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abstract: This paper introduces a robust Block Hybrid Method (BHM) for the direct numerical integration
of second-order nonlinear ordinary differential equations (ODEs), with a particular focus on the generalized
Van der Pol and Duffing equations. By avoiding the common practice of reducing the problem to a larger
first-order system, our method minimizes computational overhead and potential error accumulation. The one-
step, self-starting nature of the block formulation provides solutions at multiple grid points simultaneously,
enhancing computational efficiency over traditional step-by-step methods. We first establish a priori bounds for
the solutions under general conditions to ensure theoretical soundness. The method’s efficacy is then validated
against several well-known nonlinear problems, demonstrating its high order of accuracy and stability. The
results establish the BHM as a highly competitive and reliable alternative for obtaining accurate solutions to
second-order initial value problems in applied science and engineering.

Keywords: Block hybrid method, generalized Van der Pol Equation, Duffing equation, Second-Order
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1. Introduction

Differential equations (DEs) are fundamental to modeling dynamic phenomena across various fields,
including engineering, physics, and biology. While linear DEs are often solvable analytically, many
real-world systems exhibit complex, nonlinear behavior that necessitates the use of numerical methods.
Among the most studied nonlinear DEs are the Van der Pol and Duffing equations, which model systems
with nonlinear damping and restoring forces, respectively. These equations are canonical examples of
self-sustaining oscillations and chaotic dynamics [9] and [10].

A standard approach for solving second-order initial value problems (IVPs) is to first reduce them to
a system of first-order DEs. While effective, this technique increases the dimensionality of the problem,
leading to greater computational cost and potential accumulation of numerical errors. To overcome
these limitations, direct numerical methods that solve second-order IVPs without reduction have gained
significant attention.

The Block Hybrid Method (BHM) has emerged as a particularly powerful direct method [3] and [12].
Unlike traditional linear multistep methods, BHMs are one-step and self-starting, calculating the solution
at several points within a block simultaneously. This parallel computation enhances efficiency and allows
for straightforward implementation of adaptive step-size strategies. The literature contains numerous
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developments and applications of BHMs for various orders of IVPs [4], [14], [15] and [18], demonstrating
their robustness and accuracy.

In this work, we develop and apply a direct BHM for a generalized form of second-order nonlinear
ODEs, encompassing the Van der Pol and Duffing oscillator models. Our primary contributions are
threefold:

1. We establish the theoretical foundation for the generalized problem by proving a priori bounds on
the solution and its derivative under a set of relaxed conditions.

2. We derive a direct BHM for second-order ODEs and integrate it with a Quasi-Linearization Method
(QLM) to effectively handle the nonlinear terms.

3. We demonstrate the method’s superior accuracy, efficiency, and stability through extensive numer-
ical experiments on challenging nonlinear problems, comparing our results with exact solutions and
established methods from the literature.

This paper is organized as follows: Section 2 formulates the generalized problem and states the
necessary assumptions. Section 3 provides the theoretical analysis, establishing a priori estimates for the
solution. Section 4 details the derivation of the direct BHM for second-order IVPs. Section 5 presents
numerical experiments to validate the method, and Section 6 concludes with a summary of our findings.

2. Problem Formulation and Assumptions

We consider the generalized second-order nonlinear Van der Pol type equation of the form:

f1(t)y
′′(t) + f2(t, y)y

′(t) + f3(t, y)y(t) + f4(t, y) = f5(t, y), t ∈ [t0, T ] (2.1)

subject to the initial conditions y(t0) = y0 and y′(t0) = y1.

This general form encapsulates a wide range of important physical models, see the manuscript [6]
for additional information. For instance, by setting f1(t) = 1, f2(t, y) = ε(y2 − 1), f3(t, y) = 1, and
f4(t, y) = 0, we recover the classic forced Van der Pol oscillator. Similarly, the Duffing equation is
obtained with appropriate choices for the functions fi.

