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A variational approach to a discrete fourth-order boundary value problem with three
parameters

Shapour Heidarkhani* and Shahin Moradi

ABSTRACT: In this article, we study discrete nonlinear fourth order boundary value problems with three
parameters. We establish the existence of at least one solution under an asymptotical behaviour of the
potential of the nonlinear term at zero by using variational methods. Some recent results are extended and
improved. We provide sufficient conditions for the existence of positive solutions. An example is presented to
demonstrate the applications of our main results.
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1. Introduction

Let T > 2 be a positive integer and [2, Tz be the discrete interval given by {2,3,4,...,T}. In this
paper, we will examine a discrete nonlinear fourth order boundary value problems (BVP) with three
parameters with intention of proving the existence of one solution. The problem to be studied can be
viewed as a discrete version of the generalized beam equation. Consider the fourth BVP:

Atu(k —2) — aA?u(k — 1) + Bu(k) = Af(k,u(k)), k€ [2,T)z, f
(P3)

u(1) = Au(0) = Au(T) = A3u(0) = A3u(T —1) =0

where A denotes the forward difference operator defined by Au(k) = w(k + 1) — u(k), A tu(k) =
A(AMu(k)), A >0, f:[2,T]z x R — R is a continuous function and «, 8 are real parameters and satisfy:

1+ (T - 1)Ta_ +T(T-1)*8_ >0 (1.1)
where
a_ = min{a, 0}
and
f— = min{3,0}.

In recent years, a great deal of work has been done in the study of the existence of solutions for dis-
crete boundary value problems (BVP), by which a number of physical, computer science, mechanical
engineering, control systems, artificial or biological neural networks, phenomena are described. Recently,
there is a trend to study difference equations by using fixed point theory, lower and upper solutions
method, variational methods and critical point theory, Morse theory and the mountain-pass theorem.
Many interesting results are obtained see for example, [6,8,9,18,20] and the references therein.

On the other hand, in the last few years, many researchers have used variational methods to study the
existence of solutions for the discrete nonlinear fourth order boundary value problems. For related basic
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information, we refer the reader to [3,4,15,17,19,21,24,25] and the references therein. For example, Yang
in [24] by using topological degree theory and fixed point index theory, provided sufficient conditions
for the existence of sign-changing solutions, positive solutions, and negative solutions for the discrete
fourth-order Neumann boundary value problem. In [15] by using a consequence of the local minimum
theorem due Bonanno the existence of one solution under algebraic conditions on the nonlinear terms
and two solutions the following discrete nonlinear fourth-order boundary value problem

Atu(t —2) + A%t — 1) — Eu(t) =
Mt u(t)) + pg(t,u(t) + h(u(t)), tela+1,b+1]z,
u(a) = A%u(a—1) =0, u(b+2) = A%ub+1)=0

where a,b are two fixed integer numbers with a < b, [a + 1,0 + 1]z is the discrete interval {a + 1,a +
2,...,b+1}, f,g:la+1,b+1]z x R = R are two continuous functions, h : R — R is a strictly monotone
Lipschitz continuous function and 4§, &, A and p are four real parameters, under algebraic conditions with
the classical Ambrosetti-Rabinowitz (AR) condition on the nonlinear terms was ensured. Furthermore,
by employing two critical point theorems, one due Averna and Bonanno, and another one due Bonanno
the existence of two and three solutions for the above problem in the case ;o = 0 were discussed. Ousbika
and El Allali in [21] based on the critical point theory, proved the existence of three solutions for the
following discrete nonlinear fourth order boundary value problems with four parameters

Atu(k —2) — aA?u(k — 1) + Bu(k) = Mf(k,u(k)) + ug(k,u(k)), ke [2,T)z,
u(1) = Au(0) = Au(T) = A3u(0) = A3u(T — 1) =0

where f,g:[2,T]z x R — R are two continuous functions.

In [23] the authors have discussed the existence of three solutions and infinitely many solutions for
discrete fourth-order boundary value problems with multiple parameters under the different suitable
hypotheses, respectively applying the critical point theory. In [5] several sufficient conditions for the ex-
istence of at least three classical solutions for the problem (P)J\c ) using variational methods were presented.

We also refer the interested reader to the papers [11,12,13] in which fourth order discrete problems
have been studied. For a through on the subject we refer to [2].

