
respectively. Then C = ⟨(1− v)f(z), vg(z)⟩.



12 K. Suxena, O. Prakash and I. Debnath

Proof: Since we have 1-generator SGQC codes C1 = ⟨f(z)⟩ and C2 = ⟨g(z)⟩, where

f(z) = (f1(z), f2(z), . . . , fl(z)) and g(z) = (g1(z), g2(z), . . . , gl(z)),

with each fi(z) and gi(z) being right divisors of zti − 1, then

C =
{
a(z) = (1− v)r(z)f(z) + vr′(z)g(z) | r(z), r′(z) ∈ Fq[z; θt]

}
=


a(z) =

(
(1− v)r(z)f1(z), (1− v)r(z)f2(z), . . . , (1− v)r(z)

fl(z)

)
+

(
vr′(z)g1(z), . . . , vr

′(z)gl(z)

)


=


a(z) =

(
(1− v)r(z)f1(z) + vr′(z)g1(z), (1− v)r(z)f2(z)+

vr′(z)g2(z), . . . , (1− v)r(z)fl(z) + vr′(z)gl(z)

)
 .

Thus, C ⊆ ⟨(1− v)(f1(z), . . . , fl(z)), v(g1(z), . . . , gl(z))⟩ ⊆ S′. On the other hand, consider

(1− v)k(z)f(z) + vk′(z)g(z) ∈ ⟨(1− v)f(z), vg(z)⟩,

where k(z) = (k1(z), k2(z), . . . , kl(z)), k
′(z) = (k′1(z), k

′
2(z), . . . , k

′
l(z)) ∈ S′. Then

(1− v)k(z) = {(1− v)k1(z), (1− v)k2(z), . . . , (1− v)kl(z)}
= {(1− v)r1(z), (1− v)r2(z), . . . , (1− v)rl(z)}, for some r1(z), . . . , rl(z) ∈ Fq[z, θt],

and

vk′(z) = {vk′1(z), . . . , vk′l(z)}
= {vr′1(z), . . . , vr′l(z)},
for some r′1(z), . . . , r

′
l(z) ∈ Fq[z, θt].

Therefore, ⟨(1− v)f(z), vg(z)⟩ ⊆ C, which implies that C = ⟨(1− v)f(z), vg(z)⟩. 2

Theorem 5.7 Suppose C1 and C2 are SGQC codes over Fq and f(z), g(z) are 1-generator polynomials
of these codes, respectively. Let C = (1− v)C1 ⊕ vC2. Then there is a unique polynomial h(z) ∈ S′ such
that C = ⟨h(z)⟩, and each component of h(z) |r (zti − 1) where h(z) = (1− v)f(z) + vg(z).

Proof: From Theorem 5.6, we have C = ⟨(1 − v)f(z), vg(z)⟩. Let h(z) = (1 − v)f(z) + vg(z) = ((1 −
v)f1(z)+vg1(z), (1−v)f2(z)+vg2(z), . . . , (1−v)fl(z)+vgl(z)). Clearly, ⟨h(z)⟩ ⊆ C. Since (1−v)f(z) =
(1 − v)h(z) and vg(z) = vh(z) we conclude that C ⊆ ⟨h(z) = (1 − v)f(z) + vg(z)⟩, which implies
C = ⟨h(z)⟩. We have f(z) = (f1(z), f2(z), . . . , fl(z)) and g(z) = (g1(z), g2(z), . . . , gl(z)) as generator
polynomial, where each component of f(z) and g(z) is right divisor of zti − 1 in Fq[z; θt], for all i =

1, 2, . . . , l. Then for each i, ∃ ri(z) and r′i(z) in
Fq[z; θt]

zti − 1
such that zti − 1 = ri(z)fi(z) = r′i(z)gi(z). Let

r(z) = (r1(z), r2(z), . . . , rl(z) and r
′(z) = (r′1(z), r

′
2(z), . . . , r

′
l(z). Now, consider the following expression:

[(1− v)r(z) + vr′(z)]h(z)

=[(1− v)r(z) + vr′(z)]((1− v)f(z) + vg(z))

=[(1− v)2r1(z)f1(z) + v2r′1(z)g1(z), (1− v)2r2(z)f2(z) + v2r′2(z)g2(z)

, . . . , (1− v)2rl(z)fl(z) + v2r′l(z)gl(z)]

=[(1− v)r1(z)f1(z) + vr′1(z)g1(z), . . . , (1− v)rl(z)fl(z) + vr′l(z)gl(z)]

=[(1− v)(zt1 − 1) + v(zt1 − 1), . . . , (1− v)(ztl − 1) + v(ztl − 1)]

=[zt1 − 1, . . . , ztl − 1].

