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The Impact of Deletion of Vertex or Edge on Mostar Index
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ABSTRACT: The Mostar index, is a novel bond additive structural invariant which measures the degree of
peripherality of an edge. The Mostar index is defined by T. Dosli¢ et al. We figure out effect of vertex or edge
removal on Mostar index. This is done for generalized wheel graph, wheel graph, cycle, star graph, complete
graph and complete bipartite graph. Also, the Mostar index of generalized wheel is computed and analysis of
Mostar index of hetero atom with 7 electron energy is done.
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1. Introduction

In Graph theory, graph invariant is trait of graph that remains unchanged under isomorphism. Large
number of real-valued graph invariants called topological indices are defined to collect and study the
information regarding the connectivity pattern of components in graph. It is possible to correlate these
numerical quantities of graph with various physico-chemical values of corresponding molecular compound.
Weiner in 1947 defined a distance based topological indices named has path number, called Weiner index
now, to investigate the nature of acyclic saturated hydrocarbons. Overtime many topological indices are
defined. Depending on various parameter of graph such as distance the distance based topological indices
emerged, based on degree the degree based topological indices emerged. Also, there turn up another type
of indices which mainly based on contribution of induvial vertices and / or edges. These indices are called
vertex and bond additive indices.

The graph consider in this paper are undirected graph without self-loop and multiple edges. Let
G = (V, E) with vertex set V(G) and edge set E(G) of order n and m respectively. A peripheral edge is
an edge whose one end vertex has extra vertices closer compared to the other. The peripheral position of
an edge uv in G can be expressed by absolute value of difference between the number of vertices closer
to u than to v and the number of vertices closer to u than to v. A Bond additive structural invariant,
the Mostar index was defined on basis of this peripheral property of an edge, by T. Dosli¢ et al. in [1].
The Mostar index of a graph G is defined as,

MO(G): Z |nu_nv‘

wveE(G)

where n,, denote the number of vertices closer to u than v.

In [1] T. Dosli¢ et al. characterised extremal trees and unicyclic graphs based on Mostar index. Also,
derived explicit formulae for Benzenoid graphs and cartesian product of graphs using cut method. Along
with this study various other researchers examined the properties of Mostar index of graphs. In [2]
upper bound for the Mostar index of cacti of order n with k cycle is studied. In [3] minimum and / or
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maximum Mostar index among the families of tree of order n are obtained. In [5] the conjecture of Dosli¢
et al. is proved. In [7] sharp lower bound on the Mostar index of trees based on their order is identified.
In [8] with respect to vertex orbits the Mostar index is calculated under the action of automorphism. In
[10] some results on bounds and extremal of Mostar index are collected. In [12] the difference of Mostar
index and irregularity of graph are studied. In [13] the Mostar index of trees and graph products are
studied. In [14] extremal Mostar index of chemical trees is found. In [14] the Mostar index of graph
obtained by generalised hierarchical product, lexicographic product, cartesian product, corona product,
join, subdivision vertex edge join, and Indu Bala product of graphs are calculated. Also, the by applying
these results the Mostar index of some types of nanostructures and chemical graphs are determined. In
[17] the Mostar index of bridge graphs of path, star, cycle and complete graphs are calculated. In [18]
Mostar index of probabilistic neural network and convolutional neural network are computed. In [20]
the greatest Mostar index for extremal hexagonal system of cacti-condensed hexagonal system containing
p hexagon is computed. In [24] Mostar index of certain classes of bicyclic graphs are computed. In [27]
the Mostar index of Tribonacci cubes is derived. Later, modified version of Mostar index were defined
and studied in [5], [9], [11], [16], [19], [22]. Now will discuss some known results that will be used
in the rest of the paper.

Proposition 1.1 [1] M,(G)(K,) = M,(Cy) = My(Kp.n) =0 and also M,(P,) = L@J
Proposition 1.2 [1] M,(T,) < (n—1)(n — 2) = M,(S,).
Proposition 1.3 [6] M,(W,,) = n(n — 3).

In this paper, the Mostar index of generalized wheel is computed. Also, we study the effect of vertex
or edge removal on Mostar index. This is done for generalized wheel graph, wheel graph, cycle, star
graph, complete graph and complete bipartite graph. The analysis of Mostar index of hetero atom with
7 electron energy is done.

2. Main Results

In this section we compute Mostar index of generalized wheel graph. Also, we compute Mostar index
of generalized wheel graph, wheel graph, cycle, star graph, complete graph and complete bipartite graph
by deletion of vertex or edge.