The objective of the present paper is to establish the existence of at least one solution for the problem
(P){ ) and its parametric version by employing Ricceri’s variational principle [22, Theorem 2.5]. Precisely,
in Theorem 3.1 we establish the existence of least one solution for the problem (P)f ) requiring an algebraic
condition on the nonlinear term f. Also in Corollary 3.1 a version of the result of Theorem 3.1 is
successively discussed in which, for value of the parameter A = 1 and requiring an additional asymptotical
behaviour of the potential at zero if f(k,0) = 0 for some k € [2,T]z, the existence of one non-trivial
solution is established; see Remark 3.2. Moreover, we deduce the existence of solutions for small positive
values of the parameter \ such that the corresponding solutions have smaller and smaller energies as the
parameter goes to zero; see Theorem 3.2. As a consequence of Theorem 3.1, we obtain Theorem 3.4 for
the autonomous case. We present Example 3.1 in which the hypotheses of Theorem 3.4 are fulfilled.

2. Preliminaries

In the present paper E denotes a finite dimensional real Banach space and Iy : F — R is a functional
satisfying the following structure hypothesis:
I(u) = ®(u) — A¥(u) for all u € E where ®,¥ : E — R are two functions of class C! on E with ®
coercive, i.e. limy,)— oo ®(u) = +o00, and A is a positive real parameter.
In this framework a finite dimensional variant of Ricceri’s variational principle [22, Theorem 2.5] as given
by Bonanno and Molica Bisci in [7].

Theorem 2.1 Let X be a reflexive real Banach space, let ®,¥ : X — R be two Gateauz differentiable
functionals such that ® is sequentially weakly lower semicontinuous, strongly continuous and coercive in X
and ¥ is sequentially weakly upper semicontinuous in X. Let I be the functional defined as I = ® — A\,
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A € R, and for every r > infx @, let ¢ be the function defined as

@(7’) _ inf SUPyed—1(—o0,r) \IJ(/U) - \P(u)
u€P—1(—o0,r) r— (I)('LL) '

Then, for every r > inf x ® and every A € (0, ), the restriction of the functional Iy to ® 1(—oo,r)

1
o(r)
admits a global minimum, which is a critical point (precisely, a local minimum) of I in X.

We refer the interested reader to the papers [1,10,14,16] in which Theorem 2.1 has been successfully
employed to the existence of at least one non-trivial solution for boundary value problems.
We define the real vector space E

E={u:[0,T+2z =R, u(l) = Au(0) = Au(T) = A%u(0) = A’u(T — 1) = 0}

which is a (T — 2)-dimentional Hilbert space, see [24] with the inner product

The associated norm is defined by

[Jul = (Z IU(k)|2>

Definition 2.1 We say that uw € E is a weak solution of problem (P/{) if for any v € E, we have

T T T

T
> Ak - 2)v(k) —a Y APu(k — Do(k) + 8 u(k)o(k) = XD f(k,u(k))v(k).
k=2

k=2 k=2 k=2
Lemma 2.1 /21, Lemma 2.5] For any u,v € E, we have

T+1

> Atu(k = 2)v(k) = > A%u(k - 2)A%0(k - 2)
k=2 k=2

and
T T
> Au(k— D)Av(k—1) = =Y A2u(k — 1)o(k).
k=2 k=2
Put
t
F(k,t) = / f(k,&)d¢  for all (k,t) € [2,T]z x R
0
and

p=1+T-1D)Ta_ +T(T-1)*8_)T 1T —1)°.

We consider the functionals as follows:

1 T+1 T T
D(u) = 5 (Z A%u(k —2)P + ) |Au(k—1)]*+ 5 u(k)|2> , (2.1)
k=2 k=2 k=2
U(w) = > F(k,u(k)) (2.2)
k=1

and
In(u) = ®(u) — AP (u)

for every u € F.



4 S. HEIDARKHANI AND S. MORADI

Lemma 2.2 [21, Lemma 2.6] For any u € E, we have
®(u) >0

and )
a(u) > ol

Lemma 2.3 [21, Lemma 2.7] If u € E is a critical point of the functional I then u is a solution of
f
BVP (Py).

3. Main Result

We formulate our main result on the existence of one solution for the problem (P/{C ) as follows:

Theorem 3.1 For every A small enough, i.e.

2

P Y
rxe |0, zsup——-"7-—7-—1,
2 ’y>% T
max F'(k,t)
s 1=y

the problem (P/{) admits at least one solution uy € E.