Thus, (1− v)fi(z) + vgi(z) |r (zti − 1), for all i = 1, 2, . . . , l. 2

In the following examples, we use Theorems 5.3, 5.6 and 5.7.
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Example 5.3 Consider the polynomials z8 − 1 and z4 − 1 are in F4[z; θ], where θ is the Frobenius
automorphism over F4. The factorization of these polynomials is as follows:

z8 − 1 =(z6 + tz5 + t2z4 + z2 + tz+ t2)(z2 + tz+ t)

=(z5 + tz4 + z+ t)(z3 + t2z2 + z+ t2)

z4 − 1 =(z3 + t2z2 + z+ t2)(z+ t)

=(z2 + 1)(z2 + 1).

Here, t is the generator of multiplicative group of F4. Consider C1 = ⟨f1(z), f2(z)⟩ and C2 = ⟨g1(z), g2(z)⟩
are 1-generator SGQC codes of block length (8, 4) and length 12 with index 2 over F4 where f1(z) =
z4 + t2z3 + t2z2 + t2 , f2(z) = z+ t, g1(z) = z3 + t2z2 + z+ t2, and g2(z) = z2 + 1. C1 is of dimension
6 and C2 is of dimension 5. The generator matrices of C1 and C2 are

G1= 
t t 1 0 0 0 0 0 1 0 1 0
0 t2 t2 1 0 0 0 0 0 1 0 1
0 0 t t 1 0 0 0 1 0 1 0
0 0 0 t2 t2 1 0 0 0 1 0 1
0 0 0 0 t t 1 0 1 0 1 0
0 0 0 0 0 t2 t2 1 0 1 0 1

 ,

and G2 = 
t2 1 t2 1 0 0 0 0 1 0 1 0
0 t 1 t 1 0 0 0 0 1 0 1
0 0 t2 1 t2 1 0 0 1 0 1 0
0 0 0 t 1 t 1 0 0 1 0 1
0 0 0 0 t2 1 t2 1 1 0 1 0


respectively. Then we obtain C1 as [12, 6, 4] a linear code and C2 as linear code [12, 5, 4] over F4. Consider
the C = (1− v)C1 ⊕ vC2, a 1-generator SGQC code of block length (8, 4) and length 12 with index 2 over

F4 + vF4. Then its generator matrix is G =

(
(1− v)G1

vG2

)
whose gray image is code [24, 11, 4] over F4

which is better than [24, 10, 4] given in [19].

Example 5.4 The factorization of z4 − 1 and z6 − 1 in F9[z; θ] is given as follows:

z4 − 1 =(z2 + t2z+ t3)(z2 + t6z+ t)

=(z3 + t5z2 + 2z+ t)(z+ t3)

z6 − 1 =(z4 + t7z3 + t3z2 + t3z+ t2)(z2 + t3z+ t2)

=(z4 + t3z3 + t3z2 + t7z+ t2)(z2 + t7z+ t2).

Consider C1 = ⟨f1(z), f2(z)⟩ and C2 = ⟨g1(z), g2(z)⟩ are 1-generator SGQC codes of block length (4, 6)
and length 10 with index 2 over F9 having equal dimensions of k1 = k2 = 5 where f1(z) = z2 + t6z + t,
f2(z) = z2+t3z+t2, g1(z) = z+t3, and g2(z) = z2+t7z+t2. We obtain C1 as code [10, 5, 4] and C2 as code
[10, 5, 4] over F9. Consider C = (1−v)C1⊕vC2, a 1-generator SGQC code of block length (4, 6) and length 10
of index 2 over F9+vF9. Then the generator polynomial of C is ⟨(1−v)f1(z)+vg1(z), (1−v)f2(z)+vg2(z)⟩
and the dimension and minimum distance are k1 + k2 = 10 and 4, respectively. Thus, the gray image of
C is the code [20, 10, 4] over F9.

