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ABSTRACT: In this research, we investigate significant inequalities related to trigonometric and hyperbolic
functions. We introduce new definitions of trigonometric and hyperbolic sinc and tanc functions grounded in
the Mittag-Leffler function framework. Building on these, we establish several important inequalities involving
the nested function Hj;. Additionally, we provide a solution to a previously open problem in this area,
contributing novel insights to the theory of special functions and inequalities.
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1. Introduction

In recent years, inequalities involving trigonometric and hyperbolic functions have garnered consid-
erable attention due to their wide-ranging applications in mathematical analysis, differential equations,
and approximation theory. Among these, inequalities related to the sinc function (also known as the sine
cardinal or sampling function) and the tanc function have emerged as significant topics of study. These
functions have been the subject of numerous investigations, leading to various refinements and general-
izations of classical results such as Wilker’s and Huygens-type inequalities [14,18,22] and [25,26,27,28,29].

This study is structured into two main sections. In the first section, we revisit the classical Wilker
and Huygens inequalities, along with several of their generalizations [6,8,17,16]. We then introduce a
novel class of trigonometric and hyperbolic functions defined via Mittag-Leffler-type kernels, leading to
the so-called nested functions Tpj(x) and H,;(z). These generalizations are inspired by fractional calculus
and provide a powerful framework for constructing new analytic inequalities [1,2,20,24].

In this work, we define new versions of the sinc and tanc functions based on the nested structures
of T,; and Hp;. Then, we establish several inequalities involving these generalized forms. Section 2
is devoted to further analysis of these inequalities, focusing on nested function H,; and prove various
results. We also address an open problem highlighted in [4], contributing a new result to this growing
body of literature.

For additional background on Mittag-Leffler functions and related developments in the theory of
trigonometric and hyperbolic inequalities (including refinements of the Wilker and Huygens-type in-
equalities) readers may refer to [2,3,5,9,12,19] and [23].

We begin this section by stating the following inequalities, which lay the foundation for the forthcoming
analysis:

Lemma 1.1 [20] For each x # 0 the following inequalities hold:

tanh
an (3:)<
x

T,
pl(z) >
x
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Theorem 1.1 [20] For each x # 0 and n > 1 the following inequality holds:

(sinh(x))" N n tanh(z) nt 2

T 2 T 2

(sm a:) > cosh x.
T

The Wilker’s-Anglesio inequality is given as (see [22], [25]).

inhz\> tanh
Sy + anh e > 2+§aj3 tanh z.
T T 45

Lemma 1.2 [28] Let = > 0, then

holds if and only if n > 3.

Theorem 1.2 [22] Forz > 0, we have

5 sinhz tanhxz

>3+ %x3 tanh z.
Lemma 1.3 Let x and y be positive real numbers. Then,
i. (Mitrinovic et al. [14]) For u € [0,1],
pa+ (1 —p) > aty'=h,
it. (Issa and Ibrahimov [9]) For x >y and p € [3,1],
pr+ (1 —p)y =z Myt + 2u—1) (x —y) > aty' "
iti. (Issa and Ibrahimov [9]) For x >y and p € [3, 3],

(z—y)

M + (1 — /_j/)y > .’Ifﬂ_%y%_# + T 2 m/l.yl—'u,-

Definition 1.1 [11], [12] The sinc and tanc functions are defined as follows:

. _ sin z ,2#0 B tanzz#()
sincz = | 12_0 , tanc z = { P20
sinhc z = {%’Z#O tanhe z = { tanzhzvz?éo
: Lz=0 " ~ Lz=0.

Definition 1.2 [1],[19] H and T nested functions T, ;,Hy, ; : R =R, j=0,1,2,--- ,p—1, peN, are
defined as follows:

tp J tPntd
E n+ o Hpj(t)ZE:(nJr-)l'
n=0 p ‘7 n=0 p 1)

Definition 1.3 [20] The functions ptan; j , ptanh; ; :R =R, 4,5 =0,1,2,--- ,p—1, pe N,i # j are
defined as follows:

Tpi(t) Hpi(t)
tan; j(t) = 2=, ,tanh; ()= 2
? ! Thj (t) g ’ Hpj(t)
For example, fori =1 and j =0, we get
T (1) Hp (1)
t ) = 2 tanh o(t) = =2
ptant of?) Tpot) * anhy o(¢) Hpo(t)
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Definition 1.4 We define ytanhc; o(z) as follows:

p tan; o(x)
ptanhc; o(x) = { o T #0

For example, for i =1, we have

tanhc; o(x)
e ) 1 D 0

Lemma 1.4 [20] For each x # 0, the following inequalities hold:

Hy;

& > 1,4=0,1,2,--- ,p—1,
xZ

Hpo(m) > 1.