Proof: Our goal is to apply Theorem 2.1 to the problem (P/{) Take ® and V¥ as given in (2.1) and (2.2),
respectively. Let us prove that the functionals ® and ¥ satisfy the required conditions in Theorem 2.1.
It is well known that ¥ is a differentiable functional whose differential at the point u € F is

V(u)(v) =) f(k, u(k))o(k)

k=2

for every v € E, as well as is sequentially weakly upper semicontinuous. By lemma 2.2, we prove that ®
is coercive. Moreover, @ is continuously differentiable whose differential at the point u € E is

T+1 T
O (u)(v) =Y A’u(k —2)A%v(k—2) +a ) Au(k—1)Av(k — 1)
k=2 k=2
+8)_ ulk)v(k)
k=2

for every v € E. Furthermore, ® is sequentially weakly lower semicontinuous. Therefore, we observe that
the regularity assumptions on ® and ¥, as requested in Theorem 2.1 are verified. We now look on the
existence of a critical point of the functional I in E. Let ¥ > 0, choose

2872

7o 27

For any k € [2,T]z, we have
20 (u)
[u(B)] < flull <4/ ——

From the definition of rg, it follows that

O —o0,m)={uc E: ®u)<ro} C{ucFE: |ul <7}.
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Therefore, we have that
T T
u)zZF(k,u Z aXFkt
k=2 k=2

for every u € E such that ®(u) < 9. Then

P(u)<ro =2 [t|<7
Let us pick
~2
0 <A< =Zsup
T
v>0
max F'(k,t)
o =y
Hence, there exists 4 > 0 such that
2 =2
A < 1
p T
max F'(k,t)
s 1157

One has

Q\

T
, 2 Flh

gl

< SUPyed—1(—o0,rq) ‘I’(U)

¢(ro) < <

> =

To 2

hS)

1
Hence, since \ € (O, ())7 Theorem 2.1 ensures that the functional I, admits at least one critical
P\To

point (local minima) uy € ®~1(—00,79) and since the critical points of the functional I are the solutions
of the problem (P/\f ) we have the conclusion. O

Now, we deduce the following straightforward consequence of Theorem 3.1.

Corollary 3.1 Assume that

2 2
o2 r)
v>0 P
max F(k,t)
P 5 [t1<Y

Then, the problem (PAf) in the case A =1, admits at least one solution in E.

Proof: Our goal is to apply Theorem 2.1 to the problem (P ) in the case A = 1. Take ® and ¥ as given
in the proof of Theorem 3.1. From the condition (Dp), there exists 4 > 0 such that

~2
~ 2

= > o (3.1)

max F'(k,t)
o 1=
Choose

ro = 872
0=57"
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By a simple computation and from the definition of ¢(rg), since 0 € ®~1(—o00,79) and ®(0) = ¥(0) = 0,
one has

(Supveéfl(—oo,ro) \II(IU)) - \Ij(u) < SUPyed—1(—o0,rp) \If(’U)

QD(TO) u€<l>—}r(lfoo7r0) To — <I>(u) T0

T
max F(k,t)

2 o Ity
p gl

At this point, observe that

2

(ro) < 212" (32)
e\ro) =~ — — .
p ok
1
Consequently, by (3.1) and (3.2) one has ¢(rg) < 1. Hence, since 1 € (07 ()), applying Theorem
P\To
2.1 the functional I admits at least one critical point (local minima) 4 € ®~!(—o0, 7). The proof is

complete. O

Now, we give consequences of our results.

Remark 3.1 In Theorem 3.1 we looked for the critical points of the functional Iy naturally associated
with the problem (P/\f) We note that, in general, Iy can be unbounded from the following in E.

Indeed, for example, in the case when f(&) = 1+ |72 for every € € R with v > 2, for any fized
u € E\{0} and . € R, we obtain

T g
In(wu) = ®(eu) — )\Z F(k, (k) < 2®(u) — M(T — 1) ||ul| — )\%(T = D]jul|” - —o0
k=2

as L — +o00. Hence, we can not use direct minimization to find critical points of the functional Iy.

Lemma 3.1 If in Theorem 3.1 the function f(k,£) > 0 for every k € [2,T]z and £ € R, the condition
(DF) takes the following more simple and significative form

sup —— > —. (D%)
¥>0

Moreover, if the following assumption holds

lim sup - >
y—+oo P

k=2
then the condition (D%) is automatically verified.