5.2. Idempotent generators of 1-generator SGQC codes

In the case of a commutative ring, if (n, q) = 1, where q = pd; d is a positive integer with p being a
prime number, there is a unique idempotent generator for each cyclic code of length n over Fq. Moreover,
SC codes over Fq have idempotent generators under some restrictions on the length of the code. In this
regard, Irfan et al. [13] already identified idempotent generators of SC codes over S. In this subsection,
we show that SGQC codes admit idempotent generators under certain length restrictions, and we illustrate
the result with examples over both Fq and S.



14 K. Suxena, O. Prakash and I. Debnath

Theorem 5.8 [13, Theorem 6] Let C be an SC code length n generated by C = ⟨f(z)⟩, f(z) |r (zn−1) in
Fq[z; θt]. Consider gcd(n,mt) = 1 and gcd(n, q) = 1, where mt = |⟨θt⟩|, then there exists an idempotent

polynomial s(z) ∈ Fq[z; θt]

⟨zn − 1⟩
such that C = ⟨s(z)⟩.

From Lemma 3.1 and Theorem 5.7, the following theorem identifies an idempotent generator of SGQC
code C over Fq.

Theorem 5.9 Let C be a 1-generator SGQC code over Fq of block length (t1, t2, . . . , tl) and length N =
t1 + t2 + · · ·+ tl with C = ⟨c(z)⟩ = ⟨c1(z), c2(z), . . . , cl(z)⟩ where ci(z) ∈ Fq[z; θ] is right divisor of zti − 1
for all i = 1, . . . , l. If (ti, q) = 1, (ti,mt) = 1, for all i = 1, 2, . . . , l where mt = |⟨θt⟩|, then there exists

an idempotent polynomial s(z) = (s1(z), s2(z), . . . , sl(z)) ∈
Fq[z; θt]

⟨zt1 − 1⟩
× Fq[z; θt]

⟨zt2 − 1⟩
× · · · × Fq[z; θt]

⟨ztl − 1⟩
such

that C = ⟨s(z)⟩ .

Proof: Suppose C is a 1-generator SGQC code over Fq of block length (t1, . . . , tl) and length N = t1 +
t2 + · · · + tl with generator polynomial c(z) = ⟨c1(z), c2(z), . . . , cl(z)⟩, where ci(z) ∈ Fq[z; θ] is a right
divisor of zti − 1. If (ti, q) = 1, (ti,m) = 1, for all i = 1, 2, . . . , l, then define the map

Φi :
Fq[z; θ]

⟨zt1 − 1⟩
× Fq[z; θ]

⟨zt2 − 1⟩
× · · · × Fq[z; θ]

⟨ztl − 1⟩
→ Fq[z; θ]

⟨zti − 1⟩
by (a1(z), a2(z), . . . , al(z)) → ai(z).

It is a well defined module homomorphism, and Φi(C) = Ci. Since C is an 1-generator SGQC code

over Fq[z; θt], C is a left Fq[z; θt]-submodule of
Fq[z; θ]

⟨zt1 − 1⟩
× Fq[z; θ]

⟨zt2 − 1⟩
× · · · × Fq[z; θ]

⟨ztl − 1⟩
. Therefore, Ci

is also a left submodule of
Fq[z; θ]

⟨zti − 1⟩
. From Lemma 3.1, Ci is an SC code of length ti, which implies

Ci = ⟨gi(z)⟩, where gi(z) |r (zti − 1). Now, from Theorem 5.8, there exists an idempotent polynomial

si(z) ∈
Fq[z; θ]

⟨zti − 1⟩
such that Ci = ⟨ei(z)⟩. Taking cartesian product of Φi(C), where i = 1, 2, . . . , l then

Φ1(C)×Φ2(C)× · · · ×Φl(C) ∼= C. Since ϕi(C) = ⟨si(z)⟩, we conclude that C ∼= ⟨s1(z), s2(z), . . . , sl(z)⟩,
where each si(z) is an idempotent polynomial. 2

Following the above Theorem 5.8 and Lemma 2.2, the following theorem identifies an idempotent gener-
ator of the SC code C over S.

Theorem 5.10 [13, Corollary 8] If C = (1−v)C1⊕vC2 is an SC code of length n over S and (n,mt) = 1,
(n, q) = 1, then Ci has an idempotent generator, say si(z) for i = 1, 2. Moreover, s(z) = (1− v)s1(z) +
vs2(z) is an idempotent generator of C, i.e., C = ⟨s(z)⟩.