Proposition 2.1 For generalized wheel graph Wy, ,,. The Mostar index is given by:
MWy ) =mn - |m—n+2|.

Proof: Let us consider a generalized wheel graph W, ,,. We partition the vertex set of W, , into V;
and V5. Where V; is set of all rim vertices of Wy, ,, and V5 is set of all central vertices of Wy, .

For each edge between vertices of Vi in Wy, ,,, say u and v, the value |n, —n,| =0

For each edge between vertex of Vi in W,,,, say u and vertex of V5 say v, the value |n, — n,| =
|(m—=1) = (n=3)] =|m—n+2|

Applying the definition of Mostar index we get,

Mo(Wm7n> = Z |nu - nv| = Z ‘nu - nv| + Z |nu — Ny

weEE(G) wEE(G) wEE(G)
u,veEV] u€Vy,veEV,

=0+mnlm—n+2|=mn|m—n+2|.
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(a)

Figure 1: The graph W, »,

Example 2.1 To find Mostar index of W g (Figure 2 ). We partition the vertex set of Wa g into V1 and
Va. Where V1 is set of all rim vertices of Wy g,i.e., Vi = {v1, va, v3,v4, V5, Vs, 7,08} and Vs is set of all
central vertices of Wa g i.e., Vi = {u1,uz}.

For each edge between vertices of V1 in Wag, say u and v, the value |n, —n,| =0

For each edge between vertex of Vi in Was, say u and vertex of Vo say v, the value |n, — n,| =
(2=1) = (8—3)[ = 2—8+2/ = | 4] =4

Applying the definition of Mostar index we get,

MO(W2,8) = Z ‘nu - nv| = Z |nu — nv| + Z |nu — Ny

weE(G) weE(G) weE(G)
u,veV] ueVi,veVa

=04+2x8x4=064.

Proposition 2.2 Let W, ,, generalized wheel graph, m > 2 and e be an edge of Wy, n,. The Mostar index
of Wy — {e} is given by:
2mm —n+ 1]+ (n—2)mlm —n+2|+2 if e is rim edge
M, (Wppn—{e}) =X (m=1)(n—-1)m—-—n+2|+(m—1)m—n+1| ife is spoke edge
+(n—1D|m—n+3]+2

Proof: Let us consider a generalized wheel graph Wy, ,,, m > 2. Deletion of an edge e from W, ,,, results
in graph W, , — {e}.

If e = zy is a rim edge. We partition the vertex set of W,, ,, — {e} into Vi = {z,y}, V2 is a set of all rim
vertices of W, ,, except = and y, and V3 is set of all central vertices of W, .

For each edge between the vertex of Vi, say u and the vertex of Va, say v, the value |n, — n,| = 1.

For each edge between the vertex of V1, say u and the vertex of V3, say v, the value |n, —n,| = |m—n+1|.
For each edge between the vertex of V4, say u and the vertex of V3, say v, the value [n, —n,| = |m—n+2|.
For each edge between the vertices of Vs, say u and v, the value |n, — n,| = 0.
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v

Figure 2: The graph W3 g

Applying the definition of Mostar index we get,

MO(Wm,n - {6}) = Z [T — M|

weE(G)

= Z |1, — 1| + Z |1, — 1| + Z |1y, — 1

weE(G) w€eE(G) w€eE(G)
ueVy,veVy ueVi,weVs u€Va,veVs

+ Z [T — Ml

weE(G)
u,vE Vs

=24+2mm—n+1/+ (n—2)mm—n+2|.

If e = cx is a spoke edge, where ¢ is central vertex and z is a rim vertex of W, , — {e}. We partition
the vertex set of W, ,, — {e} into Vi = {z}, Vo = {c}, V5 is a set of all rim vertices of Wy, , — {e} at
distance one from z, Vj is set of all rim vertices of W, ,, — {e} at distance greater than 1 from z, V; is
set all central vertices of W, ,, — {e} except c.

For each edge between the vertex x and the vertex of V3, say v, the value

[ng —n,| = 1.

For each edge between the vertex x and the vertex of Vs, say v, the value

[ng —ny| = |m —n+1|.

For each edge between the vertex ¢ and the vertex of V3, say v, the value

[ne — ny| = |m —n+ 3.

For each edge between the vertex ¢ and the vertex of Vy, say v, the value

[ne —ny| =|m —n+3|.

For each edge between the vertex of V3, say u and the vertex of V5, say v, the value

[Ny — ny| = |m —n+2|.