For our theoretical analysis to hold, we impose the following conditions on the coefficient functions.

Assumption 2.1 (Properties of f1) The function f1(t) is continuous, differentiable, and strictly pos-
itive. That is, there exist constants c1, C1, C1d > 0 such that for all t ∈ [t0, T ]:

0 < c1 ≤ f1(t) ≤ C1 and |f ′1(t)| ≤ C1d.

Assumption 2.2 (Properties of f2) The function f2(t, y) represents a damping term and is bounded
below by a positive constant c2 > 0:

f2(t, y) ≥ c2 > 0 ∀t ∈ [t0, T ],∀y ∈ R.

Assumption 2.3 (Coercivity of the Restoring Term) The function f3(t, y) acts as a restoring force
and is uniformly positive. That is, there exists a constant c3 > 0 such that:

f3(t, y) ≥ c3 > 0 ∀t ∈ [t0, T ],∀y ∈ R.

Assumption 2.4 (Growth Conditions on f3, f4, f5) The functions f3, f4, and f5 are continuous and
satisfy a linear growth condition. That is, there exist positive constants C3, C4, C5 such that for all
t ∈ [t0, T ] and y ∈ R:

|f3(t, y)| ≤ C3(1 + |y|),
|f4(t, y)| ≤ C4(1 + |y|),
|f5(t, y)| ≤ C5(1 + |y|).

These assumptions are general enough to cover a wide class of physical oscillators while ensuring that
the system is well-behaved, possessing dissipative and restorative properties that prevent solutions from
growing unbounded. Having introduced the necessary assumptions, we can now derive the estimates
required on the solution and its derivative.
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3. A Priori Estimates for the Solution

In this section, we establish a priori bounds for the solution of the generalized problem (2.1). This
theoretical result guarantees that the solution and its derivative remain bounded over the time interval,
which is a prerequisite for the stability of any numerical scheme.

Theorem 3.1 Let y(t) be a solution to Equation (2.1) on the interval [t0, T ]. Under Assumptions 2.1-
2.4, there exists a constant C > 0, which depends on the initial conditions, T , and the constants from the
assumptions, such that the following a priori estimate holds:

sup
t∈[t0,T ]

|y(t)|2 + sup
t∈[t0,T ]

|y′(t)|2 ≤ C.

Proof: The proof proceeds in two main steps. First, we establish a bound on y′(t) using an energy
method, which will depend on an integral involving y(t). Second, we establish a bound on y(t) itself,
thereby closing the estimate. We first deal with the estimate for y′.

Bounding the derivative y′(t).
We multiply Equation (2.1) by y′(t) and integrate from t0 to an arbitrary t ∈ [t0, T ]:∫ t

t0

f1y
′′y′ds+

∫ t

t0

f2(y
′)2ds+

∫ t

t0

f3yy
′ds =

∫ t

t0

(f5 − f4)y
′ds. (3.1)

We estimate each term. For the first term, we use integration by parts:∫ t

t0

f1y
′′y′ds =

∫ t

t0

f1
1

2

d

ds
(y′)2ds =

1

2
f1(t)|y′(t)|2 −

1

2
f1(t0)|y′(t0)|2 −

1

2

∫ t

t0

f ′1(s)|y′(s)|2ds.

Using Assumption 2.2, the second term in (3.1) is dissipative:∫ t

t0

f2(y
′)2ds ≥ c2

∫ t

t0

|y′(s)|2ds.

For the remaining integral terms, we use the growth conditions (Assumption 2.4) and Young’s inequality
(ab ≤ εa2 + 1

4εb
2) for an arbitrary ε > 0:∣∣∣∣∫ t

t0

f3yy
′ds

∣∣∣∣ ≤ ∫ t

t0

C3(1 + |y|)|y′|ds ≤ ε

∫ t

t0

|y′|2ds+ Cε

∫ t

t0

(1 + |y|2)ds.