Theorem 5.11 Let C be a 1-generator SGQC code over S of block length (t1, t2, . . . , tl) and index l
with C = ⟨(u1(z), u2(z), . . . , ul(z))⟩, where ui(z) |r (zti − 1) in S[z; θt]. If (ti, q) = 1, and (ti,mt) =
1, for all i = 1, 2, . . . , l, where mt = |⟨θt⟩|, then there exists an idempotent polynomial s(z) = ((1 −
v)s1(z) + vs′1(z), (1− v)s2(z) + vs′2(z), . . . , (1− v)sl(z) + vs′l(z)) ∈ S′ such that C = ⟨s(z)⟩.

Proof: Define the map

Ψi : S
′ → Sti , given by (a1(z), a2(z), . . . , al(z)) → ai(z).

It is a well-defined module homomorphism. Here, Ψi(C) is a left-submodule of Sti and hence Ψi(C)
is an SC code of length ti in Sti . Now, by Theorem 5.9, Ψi(C) has an idempotent polynomial, i.e.
Ψi(C) = ⟨(1 − v)si(z) + vs′i(z), where si(z) and s′i(z) are the idempotent polynomial generator of the
constituent Ψi(C) over Fq. The proof is now similar to Theorem 5.10. Hence, C ∼= ⟨(1 − v)s1(z) +
vs′1(z), (1− v)s2(z) + vs′2(z), . . . , (1− v)sl(z) + vs′l(z)⟩. 2
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Example 5.5 Let F4[z; θ] be a skew polynomial ring, where θ is a Frobenius automorphism over F4.
Consider polynomials g1(z) = z2+z+1 and g2(z) = z4+z3+z2+z+1 in F4[z; θ] such that g1(z) |r (z3−1)

and g2(z) |r (z5 − 1), respectively. In addition, g1(z) and g2(z) are idempotent polynomials in
F4[z; θ]

⟨z3 − 1⟩

and
F4[z; θ]

⟨z5 − 1⟩
, respectively. Let C be a 1-generator SGQC code of block length (3, 5) and length 8 of index

two generated by C = ⟨g1(z), g2(z)⟩ over F4. Then, from Theorem 4.2 of [11], parity check polynomial of
C is

f(z) =lclm

{
z3 − 1

g1(z)
,
z5 − 1

g2(z)

}
=z+ 1.

Thus, C is an SGQC code of length 8 of index 2 and dimension 1. The generator matrix for C is given by(
1 1 1 1 1 1 1 1

)
. Then, the code C as the parameter [8, 1, 8] is a 1-generator SGQC code over

F4, an optimal linear code over F4.

Example 5.6 Using the notation of Example 1, consider g3(z) = z4 + z2 + z+ 1 |r (z7 − 1) in F4[z; θ]

and an idempotent polynomial in
F4[z; θ]

⟨z7 − 1⟩
. Let C be a 1-generator SGQC codes of block length (3, 5, 7) and

length 15 with index 3, generated by C = ⟨g1(z), g2(z), g3(z)⟩ over F4. From Theorem 4.2 of [11], parity
check polynomial of C is z4 + z3 + z2 + 1. Hence, C is a 1-generator SGQC code of length 15 of index 3
and dimension 4. Thus, C having parameters [15, 4, 4] is a 1-generator SGQC code over F4.

5.3. ρ-Generator Polynomial SGQC codes

This subsection introduces a family of ρ-generator polynomials for SGQC codes over the ring S. Here,
we develop our method upon the approach introduced by Seneviratne et al. in [24] for the generator
polynomial over Fq. Using these generators, we determine the cardinality and dimension of the SGQC

codes and derive improved code parameters relative to those available in the existing literature [11,19].

Let C be an SGQC code of block length (t1, t2, . . . , tl) and index l. Suppose
a(z) = (a1(z) + va′1(z), . . . , al(z) + va′l(z)). Define the sets

Ki =

pi(z) : a codeword a(z) = (a1(z) + va′1(z), a2(z) + va′2(z), . . . , pi(z), 0, 0, . . . , 0) ∈ C,

where pi(z) ∈
S[z; θt]

⟨zti − 1⟩
and ai+1(z) + va′i+1(z) = ai+2(z) + va′i+2(z) = · · · = 0

 ,

i.e.,

K1 ={p1(z) : a codeword a(z) = (p1(z), 0, 0, . . . , 0) ∈ C},
K2 ={p2(z) : a codeword a(z) = (a1(z) + va′1(z), p2(z), 0, . . . , 0) ∈ C}
and

Kl =

{
pl(z) : a codeword a(z) = (a1(z) + va′1(z), a2(z) + va′2(z),

. . . , pl(z)) ∈ C

}
.