Remark 3.2 Ifin Theorem 3.1, f(k,0) # 0 for allk € [2,T]z, then the ensured solution is obviously non-
trivial. On the other hand, the non-triviality of the solution can be achieved also in the case f(k,0) = 0 for
some k € [2,T)z requiring the extra condition at zero, that is there are discrete intervals [2,T1)z C [2,T]z
and [2,Ts)z C [2,T1]z where T > Ty, Ty > 3, such that

su F(k,
lim sup Prepp,muts £ g):—i—oo (3.3)

0+ €12
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and
su F(k,
lim inf — 2Tz L, (3.4)
-0+ €]
Indeed, let 0 < X\ < \* where
2
«_ P v
Af==su
2 'y>13 T
max F'(k,t)
o 1=y

Then, there exists 4y > 0 such that

,72

>l
SRR

<7

max F'(k,t)
o 1S

Let ® and U be as given in (2.1) and (2.2), respectively. Due to Theorem 2.1, for every A € (0, \) there
exists a critical point of Iy such that uy € ®~(—o0,ry) where ry = gﬁl2. In particular, uy s a global

minimum of the restriction of I to ®~1(—oo,7y). We will prove that the function uy cannot be trivial.
Let us show that

. W (u)
lim sup
Jul—o0+ P(u)

= +o00. (3.5)

Due to the assumptions (3.3) and (3.4), we can consider a sequence {£,} C RT converging to zero and
two constants €,k (with € > 0) such that

su F(k, &,
lim pke[2,T2]Z2 ( 13 ) - oo
n—-+oo |€n|

and
sup  F(k,€) > kl¢)?
ke[2,T4]z

for every € € [0,€]. We consider a discrete interval [2,T5]z C [2,T2]z where T3 > 3 and a function v € E
such that

(k1) v(k) € [0,1] for every k € [2,T)z,
(ko) v(k) =1 for every k € [2,T3]z,
(ks) v(k) =0 for every k € [Ty + 1,Tz.
Hence, fixt M > 0 and consider a real positive number n with
Ty
n(Ts=2)+r Y [v(k)

Ts5+1
®(v)

M <

Then, there is ng € N such that &, < € and

sup F(kagn) > 77|§n‘2
ke(2,T5]z
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for every m > ng. Now, for every n > ng, by considering the properties of the function v (that is
0 < &u(k) < e for n large enough), we have

T3
(k. &n) F(k, & (
\Ij(gnv) :kzﬂ Tsz-I-l
®(Env) ®(&nv)
T1
n(Ts—2)+k Z o (k)[?
Ts+1
> B(0) > M.

Since M could be taken arbitrarily large, it follows that

from which (3.5) clearly follows. Hence, there exists a sequence {w,} C E strongly converging to zero
such that, for n large enough, w, € ®~*(—oco,r)) and

Iy(wy) = ®(w,) — AV (w,) <0.
Since uy is a global minimum of the restriction of I to ®~!(—o0,ry), we obtain
In(uy) <0, (3.6)
so that uy s not trivial.

Theorem 3.2 From (3.6) we easily observe that the map

(0, A) 2 A= In(uy) (3.7)
is negative. Also, one has
lim |juy| = 0.
A—0+

Indeed, bearing in mind that ® is coercive and for every A € (0, \*) the solution uy € ®~1(—oco,7)), one
has that there exists a positive constant L such that ||ux|| < L for every X € (0, \*). After that, it is easy
to see that there exists a positive constant N such that

T
> fkua(k))ua(k)| < Nljusl| < NL (3.8)
k=2

for every X € (0,\*). Since uy is a critical point of I, we have I§(uy)(v) = 0 for every v € E and every
A€ (0,X%). In particular I} (ux)(uy) = 0, that is,

T
®(un)(un) = A Y f(k,un(k))ua(k) (3.9)

k=2

for every A € (0, \*). We have
0 < pllur]]* < @' (ux)(ur),

from (3.9), we obtain

T
0 < pllual® < A f(k,un(k))ua(k) (3.10)
k=2
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for any A € (0, \*). Letting A — 0T, by (3.10) together with (3.8) we get
lim |juy| = 0.
A—=0t

Then, we have obviously the desired conclusion. Finally, we have to show that the map

A= ])\<U)\)
is strictly decreasing in (0, A*). For our goal we see that for any u € E, one has
P
Iy(u) = A (g\u) - \I/(u)) . (3.11)

Now, let us fix 0 < A1 < Ao < A* and let uy, be the global minimum of the functional Iy, restricted to
O(—o0,ry) fori=1,2. Also, set

D (uy,) : ®(v)
= —= —U(uy,) | = f — Vv
o = (P —w) = e (B -

fori=1,2.
Clearly, (3.7) together with (3.11) and the positivity of X imply that

my, <0 for i=1,2. (3.12)
Moreover

M, S mx,, (313)

due to the fact that 0 < Ay < Aa. Then, by (3.11)-(3.13) and again by the fact that 0 < A\ < A2, we get
that

Iy, (u/\z) = )‘2m>\2 < /\2m>\1 < /\1m/\1 =1y (U)\l),
so that the map X — I(uy) is strictly decreasing in A € (0, \*). The arbitrariness of A < X\* shows that
A= In(uy) is strictly decreasing in (0, \*).