The term
∫
(f5 − f4)y

′ds is bounded similarly.
Substituting these estimates back into (3.1) and rearranging, we obtain:

c1
2
|y′(t)|2 + c2

∫ t

t0

|y′|2ds ≤C1

2
|y1|2 +

C1d

2

∫ t

t0

|y′|2ds

+ ε

∫ t

t0

|y′|2ds+ Cε

∫ t

t0

(1 + |y|2)ds.

Choosing ε small enough and applying Gronwall’s inequality on the function
∫ t

t0
|y′(s)|2ds, we find that∫ T

t0
|y′(s)|2ds is bounded by a constant that depends on

∫ T

t0
|y(s)|2ds and the initial conditions. This in

turn implies:

sup
t∈[t0,T ]

|y′(t)|2 ≤ C∗
1

(
1 +

∫ T

t0

|y(s)|2ds

)
. (3.2)

Now we deal with the estimate of the solution y(t).
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Estimating the solution y(t).
Next, we multiply Equation (2.1) by y(t) and integrate:∫ t

t0

f1y
′′yds+

∫ t

t0

f2y
′yds+

∫ t

t0

f3y
2ds+

∫ t

t0

f4yds =

∫ t

t0

f5yds.

The key term is the one involving f3. By Assumption 2.3:∫ t

t0

f3y
2ds ≥ c3

∫ t

t0

|y(s)|2ds.

The other terms can be bounded using integration by parts, the previous bound on sup |y′|, and Young’s
inequality. For instance, ∫ t

t0

f1y
′′yds = [f1y

′y]tt0 −
∫ t

t0

(f ′1yy
′ + f1(y

′)2)ds.

The boundary term |f1(t)y′(t)y(t)| can be bounded by ε|y(t)|2+Cε|y′(t)|2. After applying similar bounds
to all other terms and absorbing the integral of |y|2 to the left-hand side, we arrive at an inequality of
the form:

c̃

∫ t

t0

|y|2ds ≤ C∗
2 + ε sup

t∈[t0,T ]

|y(s)|2.

Finally, using the Fundamental Theorem of Calculus, y(t) = y0 +
∫ t

t0
y′(s)ds, and the Cauchy-Schwarz

inequality, we have:

|y(t)|2 ≤ 2|y0|2 + 2(T − t0)

∫ t

t0

|y′(s)|2ds.

Since we established that
∫
|y′|2 is bounded (dependent on

∫
|y|2), we can combine all inequalities. This

forms a closed system of estimates, which implies that both sup |y(t)|2 and sup |y′(t)|2 must be bounded
by a constant C that depends only on initial data and problem parameters.

Thus far, we proved that

sup
t∈[t0,T ]

|y(t)|2 ≤ C,

sup
t∈[t0,T ]

|y′(t)|2 ≤ C.

This achieve the required arguments for this proof.
2

4. Derivation of the Direct Block Hybrid Method

In this section, we derive the BHM for the direct numerical solution of the general second-order IVP:

y′′(t) = G(t, y(t), y′(t)), t ∈ [t0, T ] (4.1)

with initial conditions y(t0) = y0 and y′(t0) = y1.

4.1. Method Formulation

We partition the interval [t0, T ] into subintervals [tn, tn+1] of step size h. Within each subinterval,
we define a set of m + 1 collocation points tn+ρi = tn + ρih, where 0 = ρ0 < ρ1 < · · · < ρm = 1. The
core idea is to approximate the true solution y(t) by a polynomial that collocates with the differential
equation at these points.
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The second derivative y′′(t) is approximated by a Lagrange interpolation polynomial passing through the
collocation points:

y′′(tn + sh) ≈
m∑
j=0

y′′(tn + ρjh)Lj(s) =

m∑
j=0

Gn+ρj
Lj(s), (4.2)

where Gn+ρj = G(tn+ρj , yn+ρj , y
′
n+ρj

) and Lj(s) is the Lagrange basis polynomial:

Lj(s) =

m∏
k=0
k ̸=j

s− ρk
ρj − ρk

.