As (0, 0, . . . , 0) ∈ C, Ki is the nonvoid set for all i = 1, 2, . . . , l.

Lemma 5.1 The above set Ki is a left submodule of
S[z; θt]

⟨zti − 1⟩
for all i = 1, 2, . . . , l.

Proof: Suppose pi(z), qi(z) ∈ Ki and s(z) ∈ S[z; θt], then there exist

a(z) = (a1(z) + va′1(z), a2(z) + va′2(z), . . . , pi(z), 0, . . . , 0) and

b(z) = (b1(z) + vb′1(z), b2(z) + vb′2(z), . . . , qi(z), 0, . . . , 0) ∈ C.
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Since C is a left submodule of St1 × St2 × · · · × Stl , then a(z) + b(z) = (a1(z) + va′1(z) + (b1(z) +
vb′1((z)), a2(z) + va′2(z) + (b2(z) + vb′2((z), . . . , pi(z) + qi(z), 0, . . . , 0), and s(z)a(z) = (s(z)(a1(z) +
va′1(z)), s(z)(a2(z) + va′2(z)), . . . , s(z)pi(z) , 0, . . . , 0) are codewords in C, where s(z) ∈ S[z; θt]. Thus,

pi(z) + qi(z) and s(z)pi(z) are elements in Ki, which implies that Ki is a left submodule of
S[z; θt]

⟨zti − 1⟩
. 2

Note: From Corollary 2.1, each Ki is principally generated, i.e., Ki = ⟨fi(z)⟩, where fi(z) |r (zti − 1).

Lemma 5.2 Let C be an SGQC code of block length (t1, t2, . . . , tl) and index l and a(z) = (a1(z) +
va′1(z), a2(z) + va′2(z), . . . , al(z) + va′l(z)) ∈ C. Then the sets

L =
{
(h1(z), h2(z), . . . , hl−1(z) : a codeword (h1(z), h2(z), . . . , hl−1(z), hl(z)) ∈ C

}
and

M = {(h2(z), . . . , hl(z) : a codeword (h1(z), h2(z), . . . , hl−1(z), hl(z)) ∈ C, where hi(z) = hi(z) + vh′
i(z)}

are left submodules of St1 × St2 × · · · × Stl−1
and St2 × St3 × · · · × Stl , respectively.

Proof: The proof proceeds in the same manner as that of Lemma 5.1. 2

Using the above-defined notation, we give the set of ρ-generator polynomials of the SGQC code in the
subsequent theorem.

Theorem 5.12 Let C be an SGQC code of block length (t1, t2, . . . , tl) and index l. Then

C =

〈
((1− v)f1(z) + vf ′1(z), 0, . . . , 0), (p21(z), (1− v)f2(z) + vf ′2(z), 0, . . . , 0), (p31(z), p32(z),
(1− v)f3(z) + vf ′3(z), 0, . . . , 0), . . . , (pl1(z), pl2(z), . . . , pl(l−1)(z), (1− v)fl(z) + vf ′l (z))

〉
, where for each i = 1, 2, . . . , l, (1− v)fi(z) + vf ′i(z) |r (zti − 1).

Proof: We will prove it inductively. Suppose the index l = 1, then C = ⟨ft1(z)⟩ = ⟨(1−v)f1(z)+vf ′1(z)⟩,

i.e., C is a SC code which is principally generated in
S[z; θt]

⟨zt1 − 1⟩
. Assume that the statement holds for all

i < l. Let C be an SGQC code as stated in the statement of index l and a(z) = (a1(z) + va′1(z), a2(z) +

va′2(z), . . . , al(z) + va′l(z)) ∈ C, where ai(z) + va′i(z) ∈
S[z; θt]

⟨zti − 1⟩
. From the definition of set Kl, we have

al(z)+va′l(z) ∈ Kl = ⟨(1−v)fl(z)+vf ′l (z)⟩ and al(z)+va′l(z) = (ql(z)+vq′l(z))((1−v)fl(z)+vf ′l (z)) =
qtl(z)ftl(z) and since ftl(z) ∈ Kl, there exists a codeword (pl1(z), pl2(z), . . . , pl(l−1)(z), ftl(z)) in C. Thus,

a(z) =
(
a1(z) + va′1(z), a2(z) + va′2(z), . . . , qtl(z)ftl(z)

)
= qtl(z)

(
(pl1(z), pl2(z), . . . , pl(l−1)(z), ftl (z)) + (a1(z) + va′1(z)− qtl (z)pl1(z), a2(z) + va′2(z)− qtl (z)pl2(z),

. . . al−1(z) + va′l−1(z)− qtl (z)pl(l−1)(z), 0)

)
.

