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Convergence of a Modified Iterated Lavrentiev Scheme Under Weaker Assumptions

V. Ananthalakshmy™ and E. Shine Lal

ABSTRACT: Inverse problems commonly arise in various scientific and engineering applications and are
known for their instability with respect to data perturbations, making their numerical treatment both delicate
and mathematically demanding. Lavrentiev regularization, particularly its iterative form, is a widely used
technique for solving such problems, especially those governed by monotone operators. However, the classical
iterative Lavrentiev method requires the computation of the Fréchet derivative at each iteration step, which is
computationally expensive and often depends on strong assumptions for convergence analysis. In this study,
we propose a simplified variant of the iterative Lavrentiev scheme, in which the Fréchet derivative is computed
only once at the initial approximation ug. We establish convergence and derive error estimates under a relaxed
nonlinear condition that is weaker than those typically assumed in the literature. Numerical experiments are
presented to confirm the practical applicability of the method.
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1. Introduction

For the past two decades, mathematicians have been conducting research on solving inverse problems
involving nonlinear operators. Addressing these problems is important because many physical phenomena
can be modeled in this form

F(u) =, (1.1)

where F': D(F) C H — H, and F is a nonlinear monotone operator with domain D(F) C H and H is
a real Hilbert space with the inner product (.,.) and the norm ||.|| respectively [2,3,4,5,12]. Here, we are
interested for obtaining a stable approximate solution for the exact solution u' of (1.1). An operator F'
is said to be monotone if it satisfies the condition

<F(U1) — F(u2),u1 — ’LL2> > O,Vul,u2 S D(F) (1.2)

In general, the inverse problem described by equation (1.1) is ill-posed, implying that small perturbations
in the input data v can lead to substantial deviations in the corresponding solution uf. In real-world
scenarios, the exact data v is rarely available, and instead, one typically has access to perturbed mea-
surements ¥, satisfying the noise bound |[v — ?|| < §, where 6 > 0 quantifies the noise level. Solving
equation (1.1) directly with noisy data @ often results in highly inaccurate approximations of the true
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solution u!, primarily due to the instability inherent in the problem. Therefore, the development of stable
solution techniques becomes imperative, and regularization methods are essential tools in this context.
Among these, Tikhonov regularization [4,6,11] is a classical and widely adopted approach. Given the
monotonicity of the operator F', Lavrentiev regularization emerges as a particularly appealing method
due to its simplicity in implementation. Numerous adaptations of regularization strategies tailored to
monotone operators can be found in the literature [2,9,10,13,15,16,17,19,20,21,22,23,24]. Of particular
interest are the simplified regularization techniques [15,16,18,19], which have gained prominence owing
to their theoretical and numerical tractability. These methods are often based on relaxed assumptions,
allowing for rigorous convergence analysis while maintaining practical applicability. In this work, we
focus on a modified version of the Lavrentiev iterative scheme, expressed as follows:

U1 ZUO+(K+akI)_1 (f)—F(’l]k)—i-K(ﬂk—uO)), (13)

where g = ug is the known initial guess for the exact solution ut, and K = F (ug) denotes the Fréchet
derivative of F' at ug. The sequence «ay, consists of positive real numbers converging to zero, and there
exists a constant g > 1 such that

a
1< 2k

<pu forall keN. (1.4)
Q41
The advantage of equation (1.3) over standard schemes [8,9,13] is that the Fréchet derivative is computed
only at the known initial point, rather than at every step of the iterations. This simplification provides
computational benefits compared to traditional methods.
We derive the convergence and convergence analysis under a-posteriori stopping rule and derive error
estimates accordingly. In the case of exact data v is available, the iteration (1.3) becomes,

U1 = o + (K + o)™ (v — F(ig) + K(ug — uo)) (1.5)

For our study, the paper is organized as follows. In Section 2, we outline the fundamental assumptions
necessary for our analysis. In Section 3, we present the convergence analysis using exact data v. The
convergence analysis with noisy data © is provided in Section 4. Numerical examples and conclusion are
given in Section 5 and 6 respectively.