Integrating Equation (4.2) once with respect to s from 0 to ρi yields an approximation for the first
derivative y′n+ρi

:

y′n+ρi
= y′n + h

m∑
j=0

βijGn+ρj , i = 1, 2, . . . ,m, (4.3)

where the coefficients are given by βij =
∫ ρi

0
Lj(s)ds.

Integrating Equation (4.2) twice yields the formula for the solution yn+ρi :

yn+ρi
= yn + ρihy

′
n + h2

m∑
j=0

αijGn+ρj
, i = 1, 2, . . . ,m, (4.4)

where the coefficients are αij =
∫ ρi

0
(ρi − s)Lj(s)ds.

The coupled system of equations defined by (4.3) and (4.4) forms the BHM. This system simultaneously
solves for the unknown values {yn+ρi , y

′
n+ρi

}mi=1 within the block [tn, tn+1].

4.2. Handling Nonlinearity with the Quasi-Linearization Method

Since the function G(t, y, y′) is generally nonlinear, the resulting system of algebraic equations is also
nonlinear. To solve it efficiently, we employ the Quasi-Linearization Method (QLM). We linearize G
around the previous iteration’s values, denoted by (yr, y

′
r):

G(t, y, y′) ≈ Gr + (y − yr)ϕr + (y′ − y′r)χr, (4.5)

where Gr = G(t, yr, y
′
r), ϕr = ∂G

∂y |(yr,y′
r)
, and χr = ∂G

∂y′ |(yr,y′
r)
. This can be rewritten as:

G(t, y, y′) ≈ ψr + yϕr + y′χr, (4.6)

where ψr = Gr − yrϕr − y′rχr and

ψr = Gr −
∂Gr

∂Xr
Xr −

∂Gr

∂X ′
r

X ′
r,

ϕr =
∂Gr

∂Xr
,

χr =
∂Gr

∂X ′
r

.

Substituting this linearized form into the BHM equations (4.3) and (4.4) results in a linear system of
2m× 2m equations for the unknowns (yn+ρi

, y′n+ρi
) at each iteration of the QLM. In matrix-vector form,

this system can be expressed as: [
A11 A12

A21 A22

] [
Yn

Y′
n

]
=

[
R1

R2

]
, (4.7)

whereYn = [yn+ρ1
, . . . , yn+ρm

]T , Y′
n = [y′n+ρ1

, . . . , y′n+ρm
]T , and the matrices Aij and vectorsRk depend

on the coefficients αij , βij , the step size h, and the known values from the previous time step tn. This
linear system can be solved efficiently at each QLM iteration until convergence is achieved.
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5. Numerical Experiments

In this section, we validate the performance of the direct BHM on several benchmark second-order
nonlinear IVPs. The method was implemented using four collocation points (ρi ∈ {0, 1/4, 3/4, 1}).
For problems without a known exact solution, the numerical solution obtained from MATLAB’s highly
accurate ‘ode45‘ solver with very stringent tolerances is used as a reference.

Example 5.1 (Forced Duffing Equation) We first consider the Duffing equation with a known ana-
lytical solution, previously studied in [18]:

y′′(x) = −y′(x)− y(x)− y(x)2y′(x) + 2 cos(x)− cos3(x), x ∈ [0, 10]

with initial conditions y(0) = 0, y′(0) = 1. The exact solution is y(x) = sin(x).

The above problem was investigated first in the paper [11] and most recently in the work [18]. We obtained
the same result as in [18, p. 537]. Note that this is a particular case of the problem we are dealing with
in this paper. For the block hybrid approach to work, we derive the functions below:

ψr = 2y
′

r − 2yr + 2y2ry
′

r + 2 cos(x)− cos3(x)

ϕr = −(1 + 2yry
′

r)

χr = −(1 + y2r).