For each edge between the vertex of Vy, say u and the vertex of Vs, say v, the value

[y — ny| = |m —n +2|.

For each edge between the vertices of Vi, say u and v, the value |n, — n,| = 0.
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Applying the definition of Mostar index we get,

MO(Wm,n - {e}) = Z [T — M

weE(G)
= § [ — 1y | + E [0 — M| + E [y, — 1)
uwveE(G) uveE(G) uveE(G)
ueVy,weVs ueVy,veEVs ueVa,veVs
+ § [P — no| + § M — no| + § [ — o
weE(G) weE(G) uwweE(G)
ueVa,veVy ueVs,veVs ueVy,veVs
+ § |nu — M|
wveE(G)
u,veVy

=2+m—-Dm—-n+1+2m—-—n+3/+(n—3)m—n+3|+2(m—1)m—n+2
+(m—-1)n-3)m-n+2[+0
=(m-1Dn-Dm-n+2/+(m-1)m—-n+1+n—-1)m-—n+3/+2.
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Figure 3: (a) The graph W,,,, (b) The graph W,,,, — {e} where e = xy is rim edge, (¢) The graph
Win.n — {e} where e = cx is spoke edge

Example 2.2 To find Mostar index of Wa s — {e} (Figure 4).

The removal of rim edge e = xy. We partition the vertex set of Wag — {e} into V1 = {va = z,v3 = y},
Vo is a set of all rim vertices of Wiy, ,, except x and y,i.e., Vo = {v1,v4,v5,v6, 07,08} and V3 is set of all
central vertices of Wy, n, i.e., Va = {u1, us}.

For each edge between the vertex of V1, say u and the vertex of Va, say v, the value |n, — n,| = 1.

For each edge between the vertex of V1, say u and the vertex of V3, say v, the value |n, —n,| = |2—8+1| =
| — 5] =5.
For each edge between the vertex of Va, say u and the vertex of Vs, say v, the value |n, —mn,| = [2—8+2| =
| — 4| =4.

For each edge between the vertices of Va, say uw and v, the value |n, —n,| = 0.
Applying the definition of Mostar index we get,
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MO(WZS - {e}) = Z ‘nu - nv|

weE(G)

= Z [N — no| + Z [ — | + Z [y — Ny

weE(QG) weEE(Q) weEE(G)
ueVi,veVs ueVy,veVs ueVa,veVs

+ Z |nu_”v|

uwveE(G)
u, eV

=2x142x2x54+(8—-2)x2x4="70.

The removal of spoke edge e = cx, where ¢ is central vertexr and x is a rim vertexr of Wag — {e}. We
partition the vertex set of Wa g — {e} into Vi = {vg =z}, Vo = {u1 = ¢}, V3 is a set of all rim vertices
of Wa g —{e} at distance one from x, Vy is set of all rim vertices of Wa g — {e} at distance greater than
1 from x, Vs is set all central vertices of Wa g — {e}, i.e., Vs = {ua}.

For each edge between the vertex x and the vertex of V3, say v, the value

[ne —ny| = 1.

For each edge between the vertex x and the vertex of Vs, say v, the value

[ng —ny|=12—-84+1=|—5=5.

For each edge between the vertex ¢ and the vertex of V3, say v, the value

Ine —ny[ =[2-8+3[=]-3[=3.

For each edge between the vertex ¢ and the vertex of Vy, say v, the value

[ne —ny|=12—8+3|=|-3]=3.

For each edge between the vertex of Vs, say u and the vertex of Vs, say v, the value

[Ny —ny| =12—-8+2]=|—4|=4.

For each edge between the vertex of Vi, say u and the vertex of Vs, say v, the value

[Ny —ny| =12—-8+2|=|—4]=4.

For each edge between the vertices of Vi, say uw and v, the value |n, —n,| = 0.

Applying the definition of Mostar index we get,

Mo(Was —{e}) = Z [ — o

wweE(G)
= > ummdt 3 Iumml+ Y
weEE(Q) weEE(Q) weEE(G)
ueVy,veVs ueVi,veVs ueVa,veVs
+ E [n = | + E [ = | + E [ = 00
weEE(G) weE(G) weE(G)
u€eVa,veVy ueVs,veVs uEVy,weVs
+ E |nu - nv|
wveE(G)
u,veVy

=2x1+(2-1)x5+2x3+(8-3)x3+2(2—-1)x4
+(2-1)(8-3)x4+0
= 56.