Since (
qtl(z)(pl1(z), pl2(z), . . . , pl(l−1)(z), ftl(z))

)
∈ C, and(

a1(z) + va′1(z)− qtl(z)pl1(z), a2(z) + va′2(z)− qtl(z)pl2(z)
, . . . , al−1(z) + va′l−1(z)− qtl(z)pl(l−1)(z), 0

)
∈ C.

By Lemma 5.2,

(a1(z) + va′
1(z)− qtl(z)pl1(z), a2(z) + va′

2(z)− qtl(z)pl2(z), . . . , al−1(z) + va′
l−1(z)− qtl(z)pl(l−1)(z)) ∈ L.

As L is a left-submodule of St1 × St2 × · · · × Stl−1
and by the inductive hypothesis, we have

L =

〈
((1− v)f1(z) + vf ′

1(z), 0, . . . , 0), (p21(z), (1− v)f2(z) + vf ′
2(z), 0, . . . , 0), (p31(z), p32(z), (1− v)f3(z)

+vf ′
3(z), 0, . . . , 0), . . . , (p(l−1)1(z), p(l−1)2(z), . . . , p(l−1)(l−1)(z), ft(l−1)

(z))

〉
, where fti(z) |r (zti − 1), for all i = 1, 2, . . . , l − 1. Thus,
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(a1(z) + va′1(z)− qtl(z)pl1(z), a2(z) + va′2(z)− qtl(z)pl2(z), . . . , al−1(z) + va′l−1(z)− qtl(z)pl(l−1)(z))
= c1(z)((1− v)f1(z) + vf ′1(z), 0, . . . , 0) + c2(z)(p21(z), (1− v)f2(z) + vf ′2(z), 0, . . . , 0) + · · ·+

cl−1(z)(p(l−1)1(z), p(l−1)2(z), . . . , p(l−1)(l−2)(z), ftl−1
(z)),

and

a(z) = (a1(z) + va′1(z), a2(z) + va′2(z), . . . , qtl(z)ftl(z))

=

(qtl(z)(pl1(z), pl2(z), . . . , pl(l−1)(z), ftl(z)) + (a1(z) + va′1(z)
−qtl(z)pl1(z), a2(z) + va′2(z)− qtl(z)pl2(z), . . . ,

al−1(z) + va′l−1(z)− qtl(z)pl(l−1)(z), 0)


=

 (qtl(z)(pl1(z), pl2(z), . . . , pl(l−1)(z), ftl(z)) + c1(z)((1− v)
f1(z) + vf ′1(z), 0, . . . , 0) + · · ·+ cl−1(z)(p(l−1)1(z), p(l−1)2(z)

, . . . , p(l−1)(l−2)(z), ftl−1
(z))

 .

Therefore,

C =

〈 ((1− v)f1(z) + vf ′1(z), 0, . . . , 0), (p21(z), (1− v)f2(z)+
vf ′2(z), 0, . . . , 0), (p31(z), p32(z), (1− v)f3(z) + vf ′3(z), 0, . . .
, 0), . . . , (pl1(z), pl2(z), . . . , pl(l−1)(z), (1− v)fl(z) + vf ′l (z))

〉
,

where (1− v)fi(z) + vf ′i(z) |r (zti − 1), for all i = 1, 2, . . . , l. 2

Theorem 5.13 Let C be an SGQC code of block length (t1, t2, . . . , tl) and index l given by

C =

〈
(ft1(z), 0, . . . , 0), (p21(z), ft2(z), 0, . . . , 0), (p31(z), p32(z), ft3(z), 0, . . . , 0), . . . ,

(pl1(z), pl2(z), . . . , pl(l−1)(z), (ftl(z))

〉
,

where (1− v)fi(z) + vf ′i(z) = fti(z) |r (zti − 1) for all i = 1, 2, . . . , l. Then

1. deg pij(z) < deg ftj (z) for all i = 2, . . . , l, and j = 1, 2, . . . l − 1 with i > j.