2. Basic assumptions and results

In the study of inverse problems certain conditions are required for the operator F, which are given
below. Through out this paper we assume that F is Fréchet differentiable in B,.(u') = {u € H : [|[u—uf| <
r} C D(F),r > 0.

Also assume that K is positive and self-adjoint operator. We use following results whenever required.

Theorem 2.1 For a positive and self-adjoint operator K and any o > 0, we have the following

I(K + o)™ <

Q| =

and
||(K+a[)_1K|| < 1. (2.2)

Proof: [12].
To establish the convergence analysis, the following assumption is required.
Assumption-I: There exist a constant C' > 0 such that,

1F (u1) = F(uz) — K(u1 — u2)|| < Clluy — up ||| K (ug — us) ||, Yy, uz € Bp(ul).

We note that the above Assumption-I differs from the standard assumptions typically used. Similar as-
sumptions have been successfully applied in Newton-type and Landweber methods [5,7,14]. However, to
the best of our knowledge, there has been little research on incorporating this new assumption into the
Lavrentiev method, making this our first attempt in that direction. Moreover, we note that Assumption-I



CONVERGENCE OF A MODIFIED ITERATED LAVRENTIEV SCHEME UNDER WEAKER ASSUMPTIONS 3

is strictly weaker than the conditions used to establish convergence and error estimates in earlier studies
such as [15,16].

The iterative scheme (1.3) was analyzed under the following assumption in [16].
L1 There exist a constant kg > 0 and ¢(x, xg, h) € H satisfying
(F'(z) = F'(0))h = F'(x0)¢(x, x0, h)

with &
r
[¢(z, 20, h)|| < kollR|[[|lz — 2o, V&, h € Bz (20), % <1l

Suppose that assumption L1 holds.Then,

1
||F(U1) — F(Ug) — K(Ul — 'LLQ)” = / F (u1 + t(ul — 'LLQ) — K(u1 — ’LLQ))dt
0
1
< / 1Kl b(asz + (i — wa), o, g — us)dt
0
k‘o?‘
< KT = uol
_ K| kor
= afu —uzf,a="—
< allup —uel| + || K (up — ug)]
a 1
=y — a1 (s = uz) + ).
1K (w1 —uz)]|  Jus — s
for uy # ug and u; — ug ¢ Ker(K). Therefore,
a 1
|F () = Fluz) = K (ur = u2)]| < Cller = ual| [ K (w1 — u2)], € = ( + ).
| K (uy — o)l [Jur — uzl|

Hence the Assumption I is weaker than L1.

For getting the results in more precise way we assume that there is a constant oy > 0 such that | K| < ayp.
Moreover, We adopt the following choice for the regularization parameter aj. Choose the first positive
number N such that

(Co — 1)(51/2
[Juo — u||

(Co — 1)61/2

<ap,0<k<N,¢cg>1, and «a¢>
[[uo — ut|]

AN S (23)
Existence of such ay guaranteed by the fact that limy_, o, ap = 0.
In the following theorem we prove that the iterations in (1.3) well defined V0 < k < N.

Theorem 2.2 Let the assumption I hold and N be chosen as in (2.3). If max{Li1 + 2Cn||luo —

o

u'l], 2Cu|lug — uT||} <1, then

g — ut]l < 2lluo — ], ¥0 < k < . (2.4)

and
Cop
K (u —uh)| < —uf h = co—1 2.5
K (ar — u")|| < nagllug —u'|l,  where n = 2Culug — ] (2.5)
Y0 < k < N. In particular if r > 2|lug — u'||, then iy € B,(u'),0 <k < N.