Figure 1 shows a perfect agreement between the BHM numerical solution and the exact solution for both
y(x) and y′(x). The error plot in Figure 2 confirms the high accuracy of the method, with the maximum
absolute error remaining on the order of 10−8. The phase portrait further illustrates that the numerical
solution accurately captures the periodic dynamics of the system.

a Solution y(x) vs. exact solution. b Derivative y′(x) vs. exact solution.

Figure 1: Numerical and exact solutions for the Duffing equation (Example 5.1).
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a Absolute error of the numerical solution. b Phase portrait (y′ vs. y).

Figure 2: Error analysis and phase portrait for the Duffing equation (Example 5.1).

Example 5.2 (Custom Nonlinear Oscillator) Next, we consider a highly nonlinear oscillator equa-
tion without a known analytical solution:

y′′(t) = −
(
4

3
+ 3y(t)2

)
− 1

3
y(t)− y(t)3 with y(0) = 0, y′(0) = 0.5.

The approximate functions are:

ψr = −4

3
+ 3y2r + 2y3r ,

ϕr = −(6yr +
1

3
+ 3y2r),

χr = 0.

The results are shown in Figure 3. The BHM solution closely follows the reference solution from ”ode45”.
The phase portrait reveals complex, non-periodic oscillatory behavior, which our method successfully cap-
tures. This example demonstrates the robustness of the BHM in handling equations with strong polynomial
nonlinearities.
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a Numerical solution y(t) vs. reference. b Numerical derivative y′(t) vs. reference.

c Phase portrait (y′ vs. y).

Figure 3: Numerical results for the custom nonlinear oscillator (Example 5.2).

Example 5.3 (Generalized Van der Pol Equation with Damping) We now solve another gener-
alized Van der Pol equation that includes nonlinear damping:

y′′(t) = −
(
4

3
+ 3y(t)2

)
y′(t)− 1

3
y(t)− y(t)3, with y(0) = 0, y′(0) = 0.5.

The approximate functions are:

ψr = −1

3
+ 6y2r + 2y3r ,

ϕr = −(6yr +
1

3
+ 3y2r),

χr = −
(
4

3
+ 3y2r

)
.

Figure 4 illustrates the method’s ability to handle nonlinear damping terms accurately. The solution
exhibits damped oscillations, and the phase portrait shows the trajectory spiraling towards a stable fixed
point at the origin. The BHM solution is visually indistinguishable from the reference solution, confirming
its reliability for this class of problems.
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a Numerical solution y(t) vs. reference. b Numerical derivative y′(t) vs. reference.

c Phase portrait (y′ vs. y).

Figure 4: Numerical results for the generalized Van der Pol equation (Example 5.3).

In this case we compare our results with the work in [13, Example 7.2 on page 11] of analytical and
numerical solutions in the paper from [13].

We must emphasize that the work in this manuscript generalizes to some extend most results that can
be found in the papers [1], [6], [7], [17], [16], [18], [?] and [8]. In all cases, the proposed Block
Hybrid numerical Method converges much faster and it is more efficient. The obtained error for the given
solutions are sufficiently small enough to validate the accuracy.

Example 5.4 In order to solve the below (Example 5.5 ) IVP, we first solve the homogeneous case of
the generalized IVP:

d2y

dt2
+ α(y2 − 1)

dy

dt
+ y = 0, with y(0) = 0 and y′(0) = 2.

The exact solutions is given by: y(t) = 2 sin(t) and the approximate functions:

ψr = 2αy2ry
′

r,

ϕr = −2αyry
′

r − 1,

χr = −α(y2r − 1).
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a ε = 1.02: Resonance curves, ω = 1, n = 0. b ε = 10: Comparison of y′ and its BHM derivative.

c ε = 10: Error estimation

Figure 5: Numerical results for the generalized Van der Pol equation (Example 5.4).