Proposition 2.3 Let Wy, ,, generalized wheel graph, m > 2 and v be a vertex of Wy, ,,. The Mostar
index of Wy, n, — {v} is given by:
2mim —n+2/+(n—3)mm —n+3|+2 if v is rim vertex

Mo Wm n - =
(W, {v}) (m —1)n|m —n+1]| if v is central vertex
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Vo= x v. vy v
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Figure 4: (a) The graph Wsg, (b) The graph Wy g — {e} where e = zy is rim edge, (c¢) The graph
Was — {e} where e = cx is spoke edge

Proof: Let us consider a generalized wheel graph W, ,, m > 2. Deletion of a vertex v from W, »,
results in graph W, ,, — {v}.

If v is a central vertex. Then the graph W, ,, — {v} is isomorphic to Wy,_1 . Since the Mostar index of
a graph depends only on its structure, it follows that:

MO(Wm,n - {U}) = Mo(Wm—l,n) = (m — 1)n|m —-n+ 1|.

If v is a rim vertex. Then the graph W,, , — {v} is isomorphic to W, ,,—1 — {e}, for some rim edge e.
Since the Mostar index of a graph depends only on its structure, it follows that:

Mo(Wim —{v}) = Mo(Wipn—1 — {e}) =2m|m —n+ 2|+ (n — 3)m|m —n + 3| + 2.

[

Vg

v,

(b) O]

Figure 5: (a) The graph Wy, ,,, (b) The graph W,,, ,, —{v} where v is rim vertex, (c) The graph W,,, , —{v}
where v is central vertex

Example 2.3 To find Mostar index of W3 g — {v}(Figure 6).
The removal of central vertex uy. Then the graph Ws s — {u1} is isomorphic to Was. Since the Mostar
index of a graph depends only on its structure, it follows that:

MO(W&g — {Ul}) = MO(WZS) =2 X 8|3 -8 —+ 1| = 64.
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The removal of rim vertex vs. Then the graph Wsg — {vs} is isomorphic to Wz 7 — {e}, for some rim
edge e. Since the Mostar index of a graph depends only on its structure, it follows that:

Mo(Wg,S — {U3}) = MO(W3,7 — {6}) =2X 3|3 -8+ 2| + (8 — 3) X 3‘3 -8+ 3| + 2 = 50.

v

Y8

Vg

@

Figure 6: (a) The graph W3 g, (b) The graph W3 g — {v} where v is rim vertex, (c) The graph W5 g —{v}
where v is central vertex

Proposition 2.4 Let W,, wheel graph, n > 7 and e be an edge of W,,. The Mostar index of W,, — {e} is
given by:
Mo(Wy, —{e}) = {

n? —5n+8 ife is rim edge

n? —>5n+4 ife is spoke edge

Proof: Let us consider the wheel graph W,, n > 7. Deletion of an edge e from W,,, results in graph
Wy, — {e}.

If e = zy is a rim edge. We partition the vertex set of W,, — {e} into Vi = {x,y}, V2 is a set of all rim
vertices of W,, — {e} except x and y, and V3 is a singleton set containing central vertex of W,, — {e}.
For each edge between the vertex of V7, say u and the vertex of Va, say v, the value |n, — n,| = 1.

For each edge between the vertex of Vi, say u and the vertex ¢, the value |n, — n.| = (n — 3).

For each edge between the vertex of V3, say u and the vertex ¢, the value |n, —n.| = (n —4).

For each edge between the vertices of Vs, say u and v, the value |n, — n,| = 0.

Applying the definition of Mostar index we get,

Mo(W,, — {e}) = Z [T — M

weE(G)

Z |nu*nv|+ Z ‘nufnv|+ Z |nu*nv

weE(G) weE(G) w€EE(G)
ueVy,veVs ueVy,veEV; u€eVa,veVs

+ Z [T — Mo

weE(G)
u,vEVs

=24+2n—3)+(n—3)(n—4)+0=n>—5n+8.

If e = cx is a spoke edge. We partition the vertex set of W,, — {e} into V; is a singleton set containing
rim vertex x of W,, — {e}, V4 is a set of all rim vertices of W,, — {e} and at distance 1 from z,V5 is a set
of all rim vertices of W,, — {e} and at distance 2 from z, Vj is a set of all rim vertices of W,, — {e} and
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at distance > 2 from x and V5 is a singleton set containing central vertex C of W,, — {e}.

For each edge between the vertex x and the vertex of Vs, say v, the value |n, — n,| = 1.