Theorem 3.3 If f is non-negative then the solution ensured in Theorem 3.1 and Corollary 3.1 is non-
negative.

Proof: Let u, be a non-trivial solution of the problem (P/{), then u, is non-negative. Arguing by a
contradiction, assume that the discrete numbers A = {k € [2,T|z; u.(k) < 0}. Put 9(k) = min{u.(k),0}
for every k € [2,T)z. Clearly, v € E and one has

T+1 T T
> A% (k= 2)A%(k—2) +a ) Au(k—1)Av(k—1)+ 8> u.(k)o(k)
k=2 k=2 k=2

T
A f(kua(R))o(k) =0
k=2
and by choosing v = u, and since f is non-negative, we have

0 <pllusl? < 30 1A% (k= 2)P +a 3 [Au (k= D+ Y e ()
A A A

T

“AY L flkua(k))u (k) < 0
k=2

2
where |luy||4 = (Z |u*(kz)|2> , 1e.,
A 2
[[s][Z4 <O

which contradicts with this fact that u, is a non-trivial solution. Hence, u, is positive. O
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Remark 3.3 We observe that Theorem 3.1 is a bifurcation result in the sense that the pair (0,0) belongs
to the closure of the set

{(uA,)\) € E x (0,400) : uy is a non-trivial solution of (P;)}
in E x R. Indeed, by Theorem 3.2 we have that
luxll =0 as A —0.
Hence, there exist two sequences {u;} in E and {\;} in RT (here u; = uy,) such that
A =0T and |uj|| — 0,
as j — 4+o0o. Moreover, we emphasis that due to the fact that the map
(0, ") 5 A= In(uy)

is strictly decreasing, for every A1, Ao € (0,\*), with A\ # Aa, the solutions uy, and uy, ensured by
Theorem 5.1 are different.

When f doesn’t depend on k, we present the following consequence of Theorem 3.1 and results above.

Theorem 3.4 Let f : R — R be a non-negative continuous function and denote

3
F(¢) :/0 f(t)dt for all £ € R.

Assume that Fe)
glg& £2

= 400

Then, for each

2
P ¥
Ae (0, su ,
( 2T =2) 550 F w)
the problem

{A4u(k —2) —al?u(k — 1) + Bu(k) = Mf(u(k)), k€ [2,Tl, (3.14)

u(1l) = Au(0) = Au(T) = A3u(0) = A3u(T —1) =0
admits at least one non-trivial solution uy € E such that

[uxll =0

3,
and the real function
Aot (TZH |AZu(k — 2)> + aZT: |Au(k — 1>+ 8 ZT: |u(k:)|2> — AZT: F(ux(k))
2\i= k=2 k=2 k=2

2
is negative and strictly decreasing in (0, ﬁ SUp, 0 F(’Y))

Finally, we present the following example to illustrate Theorem 3.4.

Example 3.1 Let T'=4. We consider the following problem

(3.15)

Atu(k —2) — A2u(k — 1) +u(k) = Af(u(k)), ke [2,4]z,
u(1) = Au(0) = Au(4) = APu(0) = Au(3) = 0
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where )
f(t) == (2t + 2sin(t) cos(t) + €)
e

for every t € R. By simple computations, we have

1

F(t) =~ (£ +sin®(t) + €' — 1)
e
o 27 ) .

for every t € R. Taking into account that p = R all the assumptions of Theorem 3.4 are satisfied, and

it implies that the problem (3.15) for each A € | 0,

27e . . . .
— |, admits at least one non-trivial solution uy in

{u:[0,6]7 = R, u(l) = Au(0) = Au(4) = A%u(0) = A%u(3) = 0}

such that

and the real function

5

4 4
A5 (1A%l = 2P+ ST A= D+ ST ah)E | = S Flua (k)
k=2 k=2

k=2

27
s negative and strictly decreasing in (0 e).
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