Proof:
We will prove the result using mathematical induction. The result is trivial when k£ = 0. Suppose that
the result is true for 0 < k < N

g1 = ug+ (K4 o)™ (K (g — ug) + 0 — F(iy))
ﬂk+1 7UT = (K+Oék.[)71 (ﬂ*F(UNk)‘FK(U()*UT)+C¥k(U0*UT)+K(’l~Lk7UO))
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g1 —ul = (K + ap )™ (0 — v+ ag(ug — ul) — (F(ag) — F(ul) — K (i, —ul))

Using assumptions and induction

s —utl < (K +and)™ (5 = o) ||+ (K + D) an(uo — ub)]|
+ (K + D)™ (F(ay) — Fu®) — K (g — )|
6 Cliy, — ul ||| K (g — uf
(a3 (673
— st/ 20 ot ot
ug — U ug — u' ||nag||ug — u
o ol s 2C e o — |
Co—l an
51/2
= |juo —uTH ( + 1) + 2¢n||uo —uT||2
00—1
t ! f
= Jluo —u'|[ { ——= + 1+ 2enfuo — u'||
Co—].
< 2fug — o

Hence by mathematical induction on k,
g — ufl| < 2[luo —uf[,¥ 0<k<N.
Also from (2.6),
K(tgsr —ul) = —K(K+ apl) " (F(ug) — Fuh) — K (@, —u')) — K(K + a D) (v — 0)
+ K (K +apl) ") (ug —ul).
Therefore by assumptions

1K (@sr —uh)| < Clla, — a|[I1K (@ — uh)]| + 6 + arlluo — |
ak51/2

Co—l

< Cllig — ul ||| K (g — o) + luo — || + allug — ull|.

By induction on k, we will get

~ ak51/2
1K (g1 —ul)| < 20magllug — uf|? + Coi_lﬂuo — ul|| + aglug — ul|
1/2
= (2077||u0 —ul| + + 1) aglluo — ul||
Co — 1
t 1 t
< {20n)luo — o' + 1t o — u'f| povk 41
> —
Copt
< 7704k+1|\u0—UT||’77: co—1

1= 2Cffuo — |

Hence
K (@, — u")|| < nollup —ull|,¥ 0<k<N.

Thus from (2.4), for any r > 2|lug — u'||, @x € B,(u'),Vk,0 <k < N.

2.1. A-posteriori stopping rule

We propose the following stopping rule to terminate the iteration:
Let N be the first positive integer satisfying

|F(ag)—o| < 7062, 70 > 1 is a constant.

Choose the stopping index to be the same N as defined in equation (2.3). In the following theorem, we

establish the existence of such a stopping index N.
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Theorem 2.3 Under the hypothesis of Theorem 2.2, we have

| F(in) — || <7062, 70 =1+ 2n(co — 1)8*/2. (2.7)
Proof:
|F(ay) =3l = |F(an)—v—K(iy —u') + K(iy —ul) =0+ 0|
< Cllan —u'|||K (an — ub)|| + nanl|(uo — ul)| + 6
(CO - 1)61/2 T
< i (20| (uo — uM)|| + 1) + 6
H(uo—u*)\l( I +1)
< OY2(A 4 2n(co —1)6Y?), since 20| (uo —ul)| <1
= 7'0(51/2.
Thus,

|F(in) — 9| < 71002, 70 = 14 2n(co — 1)6%/2.

3. Convergence analysis with exact data

In this section we derive the estimates with exact data v.

Lemma 3.1 Let the assumption I hold and N be chosen as in 2.3. Suppose that maX{QC’CHuO -
utl], 2Cu||lug — uT||} <1, then Yk

s = ul || < 2[jug — u'| (3.1)
and
1 (wr = uN)[| < Canfluo — u]), (3.2)
where = m Moreover if r > 2|lug — u'||,u, € B,(u"),¥0 < k < N.
Proof:

We prove the results by using induction on k.
If £ =0, the result is trivial. Suppose that the result is true for 0 < k < N. We have from (1.5),

U1 = o+ (K 4+ ap) N (F(ur) —u— K(up — uo))
upyr —ul = (K +apl)™t (K (uy — ul) + o (ug — u) +v — F(ug)) .
Thus,
U1 —ul = —(K + o)™ (Fug) — F(ul) + K (u, — u')) — (K + o) " (uo — ul). (3.3)

Taking norm on both sides,

upr —ull| < (K +and)™ (Flur) — Fu) + K (up — ub)) || + arl|(K + ar) " (ug — ul)||
C
< ;k|\uk—UT||||K(uk—UT)||+HU0—UTH
< 20¢(|luo — || + 1)[|uo — u|.