For each edge between the vertex of V5, say u and the vertex of V3, say v, the value |n, —n,| = 0.
For each edge between the vertex of V3, say u and the vertex ¢, the value |n, —n.| = (n — 5).

For each edge between the vertex of V3, say u and the vertex ¢, the value |n, — n.| = (n — 5).

For each edge between the vertex of Vj, say u and the vertex ¢, the value |n, —n.| = (n —4).

For each edge between the vertices of Vy, say u and v, the value |n, — n,| = 0.

Applying the definition of Mostar index we get,

Mo(Wp, —{e}) = Z [Ty — 100

wveE(G)
= § My — no| + § [y — 1y | + § [0 — 10| E [N —
uwweE(G) weE(G) weE(G) weE(G)
ueVi,veVs ueVa,veVs ueVa,veVs ueVs,veVs
+ § ‘nu_n'u|+ § ‘nu_n'u|
weE(G) wveE(G)
u€Vy,veVs u,vEVy

=240+2(n—>5)+2(n—>5)+ (n—5)(n—4)+0=n?—5n+4.

(a) (b) (9

Figure 7: (a) The graph W, (b) The graph W,, — {e} where e = zy is rim edge, (c¢) The graph W,, — {e}
where e is spoke edge

Example 2.4 To find Mostar index of Wy — {e} (Figure 8).

The removal of rim edge e = xy. We partition the vertex set of Wy — {e} into V1 = {vg = z,v5 = y},
Vo is a set of all rim vertices of Wy — {e} except x and y, i.e., Vo = {v1,va,v3,v6,v7,08} , and V3 is a
singleton set containing central vertex of Wy — {e}, i.e., V5 = {c}.

For each edge between the vertex of Vi, say u and the vertex of Vo, say v, the value |n, — n,| = 1.

For each edge between the vertex of Vi, say u and the vertez ¢, the value |n, —n.| = (9 —3) = 6.

For each edge between the vertex of Va, say u and the vertez c, the value |n, —n.| = (9 —4) = 5.

For each edge between the vertices of Va, say uw and v, the value |n, —n,| = 0.

Applying the definition of Mostar index we get,
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Mo(Wo — {e}) = Z T — 10|

weE(G)

= Z |nu_nv|+ Z ‘nu_nv|+ Z |nu_nv

weE(G) wweE(G) wveE(G)
ueVy,veVs ueVi,veVs ueVa,veVs

+ Z |nu_nv|

wveE(G)
u,vE Vo

—2x14+2x6+(9—3) x5+0=44,

The removal of spoke edge e = cx. We partition the vertex set of Wy — {e} into Vi is a singleton set
containing rim vertex vy = x of Wo — {e}, i.e., Vi = {4}, Va is a set of all rim vertices of Wo — {e} and
at distance 1 from x, i.e., Vo = {vs, v5},V3 is a set of all rim vertices of Wy — {e} except and at distance
2 from x, i.e., V3 = {va, v}, V4 is a set of all rim vertices of Wy — {e} and at distance > 2 from x, i.e.,
Vi = {v1,v7,v8} and Vi is a singleton set containing central vertex ¢ of Wo — {e}, i.e., Vs = {c}.

For each edge between the vertex vy and the vertex of Va, say v, the value |n,, —n,| = 1.

For each edge between the vertex of Va, say u and the vertex of Vs, say v, the value |n, — n,| = 0.

For each edge between the vertex of Va, say u and the vertex c, the value |n, —n.| = (9 — 5) = 4.

For each edge between the vertex of Vs, say u and the vertex ¢, the value |n, —n.| = (9 —5) =4.

For each edge between the vertex of Vy, say u and the vertez ¢, the value |n, —n.| = (9 —4) = 5.

For each edge between the vertices of Vy, say u and v, the value |n, —n,| = 0.

Applying the definition of Mostar index we get,

Mo(Wo — {e}) = Z [T — 100

wveE(G)

= E [T — 00| + § [y, — | + § [y — M| E [N — 1y
wveE(G) weE(G) weE(G) uwveE(G)
ueVi,veVs ueVa,veVs ueVa,veVs ueVs,veVs

+ E ‘nu_an‘ E |nu_nv|
wweE(G) wveE(G)
u€Vy,weVs u,vEVy

=2Xx140+2x54+2x4+(9—5)x5+0=40.