2. If (zti − 1) = qti(z)fti(z), then qti(z)p(i)(i−1)(z) ∈ ⟨fti−1
(z)⟩ and qti(z)p(i)(i−1)(z) = sti(z)fti−1

(z),
for all i = 2, 3, . . . , l.

Proof: The first part can be proven inductively. So, we left out the first part. For the second part, we
observe that

qti(z)(pi1(z), pi2(z), . . . , pi(i−1)(z), fti(z), 0, . . . , 0)

= (qti(z)pi1(z), qti(z)pi2(z), . . . , qti(z)pi(i−1)(z), 0, . . . , 0).

This implies qti(z)pi(i−1)(z) ∈ Ki−1 = ⟨fti−1
(z)⟩. Hence, qti(z)pi(i−1)(z) = sti(z)fti−1

(z) for all i =
2, . . . , l. 2

The subsequent theorem establishes the cardinality and dimension of the SGQC codes based on the struc-
tural properties of generators.

Theorem 5.14 Let C be an SGQC code of block length (t1, t2, . . . , tl) and index l. If

C =

〈
(ft1(z), 0, . . . , 0), (p21(z), ft2(z), 0, . . . , 0), (p31(z), p32(z), ft3(z), 0, . . . , 0),

. . . , (pl1(z), pl2(z), . . . , pl(l−1)(z), (ftl(z))

〉
,

where (1 − v)fi(z) + vf ′i(z) = fti(z) |r (zti − 1), for all i = 1, 2, . . . , l. Then rank(C) = deg(qt1(z)) +
deg(qt2(z)) + . . . + deg(qtl(z)) and |C| = q2 deg(qt1 (z))q2 deg(qt2 (z)) . . . q2 deg(qtl (z)), with keeping the same
notation as in Theorem 5.13.
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Proof: The proof follows by applying the Principle of Mathematical Induction on index l and using
Theorem 5.13 and Lemma 5.2. 2

Example 5.7 Consider the polynomial factorization in S[z; θ], where θ is a Frobenius automorphism.
We take the polynomial z8 − 1 over S = F4 + vF4. We have the following factorizations:

z8 − 1 =(z5 + (v+ t2)z4 + z3 + (v+ t)z2 + 1)(z3 + (v+ t)z2 + 1)

=(z5 + (v+ t)z4 + z3 + (v+ t2)z2 + 1)(z3 + (v+ t2)z2 + 1)

=(z5 + (t2v+ 1)z4 + (v+ 1)z3 + (t2v+ t2)z2 + vz+ t) ∗ (z3 + (tv+ 1)z2 + vz+ t2) and so on.

Next, consider the factorization of z6 − 1 over S = F9 + vF9. We have

z6 − 1 =(z4 + (t5v + 2)z3 + (tv + 1)z + 2)(z2 + (tv + 1)z + 1)

=(z3 + (t2v + 2)z2 + (tv + t)z + 2)(z3 + (t2v + 1)z2 + (tv + t)z + 1)

=(z3 + (2v + t)z2 + (t2v + t5)z + 2)(z3 + (v + t7)z2 + (t2v + t5)z + 1)

=(z3 + vz2 + 2vz + 2)(z3 + 2vz2 + 2vz + 1) and so on.

A fundamental objective in coding theory is the construction of codes with optimal parameters, such as
the maximum possible minimum distance for a given length and dimension or improved code rates. For
finite fields, the reference point is Grassl’s table [12] of the best-known linear codes. That code table has
continuously been updated with new codes appearing in the literature by different researchers.

In Tables 1, 2 and 3, we present the parameters of Gray images of 2-generator SGQC codes of index
2 over S where we consider q = 3, q = 9 and q = 4, respectively. We have considered the Frobenius
automorphism for each code. We write the coefficients of the generator polynomial in ascending order
of the degree of the indeterminate; for example, the polynomial f1(z) = z3 + (v + t)z2 + z + (v + t) is
represented by (v+ t)1(v+ t)1.