By the assumption of the theorem, we will get, ||ugr1 — ul| < 2[jup — u'|.
Hence

lu — || < 2ljuo — ¥, ¥0 < k < N,
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and for any r > 2||lug — ul ||, ux € B,(ul)Vk.
We have from (3.3),
K(uppr —u') = KK+ apd)™? (K (uy — ul) + ap(ug —u') + v — F(uy))
K(K + o)™ (F(ug) — v — K(u, — uT)) + o K (K + ap D) (up — uh)

1K (e =l < Cllug = a?[[|1K (ug, = ul[]) + cgl|uo — ||
< 20| ug — || + naflug — || + agllug — ul|
< (2Cnlluo — ul|| + 1) [lug — ulflay
< (2C¢luo = ull| + 1) [luo — T | pag41
= (20Cu]uo — ul[| + ) [[uo — u[laj41
< Capslluo —uff ¢ = -

1= 2cplluo — |
Thus by induction,
1 (ur — ") < Canlluo — ull],0 < k < N.

Lemma 3.2 Let {0k} be a sequence of positive real numbers such that

Ok+1 < aby + by, where a >0 and by (3.4)

bll:j—l <s,8s>1.Ifsa<1andby < ffoa, then 0 < I‘E’;w{;,

be a sequence of positive real numbers satisfying

Proof:

We prove the result using induction. Clearly the result is true for £ = 0. Assume the result is true for k.
We have,

Op+1 < abp+ by
asby,

< + bi
1—sa

_ sbkp
1—s’

Thus the result follows.
In the following theorem we prove that the iterations defined in (1.5) is well defined.
In the following theorem we prove that the u, — uf as k — oo.

Theorem 3.3 Suppose that assumptions I holds and that max{2C(||ug — u'||,2Cu||ug — u'||} < 1 and
let uCCllug — ul|| < 1, and ug is choosen such that ut —uy € N(K)* then

|ug — ul|| < c1yx, VO < k < N, (3.5)
where Vg = ||Oék(K + ak]')fl(uo — uT)H and ¢ = W. Furthermore as k — o0, Uk — ul.
Proof: We have from (3.3),

Upyr —ul = (K +opD) N F(ur) — F(ul) = K(up —u®) + o (K + D) " (up — ul)
Thus
lurrs —ulll = [I(K + ap D)~ (F(ug) = F(ul) = K (up —u?)|| + [lar(K + ap D)~ (ug — ul)|
C
< —|l(ug = wT || K (ug = )| + 5
a
C
< —agClluo — ul||Jlu — ul || + i
a,
Jurr1 —ul]] o llue =t
WZherl 21 < _ Ll | I,
— < g - el
_qf
Uk — U
< Cfhuo —utpl=l o,

2
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Thus,

_qf
u u
< Cfhug — ut 1l

Huk+1 —UTH

5 + V- (3.6)

Thus (3.6) is of the form

ot
Ok+1 < aby + by, where 01 = w,bk = Yr,a = OCllug — ut||. Now let {E), A > 0} be the
spectral family generated by the operator K. By the spectral theorem of the self-adjoint operator we have

K = [J*I\dE,.
Therefore,
, T Ikl T
K+ ap D) 2(ug —ul) = —————dE\(ug — u).
(K+ad) 2w =) = [ e am =)
Now,
B = llan(K + anl)™ (o — ul)?

= Ozi <(K + ak1)72(u0 - U‘T)auo _ ’LLT>
> Kl o2
< % / kizldE)\(uo—uT),uo—uT
i1 \Jo Aty
< ,qui_H.
Hence by, < pbyy1. In the Lemma 3.2, take s = u. Note that by = || (K + agl) ™! (up — ul)||. Hence,

ao(ug —ub)

b 20RO TR
C T K +aol]
Olo(’(,bo — UT)
- 2
lug — u'||
= —— =40,.
5 0
Therefore,
bop
0y < by < .
O = = CCulluo — |
Hence by Lemma 3.2,
1
ek < ’Ykav’l{:'
1- CCNHUO - UTH
Hence
2u
llug — ul|| < Y& = C17k, VK.
1- CCMHUO - UTH

R(K), there exists some element w € D(F) such that v’ —ug = Kw. Hence,

Since u' —ug € N(K)*

o = anll(K +arl) " (ug —ul)]
(K + o D) K|
agllw]| =0 as k — oo.