Proposition 2.5 Let W,, wheel graph, n > 7 and v be a vertex of W,,. The Mostar index of W,, — {v}
18 given by:
40 if v is central vertex

M, (W, —{v
( {vh n? —Tn+14  if v is rim vertex

Proof: Let us consider the wheel graph W,,, n > 7. Deletion of a vertex v from W,, results in graph
W, — {v}.

If v is a central vertex. Then the graph W,, — {v} is isomorphic to C,,_1. Since the Mostar index of a
graph depends only on its structure, it follows that:

My (W, — {v}) = My(Cp_1) = 0.

If v is a rim vertex. Then the graph W,, — {v} is isomorphic to W,,_1 — {e}, for some rim edge e. Since
the Mostar index of a graph depends only on its structure, it follows that:

My(W,, — {v}) = Mo(W,_1 —{e}) = (n—1)2 =5(n—1) +8 =n? — Tn + 14.
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(a) (b) (o)

Figure 8: (a) The graph Wy, (b) The graph Wy — {e} where e = xy is rim edge, (c¢) The graph Wy — {e}
where e = cx is spoke edge

(@) (b) (©

Figure 9: (a) The graph W, (b) The graph W,, — {v} where v is rim vertex, (¢) The graph W,, — {v}
where v is central vertex

Example 2.5 To find Mostar index of Wy — {v} (Figure 10).
The removal of central verter v = c. Then the graph Wy — {v} is isomorphic to Cs. Since the Mostar
index of a graph depends only on its structure, it follows that:

MO(WQ - {’U}) = M0(08) =0.

The removal of rim vertex v = vy. Then the graph Wy — {v} is isomorphic to Ws — {e}, for some rim
edge e. Since the Mostar index of a graph depends only on its structure, it follows that:

M, (W — {v}) = Mo(Ws — {e}) = (9 — 1)> = 5(9 — 1) + 8 = 32,
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Figure 10: (a) The graph Wy, (b) The graph Wy — {v} where v is rim vertex, (c) The graph Wy — {v}
where v is central vertex

Proposition 2.6 Let K,,, complete bipartite graph and e be an edge of K, . The Mostar index of
Ky, n —{e} is given by:

(mn—m—-n—1m—-n|+n-—1Dn—-—m+1+(m—-1m—-n—-1] ifm#n
Mo(Kp,n —{e}) = . _
2(n—1) ifm=n

Proof: Let us consider complete bipartite graph K,,,. We can partition vertex set of K, , into
U = {ug,uz,...,upn}t and V. = {v1,va,...,v,}. Deletion of an edge e from K,,,, results in graph
K, n — {e}. Let us partition vertex set of K,, , — {e} into V1 is a set containing end vertex of e in U
of K, n — {e}, V2 is a set containing end vertex of e in V of K,,,, — {e}, V3 is a set of vertices in U
of K, n — {e} except end vertex of e, containing m — 1 vertices and Vj is a set of all vertices in V' of
K, n —{e} except end vertex of e, containing n — 1 vertices.

For each edge between vertex of Vi, say uw and vertex of Vy say v, the value

[Ny —nof ==In—(m—-1)|=[n—m+1|

For each edge between vertex of V5, say u and vertex of V3 say v, the value

[ =l = |(m—1) =] = m —n — 1]

For each edge between vertex of V3, say u and vertex of Vy say v, the value

[N — ny| = [m —n|

Applying the definition of Mostar index we get,

MO(Km,n —{e}) = Z [P — M

weE(G)

= E [0 — 1| + E [T — M| + E [y, — 1)
uwveE(G) uveE(G) uveE(G)
ueVi,veVy u€eVa,veVs ueVs,veVy

=n—1n-m+1+m-Dm-n—-1+(mn—m—n—1)|m —n|

If m=n,
My(Kypn—A{e}) =2(n—1)
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Figure 11: (a) The graph K,, , (b) The graph K,, ,, — {e}

Proposition 2.7 Let K,,,, complete bipartite graph and v be a vertex of K, . The Mostar index of
Kpn — {v} is given by:

== [

Proof: Let us consider a complete bipartite graph K, ,. We can partition vertex set of K, , into
U = {ug,us,...,upn} and V = {v1,vs,...,v,}. Deletion of a vertex v from K, ,, results in graph
K, n — {v} which is isomorphic to K,,_1 », if the vertex is removed from U. We can be partition the
vertex set of K,,_1, into Vi and Vo. Where V; is set of all vertices in U of K,,_; 5, containing m — 1
vertices and V5 is set of all vertices in V of K,,_; 5, containing n vertices .