Example 5.5 We consider the differential equation in this example

d2y

dt2
+ α(y2 − 1)

dy

dt
+ y = F (t)

where F (t) = Ω0 cos(ωt) the ε > 0 and Ω0 is the amplitude. This problem is supplemented with the initial
conditions y(0) = 2 and y′(0) = 0. And the exact solution is given by: y(t) = 2 cos(ωt).

We can now derive the following functions for the Block Hybrid approximation:

ψr = Gr − yr
dGr

dyr
− y

′

r

dGr

dy′
r

= 2αy2ry
′

r +Ω0 cos(ωt),

ϕr =
dGr

dyr
= −2αyry

′

r − 1,

χr =
dGr

dy′
r

= α(1− y2r).

In this particular case we take different values for the parameter α := 0.1
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Figure 6: Numerical approximation with α := 0.1

For α = 1 we obtain the figure below which shows that our method even performs much better than
the results in [8].

For the case α = 0.01 we obtain the figure below which shows that our method even performs much
better than the results in [8].
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For α ≡ 1 we notice that our result matches the same result of Figure (a) in the paper [19] as it can be
seen in the figure below.

Note that for α = 10, we reach the period much faster that the result obtained in Figure (b) in the paper
[8] and [19], as well as the result in [6]. It is worth noticing that as in [6], we only needed a time t = 50 as
compared to the result in [8] and [19] which required t = 120 a much more bigger than the double interval.

This literally confirm that the BHM converges faster to the exact solution than any other method.

Note for α ≡ 100 and α ≡ 200 we obtain the results in the figure below which match the results in Figures
(c) and (d) of [3] and [6]. Our results converges faster since our interval is much smaller as compared
to the interval used in [3], and [6].

As for the derivatives we also got the same results for different values of α = 1, 10, 100, 200.

Note that for ε = 100 and ε = 200 we practically get the same result in the figure below. It is worth noting
that the interval of convergence for the BHM is sufficiently small as compared to the other methods.

Example 5.6
d2y

dt2
− α(1− y2)

dy

dt
+ ω2

1y = ω2
1E sin(nω1t)

with ε = α
ω1

≫ 1 for n = 3, the exact solution y(t) = 2 cos(ω1t) and E = 2ε.

For the Hybrid scheme, we derive the following functions:

ψr = Gr − yr
dGr

dyr
− y

′

r

dGr

dy′
r

= 2αy2ry
′

r + ω2
1E sin(nω1t)

ϕr =
dGr

dyr
= −2αyry

′

r − ω2
1 ,

χr =
dGr

dy′
r

= α(1− y2r).
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Example 5.7 We further consider the nonlinear singular initial value problem of the form

d2y

dt2
= −cos t

sin t

dy

dt
+ αy − 2β cos t (5.1)

subjected to the initial conditions y(0) = 1 and y′(0) = 0.

We observe that this is a very interesting problem because it involves a singular initial value problem.
Namely, the coefficient term cos(t)/ sin(t) (or cot(t)) is undefined at the initial time t = 0, which makes
this a challenging case for standard numerical solvers. In order for us to directly address this issue, we
tackle the key points: handling the singularity at t = 0 as well as finding the exact solution for verification.
To handle the singularity, we note that a direct evaluation of the RHS of (5.1) at t = 0 will result in
a division by zero error. However, this is a removable singularity which can be easily addressed using
l’Hospital rules. To find the exact solution, we forced the problem to admit an exact solution by carefully
choosing the parameters α and β. Using the guessing techniques, if we set y(t) = cos(t), then y(0) = 1,
y′(0) = 0 (matching the initial conditions). Then we observe that y′ = −sin(t), and y′′ = −cos(t).
Substituting this into the problem (5.1) gives:

− cos(t) = −(cos(t)/ sin(t)) ∗ (− sin(t)) + α cos(t)− 2β cos(t),

− cos(t) = cos(t) + (α− 2β) cos(t)

This holds if -1 = 1 + α - 2 β, which simplifies to the condition: α− 2β = −2.