IN

Hence by 3.5, up, — u' as k — oo.
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4. Convergence analysis for noisy data

In this section we will prove our main result. First we find the estimate between ||y — uk||.Next we
state the following lemma.

Lemma 4.1 Let {0k} be a sequence of positive real numbers such that

Ok+1 < aby + b,a,b > 0. (4.1)
If a <1 and 6y < b then 6, < %Vk.

1—a’

Proof: [15].

Theorem 4.2 Under the hypothesis of Theorem 2.2 and 5.1 and if Cog||lw]|((+1n) < 1, and ug is chosen
such that ut —ug € N(K)* then,

) 1
U — UE|| < co—,co = 4.2
s = el < et e0 = T e T “2)
Proof:
From (1.3) and (1.5),
g1 — U1 = ug+ (K + o) H(F(dy) — 0 — K (g — uo)) — o
+ (K 4 o D) N F(ug) — v — K (ug — up))
= (K4 o I) N (F(uy) — Fug) — K (g —ug)) + (K + apl) " (v — ).
Now,
- 1 - 5 1)
k1 —ukrall < —Clluik — ugll[[ K (@, — ug) || + —
o Qg
L g o i 5
< —Cllan — ) (15 (i — ) + 15 (g — ) +
g (673
L . L0
< —Cllix — il (@nnlluo - u'll + axClluo - ufll) + —
93 (€73
_ Calltr — u|llu’ — uoll(¢ +n) +6
o
_ Cogllig — ug || Kwll(C+n) +6
QL '
Thus,
aglligt1 —upa| < Caollw||(€ + n)olik — ukl| + 0.
Since ag41 < ap we get,
1|y 1 — upy1 | < Cagllw||(C 4 n)owllir — k|| + 0. (4.3)

Take 01 = api1||ip+1 — upt1l, @ = Cagl|lw]|(¢ + 1), and b = 6. Then (4.3) transforms to the form of
(4.1). Now,

)
< :
— 1= Caollwll(¢ +n)

90 = Oéo”ﬂo —UOH =0

Thus, by lemma (4.1)
5

Caollw||(¢+m)

akl|e — urll < 7—
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Therefore,
1

" 1-Callw|[((+n)

- 0
i — uk| < co—,co
Qg
Next we will prove our main result.

Theorem 4.3 Under the assumptions of Theorem 4.2, the sequence uy converges to the exact solution
ul as § = 0, and the following error estimate holds:

|y —ul| = O(5Y/2). (4.4)
Proof:
lin — uTH < Jlay —un|| + |lun — uT||
025
< < + Cl’YN)
an
1)
< | —+9~v),c3 =max{cy,ca}.
an
Thus
- 1
lan —u'|| <e3 ( +'YN) : (4.5)
an
Now,
1/2 a1
K < pd < po Z|fuo —u'l (4.6)
N QN1 Co — 1
Also vnv = an|[(K +anI) D (ug —ub)|| = an||(K + anyI) ) Kuw| < ay||w|.
By the choice of regularization parameter o,
co — 16V 2 ||lw
v < allw] < L= DIl (47

[Juo — uT||
Substituting (4.6) and (4.7) in (4.5),we get
o <M51/2U0 — G 1)51/2|w||>

co—1 luo — uf|

—quf -1
|| w U C w
Cs( || 0 || (0 )”T H
co—1 luo — ul|]

IN

_ ; )
iy —u'l| < es | — + 7w
ay

)61/2—>0 as d — 0.

Hence @y — u' as k — oo and the estimate
lin —u'|| = O(5"?).