For each edge between vertex of Vi, say u and vertex of V5 say v, the value |n, —n,| =|n—(m—1)| =
[n—m +1].
Applying the definition of Mostar index we get,
Mo(Km-1n) = > |nu—ml= 3 |nu—ny|=(m—1)njn—m+1].
weE(G) weE(G)
u€Vi,weVs
If m=n,

My(Kp—1.,) =n(n—1).



14 B. GAuTHAM SHENOY, VISHU KUMAR M., SUHAS, S.

u

Figure 12: (a) The graph K,, ., (b) The graph K,, , — {v}

Example 2.6 To find K4,3 — {e} and K43 — {v}(Figure 153).

We can partition vertex set of Kq3 into U = {u1,uz2,us,us} and V = {v1,vq,v3}. Deletion of an edge
e = uqvy from Ky 3, results in graph Ky 3 —{e}. Let us partition vertex set of Ky 3 — {e} into V1 = {u1},
‘/2 = {U2}7 ‘/23 = {UQ,U3,U4} and V4 = {U17U3}

For each edge between vertex of Vi, say u and vertex of V, say v, the value

nu — o] = 13— (4= 1) = 0

For each edge between vertex of Va, say u and vertex of V3 say v, the value

[ny —ny| =|(4-1) =3 =0

For each edge between vertex of V3, say u and vertex of V, say v, the value

[Ny —my|=4-3]=1

Applying the definition of Mostar index we get,

MO(K4,3 - {6}) = Z ‘nu - nv|

uwveE(G)

= § 1y, — 1| + E 7y —ny| + E [T — M|
uwweE(G) wveE(G) uwveE(G)
ueVy,weVy u€Va,veV3 ueVs,veVy

=B-1)x0+(4-1)x0+(4x3-4-3-1)x1=4.

To find K4,3 — {e} and K43 — {v}. We can partition vertex set of K, 3 into

U = {u1,us,us,us} and V = {v1,va,v3}. Deletion of a vertex vy from Ky 3, results in graph K43 — {vs}
which is isomorphic to Ky o, if the vertex is removed from V. We can be partition the vertex set of K4
into V1 = {v1,v3} and Vo = {uy, us, us, us}.

For each edge between vertex of Vi, say u and vertex of Vo say v, the value |n, —n,| =14 -3+ 1] = 2.
Applying the definition of Mostar index we get,
My(Ky2)= Y, Inu—nuol= > |nu—ny|=4%x2x2=16.

w€EE(G) weE(G)

ueVy,veVa
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Figure 13: (a) The graph K, 3, (b) The graph K43 — {e}, (c) The graph K, 3 — {v}

Observation 2.1 Let C,, cycle graph and e be any edge of C,,. The Mostar index of C,, — {e} is given
by:

MO(CH - {6}) = {

_9 . .
=2 f s even

@ if n is odd

Proof: Deletion of any edge e from the cycle graph C,,, results in a graph C,, — {e} which is isomorphic
to a path graph P,. Since the Mostar index of a graph depends only on its structure, it follows that:

My(Cp, —{e}) = M,(Fy).

Applying the known result for the Mostar index of P, in proposition 1.1 completes the proof. O

Observation 2.2 Let C,, cycle graph and v be any vertex of Cp,. The Mostar index of C,, — {v} is given

by:
(n—1)(n—3)
2

Mo(Cr —{v}) = {(n2)2

2

if n is even

if n is odd

Proof: Deletion of any vertex v from the cycle graph C,,, results in a graph C,, — {v} which is isomorphic
to a path graph P,,_;. Since the Mostar index of a graph depends only on its structure, it follows that:

My(Cyp, — {v}) = Mp(Pp-1).

Applying the known result for the Mostar index of P,,_1 in proposition 1.1 completes the proof. O
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v. Vy v, vy

@ ® ©
Figure 14: (a) The graph C,,, (b) The graph C,, — {e}, (¢) The graph C,, — {v}

Observation 2.3 Let K, complete graph and e be any edge of K,. The Mostar index of K, — {e} is
given by:

My(K,, — {e}) =2n — 4.

Proof: Let us consider a complete graph K,. Deletion of an edge e = xy from the complete graph
K, results in a graph K, — {e}. Let us partition the vertex set of K, — {e} into V; = {z,y} and
Vo ={v € V(K,)| visnot z and y}

For each edge between vertex of V7, say u and vertex of Va, say v, the value |n, — n,| = 1.