In order for us to create a valid test case, we choose parameters that satisfy this condition, for example,
α = 2 and α = 2. This makes y(t) = cos(t) the true exact solution, allowing for a precise error analysis
of our BHM solver.

We need to emphasis that, as we astutely noted, this exact solution only works for the aforementioned
special case imposed on the parameters α and β. For the general problem, we need to rely on the numer-
ical comparative approach to approximate the solution. This tells us that more importantly, for a general
choice of α and β, there is no simple analytical solution.
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The approximating functions are given by

ψr = Gr − yr
dGr

dyr
− y

′

r

dGr

dy′
= −2β cos(t),

ϕr =
dGr

dyr
= α,

χr =
dGr

dy′
r

= −cos t

sin t
.

The figure below provides a clean and direct assessment of our BH method’s accuracy for this singular
IVP. We observe that the exact solution and the BHM approximation matches each other initially until
certain time t = 18 before drifting apart.

Due to the above observation, for any other choice of the parameters α and β, our singular IVP does
not have a solution. This is why for the general case, we must compare against a numerical reference
like ”ode45”. It is noteworthy to mention that our singular IVP cannot be solved using the well-known,
ADM nor its modified version nor the Runger Kuta scheme. In order to implement the ADM, it becomes
non-trivial for this singular challenging IVP, to use it, it would requires symbolic integration techniques.
In the figure below, we obtained the plots showing the BHM solution compared with the reference solution
obtained from ”ode45” as well as the absolute error between them.
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Example 5.8

d2y

dt
− α(1− y2) = ω2

1E sin(nω1t)

with ε = α
ω1

≫ 1 for n = 3, the exact solution y(t) = 2 cos(ω1t) and E = 2ε. The approximating functions
are given by:

ψr = Gr − yr
dGr

dyr
− y

′

r

dGr

dy′
r

= α(1 + y2r) + ω2
1E sin(nω1t)

ϕr =
dGr

dyr
= −2αyr,

χr =
dGr

dy′
r

= 0.

We take α≫ 1, we observe that
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a α = 1.02: Resonance curves, E = 2α, ω = 0.5546,
n = 3

b α = 1.02: Error estimation, E = 2α, ω = 0.5546,
n = 1

c α = 1.02: Solution y(t) vs BHM, E = 2α, ω = 0.5546,
n = 3

d α = 1.02: Derivative y′ vs t, E = 2α, ω = 0.5546,
n = 3

e α = 1.02: Error estimation, E = 2α, ω = 0.5546,
n = 3

Figure 7: Numerical results for the generalized Van der Pol equation (Example 5.12), showing system
dynamics and error analysis under different conditions.
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6. Conclusion

In this paper, we have successfully developed and implemented a direct Block Hybrid Method for
solving a general class of second-order nonlinear initial value problems, including the canonical Van der
Pol and Duffing oscillator equations.

The key strengths of our approach are its ability to solve second-order ODEs directly without increas-
ing the system’s dimensionality and its block-based formulation that enhances computational efficiency.
The theoretical analysis provided a priori estimates, ensuring the boundedness of the solutions under
general conditions and giving a solid mathematical foundation to the numerical scheme.

The numerical experiments demonstrated the method’s high accuracy and robustness. For problems
with known analytical solutions, the BHM produced results with very small errors. For highly nonlinear
problems without exact solutions, our method’s results were in excellent agreement with those from a
high-precision reference solver. The method proved capable of accurately capturing diverse dynamical
behaviors, from simple periodic oscillations to complex damped and nonlinear dynamics.

Based on these findings, we conclude that the direct Block Hybrid Method, combined with the Quasi-
Linearization Method, is an efficient, accurate, and reliable tool for the numerical integration of second-
order nonlinear differential equations. It stands as a powerful alternative to traditional methods and is
well-suited for a wide range of applications in science and engineering.
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