5. Numerical Examples

In this section, we implement the numerical scheme using two different examples. The computations
were performed in MATLAB on a PC equipped with a 2.5 GHz Intel Core i3 processor and 4GB of RAM.

Example 5.1 Consider the following nonlinear integral operator equation defined on H = L?[0,1] [8,9].

1
F(u) = B(u) + (arctanu)® = /0 e~ 1Yy (y)dy + (arctan u)®. (5.1)
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For the data,
1 2
o) =1 sl e St
24 (arctan1)® — e* "t —e™* otherwise

the solution is

0 Lf<gp<?
— 3 =4 >3
u(®) { 1 otherwise.

The Fréchet derivative of F is

, 3(arctan u)?

F(uph = 2GS [ exp(—o = yl)h)ay (52)

To verify assumption there exists ag > 0, from [8,9] we have the result

IPwl<1+ Y 6

Now, we proceed to verify assumption I,

F(u)—F(v) = /0 exp(—|z — y|)(u(y) — v(y))dy + (arctanu)® — (arctan v)>.

By mean value theorem of Fréchet derivative we have,

(arctanu)® — (arctanv)® = ¢1(w)(u — v), c1(w) = W for some w(x).
Thus,
F(u) = F(v) = /0 exp(—|z — y|)(u(y) — v(y))dy + c1(w)(u —v)
= K(u—v)+ (c1(w) —e1(up))(u—v)
[F(u) = F@)| < [[K(u—v)l+[[(c1(w) = e1(uo))(u — v)|
< K (u =)l + [l(er(w) = ex(uo)) [ (w — ).
Thus

IF@w) - Fo) - K@w—o)| < [1F() - F@)| + | K@u— )]
<2 K- v)ll+ (e w) — e (wo )l (u - o).
< 2K (=) + (e (w) — e (o) li(w — 0)]].
= K- o (24 el )
< C|K(u—v)||lu—wv| where,
2 o) — er(wo)|
S T I - s

Thus Assumption I is verified.
Let ug be the initial guess of the exact solution u'. Existence of w such that " — vy = Kw, is as follows.

ul(x) — up(x) = Kw(z) for some w(x) € D(F).
Therefore,

ul(z) —uo(z) = Kuw(z)

_ Blarctanug@)? v e,
_ 2] ( )+/0 (y)dy,



CONVERGENCE OF A MODIFIED ITERATED LAVRENTIEV SCHEME UNDER WEAKER ASSUMPTIONS 11

which can be written by

wia) = —FO@ i) g(a)) -

1+ u}(x) ! —
3(arctan ug(z)) 2 / (y)dy.

3(arctanug(x))? J,

1+ug(x)

For any ug(z) such that arctanug(x) # 0, — S(arcian uo (37

is always a real number. Therefore

1
wla) =gla) + 1 [ ey (5.4

0
is a Fredelhom integral equation of second kind, with g(z) = %(uf(aj) — ug(x)) and A =
_?ﬂwitt;%' For proving existence and uniqueness of solution for (5.4), we use the following theorem

in [1].

Theorem 5.2 An integral equation of the form

f(@) = glz) + A / K(2.9) (),

where K : [a,b] x [a,b] = R and g : (a,b) — R are continuous and if sup,<,<; f; IAK (z,y)| < 1, there
exist a unique solution f : [a,b] = R.

Here we have,

(w,y) = e 77l

K
1 1
sup / |K(z,y)| = sup / eIyl
0 0

0<z<1 a<z<l

T 1
= sup {e*z/ eydy+ex/ e Ydy}
0 T

0<z<1

= sup (2—e T —e"h),
0<a<1

The maximum value of 2 — e™® — 1 is 0.7869, which occurs at = = 0.5. Therefore

1
sup / e_‘z_yldy§0.7869.
0<z<1J0

In our Example 5.1 take ug(z) = 1.23, therefore A = —1.0618,

Therefore, sup,<,<; [. [AK (2,)| < 0.7869 x 1.0618 = 0.83554 < 1.

So there is a unique solution w(z) satisfying (5.4). Hence all assumptions have been verified.