6. Conclusion

In this work, we have studied the structure of SGQC codes over S without any restriction on length.
Here, we have derived 1-generator and multi-generator polynomial codes and their corresponding dimen-
sions. Further, it has examined the 1-generator idempotent polynomial over Fq and S, and provided some
suitable examples. Moreover, we have also established a lower bound on the minimum Hamming distance
for the 1-generator SGQC codes and demonstrated that they produce improved parameters compared to
those reported in the existing literature [11,19].

However, to determine the minimum distances and generator polynomials of C⊥ in terms of the
generator polynomial of C for the ρ-generator polynomial codes is still open. Also, the construction of
quantum codes based on these codes would be a promising area of research.

7. Tables

Table 1: The 2-generator SGQC codes over F3 + vF3

t1, t2, N Generator polynomials ϕ(C)
6, 1, 7 ft1 = (2v+ 2)2(v+ 1)1, p21 = (v+ 1)(v+ 2)1, ft2 = 1 [14, 4, 7]∗
6, 2, 8 ft1 = (2v+ 2)2(v+ 1)1, p21 = (2v+ 2)0(v+ 1), ft2 = (2v+ 2)1 [16, 4, 7]
6, 2, 8 ft1 = (2v+ 2)2(v+ 1)1, p21 = 1v(2v+ 2), ft2 = 1 [16, 5, 6]
8, 1, 9 ft1 = (2v+ 2)(2v+ 1)(2v+ 2)1, p21 = (2v+ 2)(v)2, ft2 = 1 [18, 6, 7]
6, 4, 10 ft1 = (2v+ 2)2(v+ 1)1, p21 = (v+ 1)(v+ 2)1, ft2 = 1111 [20, 4, 7]
6, 9, 15 ft1 = (2v+ 2)2(v+ 1)1, p21 = (v+ 1)(v+ 2)1, ft2 = 21021021 [30, 5, 7]

∗: denotes the near-optimal code.

@: better parameter than [12, 3, 6] given in the [11].
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Table 2: The 2-generator SGQC codes over F9 + vF9

t1, t2, N Generator polynomials ϕ(C)
6, 2, 8 ft1 = (2v+ 2)2(v+ 1)1, p21 = (2v+ 2)0(v+ 1), ft2 = (2v+ 2)1 [16, 4, 7]
6, 1, 7 ft1 = 2(v+ 2)(2v+ 1)1, p21 = 1(2v+ 2)1, ft2 = 1 [14, 4, 6]
4, 2, 6 ft1 = (t7)2(t3)1, p21 = 1(t7)(t5), ft2 = 1 [12, 3, 7]@

5, 1, 6 ft1 = 21, p21 = (2v+ 2), ft2 = 1 [12, 5, 4]

Table 3: The 2-generator SGQC codes over F4 + vF4

t1, t2, N Generator polynomials ϕ(C)
10, 2, 12 ft1 = (t2v+ 1)1(t2v+ 1)(t2v+ 1)1(t2v+ 1)1(t2v+ 1)1(t2v+ 1),

p21 = 101010101, ft2 = (tv+ 1)1 [24, 2, 14]@

4, 8, 12 ft1 = t1t1, p21 = t21, ft2 = 11 [24, 8, 6]
4, 2, 6 ft1 = (t2v+ t)1(t2v+ t)1, p21 = (v+ t2)t2(t2v+ t), ft2 = 1 [12, 3, 8] ∗ ∗
10, 2, 12 ft1 = (t2v+ t)(t2v+ t2)1(v+ t2)(t2v+ 1)1, p21 = 11t1,

ft2 = (t2 + vt)1 [24, 6, 10]@

8, 4, 12 ft1 = (v+ t)1(v+ t)1, p21 = (v+ t)(v+ t)1, ft2 = 1 [24, 9, 4]
8, 1, 9 ft1 = (v+ t)1(v+ t)1, p21 = (v+ t)(v+ t)1, ft2 = 1 [18, 6, 7]
4, 2, 6 ft1 = (t2v+ 1)(tv)1 ,p21 = 1(t2v), ft2 = 1 [12, 4, 5]
6, 1, 7 ft1 = (v+ t)(v+ t)11, p21 = (v+ t2)1(v+ t2), ft2 = 1 [14, 4, 7]
7, 1, 8 ft1 = 10111, p21 = 1101, ft2 = 1 [16, 4, 8]@

@: better parameters than [24, 2, 12], [24, 6, 8] and [16, 4, 6], respectively given in the [19].
∗∗: denotes the optimal code.
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