For each edge between vertices of V3, say in between two distinct vertices v and v, the value |n,, —n,| = 0.
Applying the definition of Mostar index we get,

M,(K,, —{e}) = Z [y — | = Z [y — M| + Z [Ny —ny| =0+2(n—2)=2n—4
wveE(G) weE(G) wweE(G)
u, eV u€Vi,veEV

a

Observation 2.4 Let K,, complete graph and v be any vertex of K,,. The Mostar index of K, — {v} is
given by:

M,(K, — {v}) = 0.

Proof: Let us consider a complete graph K,. Deletion of any vertex v from the complete graph K,,
results in a graph K,, — {v} which is isomorphic to a complete graph K,,_1. Since the Mostar index of a
graph depends only on its structure, it follows that:

M, (K, — {v}) = My(Kiy).

Applying the known result for the Mostar index of K,, in proposition 1.1 completes the proof. O
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Figure 15: (a) The graph K,,, (b) The graph K,, — {e}, (¢) The graph K,, — {v}

Observation 2.5 Let S, star graph and e be any edge of S,,. The Mostar indez of S, — {e} is given by:
My(Sy, —{e}) = (n—2)(n—3).

Proof: Let us consider a star graph S,,. Deletion of any edge e from the star graph S,,, results in a graph
Sn — {e}, which is isomorphic to a star graph S,,_; union a singleton vertex v of S,,. Since the Mostar
index of a graph depends only on its structure, it follows that:

Mo(Sn —A{e}) = Mo(Sn—1U{v}) = Mo(Sp—1) + Mo({v}) = Mo (Sp-1)
Applying the known result for the Mostar index of S,,_1 in proposition 1.2 completes the proof. O

Observation 2.6 Let S, star graph and v be a vertex of S,. The Mostar index of S,, — {v} is given by:
Mo(Sn — {v}) = {

0 if v is central vertex
(n—2)(n—3) if v is leaf vertex

Proof: Let us consider a star graph S,,. Deletion of a vertex v from the star graph S,,, results in a graph
Sp — {v}.
If v is leaf vertex, the graph S,, — {v} is isomorphic to a star graph S, _1. If v is central vertex, the graph
Sn — {v} is isomorphic to totally disconnected graph with n — 1 vertices. Since the Mostar index of a
graph depends only on its structure, it follows that:

0 if v is central vertex

M,(S, —{v
o(Sn —{v}) My(Sp—1) if v is leaf vertex
Applying the known result for the Mostar index of S,,_; in proposition 1.2 completes the pf. O
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Figure 16: (a) The graph S, (b) The graph S,, — {e}, (¢) The graph S,, — {v}

3. Chemical Significance of M,(G)

In this section, we have conducted correlation analysis of M, (G) with m-electron energy of some hetero
atoms.

3.1. Correlation analysis of M,(G) with m-electron energy of hetero atoms

We calculate M, (G) and tabulate in table 3.1 with a data set of total m-electron energy value of hetero
atoms, derived from [21] . Further, we have found that M,(G) has a strong correlation with 7 electron
energy of hetero atoms, with correlation coefficient r = 0.95227 and 2 = 0.95508(Figure)

Molecule Total m-electron energy | Mostar index
Butadiene perturbed at Cs 5.66 4
Acrolein like systems 5.76 4
1, 1-Dichloro-ethylene like systems 6.96 6
Glyoxal-like and 1, 2-Dichloro-ethylene systems 6.82 4
Aniline like systems 8.19 8
O-Phenylene-diamine like systems 12.21 20
m-Phenylene-diamine like systems 12.22 16
p-Phenylene-diamine like systems 12.21 20
Benzaldehyde like systems 11 22
Quinoline like systems 14.23 32
Iso-quinoline like systems 14.23 32
1-Naphthalein like systems 16.15 48
2-Naphthalein like systems 16.12 44
Iso-indole like systems 13.46 24
Indole like systems 13.59 24
Acridine like systems 20.56 64
Phenazine like systems 21.62 64
9, 10-Anthraquinoline like structures 24.23 80

Table 1: m-electron energy [21] , Mostar index of molecules containing hetero atoms.
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Figure 17: Correlation of M,(G) with the total m-electron energy of molecules

4. Conclusions

In this article, we have given the results for the Mostar index of generalized wheel. Also, we studied

the effect of vertex or edge removal on Mostar index. This is done for generalized wheel graph, wheel
graph, cycle, star graph, complete graph and complete bipartite graph. These can be applied to apply
these outcomes to design and study how molecular properties changes when atoms or bonds are removed.
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