The operator F(u) in (5.1) and F'(u) in (5.2) is discretized by Trapezoidal rule with N=100 points. We
take aig = 1.5. For our analysis, we use 0.1, 0.01,0.001, and 0.001 of data errors. The computational results
are presented in Table 1. The approximate solutions corresponding to data errors of 0.1,0.01,0.001, and
0.0001 are shown in Figures 1, 2, 3, and 4, respectively. Figure 9 illustrates the perturbed data with an
error of 0.01. The error behavior is depicted in Figure 10. These results demonstrate that the proposed
method produces effective computational outcomes.
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Table 1: Computational results for Example 1

] N an luny —ul|| | Expected (O(5'/2))
0.1 ) 0.0024 0.2111 0.3162
0.01 6 0.00048 0.0791 0.1
0.001 7 0.00009 0.0325 0.03162
0.0001 | 9 | 0.0000034 | 0.000056 0.01
Numerical Solution vs Exact Solution Mumerical Salution vs Exact Solution
120 g 12k === Eyact Solution
B LN e 1
08F 0&F
Z 06 § 06}
04 04t
02 02f
of ol
2 01 0.2 03 04 0;5 06 07 08 09 1 e 2El U.‘1 UIE U.‘3 Ellll U.‘E EIIE El.‘? EIIS U.‘B 1
Figure 1: solution when ¢ = 0.1 Figure 2: solution when § = 0.01
Mumerical Solution vs Exact Solution Murmerical Solution vs Exact Solution
I ‘ ‘ ‘ ‘ I__—I Numelrn:a\ Sn‘lutmm ‘ I ‘ I__—‘ Numelrma\ Sn‘\utmn
12k === Eyact Solution 121 === Eyact Solution
1 1
nar nat
Z s Z 0Ep
04F 0.4+
oz o2t
o of
& DI1 D.‘2 D.‘3 D.‘d D.‘S D.IE Dl'r' DIE DIQ 1 VU'ZD D.‘1 DIQ D.‘3 DIA D.‘G DIE D.‘? DIS D.‘Q 1
Figure 3: solution when ¢ = 0.001 Figure 4: solution when ¢ = 0.0001
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Figure 5: Solution when § = 0.1
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Figure 6: Solution when § = 0.01
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Example 5.3

In this example, for the operator (5.1), the exact solution is u(z) = 1. We select the initial guess as ug(z)

1

13

1.4. In this example also we consider data errors of 0.1,0.01, 0.001, and 0.0001. The computational results
are shown in Table 2. The approximate solutions corresponding to these data errors are displayed in
, 6, 7, and 8, respectively. Figure 11 presents the perturbed data with an error of 0.01, while
the error behavior is shown in Figure 12. These results also indicate that the proposed method yields
efficient computational outcomes.

Figures 5

Table 2: Computational results for Example 2

) N an |luy —ul|| | Expected (O(5'/2))
0.1 3 | 0.0121 0.01123 0.3162
0.01 4 0.0011 0.0174 0.1
0.001 4 | 0.0011 0.0171 0.03162
0.0001 | 5 | 0.00098 0.00536 0.01

Mumerical Solution vs Exact Solution

106 T T T T

1041

1021

T T
m [umerical Solution
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0.941
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0

01 02 03 04 05

S

06

07 08 08

Figure 7: Solution when § = 0.001

1

Figure 8:

Numerical Solulion vs Exacl Solulion
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Solution when 6 = 0.0001

1
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Exact data vs Noisy data
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Figure 9: Exact data and noisy data when Figure 10: Error behavior when § = 0.01

6 =10.01
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Figure 11: Exact data and noisy data when

Figure 12: Error behivor when § = 0.01
0 =0.01
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6. Conclusion

In this paper, we examined the potential of the modified Lavrentiev method under a new non-linearity

condition imposed on the operator. Under this assumption, we demonstrated that the scheme converges
to the exact solution as § — 0. Additionally, given appropriate conditions on ug — uf, we derived the
convergence rate of the scheme. Lastly, all theoretical results were validated through numerical examples.
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