And

tanhc;
M < 1 ,i=0,1,2,---,p—1,
xZ
ptanh; o(z) < 1,i=0,1,2---,p—1
xl ) ) ) ) ) N

Lemma 1.5 [20] For each x # 0, the following inequalities are valid:

ptanhs o(z) o(@) <1 and Lpl(x) > 1.
x x
Lemma 1.6 [20] For each x # 0, the following inequalities hold:

Hiy ()

(

If we put p = 2, then, we obtain the following corollary.

P> Hyo(z), for p>2,,i=0,1,2,--- ,p—1.

Corollary 1.1 For each x # 0, the following inequality is valid.

inh
(%)3 > cosh(z).

Lemma 1.7 [20] For each x # 0, the following inequality holds.

(M)p+ >Hp0(gj)’ fOT p227 ) 1:071727"' 7p71
x
Lemma 1.8 [20] For each z # 0, the following inequality holds.

, (Hpi(x)) . ptanhz o(z)

>p+1 (x #£0)

Lemma 1.9 [28] Let x > 0, then

sinhz\" n
> cosh” z,
x

holds if and only if m > 3n.

Proof. By Corollary 1.1, we have

b\ ?
(sm x) > cosh x.
T

sinhz\ "™ sinhz\*" n
> > cosh” x.
x x

So,
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Lemma 1.10 Let z > 0, then the following inequalities hold.

20ty o)y ps() > {0y ola) — 1)

mpn 1

2H, o(z)H, p_1(x) > pz

Proof. We prove the second inequality. By expanding the left hand side product, we have

Hy, o(2)Hp p-1( prn IZ (pm)!(p(n —m) — 1)’

Hence, to prove the inequality
P 1

2H, o(2)Hp p-1(z >pZ

it suffices to prove that for each n > 1, the following inequaliy holds:

n—1 1 »

22 Gl —m) =T ot

Since (pm)!(p(n —m) —1)! < (pn)!, each term of this series exceeds ( . As, there are n such terms,
so we get that

1 n
2 o —m) =11~ Gt

Hence, we obtain

= 1 2n D
N e s e h

for all n satisfying 2n > p. The cases where n is small can be proved directly.
Cosequently, summing over n shows that the inequality holds for all > 0.
Similarly, we can prove the first inequality.

2. More inequalities and answer to an open problem

In this section, we first consider several important algebraic inequalities, which we then use to prove
new inequalities involving trigonometric and hyperbolic functions. Subsequently, we study further in-
equalities related to the new sinc and tanc functions defined through the nested functions 7},; and H,;.
Additionally, the authors present various inequalities that provide bounds for sums involving these two
new hyperbolic sinc and tanc functions. Finally, an open problem posed in [11,12] is addressed and
resolved.

Lemma 2.1 For real variables a and b with b # 0, b# +3 3, and such that

4b% —2b—1
W 20, that is, be (—OO,—l) U (_\/54—17 %) U (@, OO)

Then, the following inequality holds:

, 4 —2b—1 2b a2 — 26— 1\°
-+ > —_—
2b = A1
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Proof. Let 2 )
40 —2b—1
Y= —F—,
2b
where b # 0, i%.
We aim to prove the following inequality:
2 2
a“+Y > m(a + Y) .

After rearranging, we consider the following difference:

, 2

Y)2+Y.
mE oty
By expanding and simplifying, this expression equals to the following expression:

(4b% — 2b — 1)(1 — a)?
42— 1 ‘

Since (1 — a)? > 0, the right-hand side is nonnegative whenever we have

4% —2b— 1 -0
a2 -1 =7
and the denominator 4b> — 1 # 0, which holds according to the given restrictions on b.
Thus, we get

2 AP -2-1_ 2 -1 ?
“ 2% a2 —1\" 2 '

Hence, the proof is completed.
By Lemma 2.1, we have the following corollaries.

Corollary 2.1 For real variables a, b # 0, %, _71 and x # 0, following inequalities hold.

4b% —2b — 1 2b 4b% —2b — 1
cosh? z + 5% > T 1(Coshx+ T)Q,
4p* — 2b — 1 2b 31
H2 > Hyx+ =)
T = o)
Corollary 2.2 For real variable x # 0, following inequalities hold.
11 4 11
costh—i—I > 1—5(coshx—|—z)2 [11],
11 4 11
2 2
ot =2 gyt )

Corollary 2.3 For real variable x # 0, following inequalities hold.

55 8 47
cosh2x+§ > @(coshx—i— §)27
55 8 55
H2‘ e > -~ ; “YN\2
vitt g 2 g+ gg)

Corollary 2.4 For real variable x # 0, following inequalities hold.
31 6 31

cosh? x + 5 > 37 (coshz + r )2,
31 31 31
2 2
H, ix+—6 > —37(H,, ix—|——6) .
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Lemma 2.2 For x # 0, the following inequalities hold.
sinh(2z) . 2sinh(x)

2 + cosh?(z) > 1+ 2cosh(z)

2z
inh(2 inh 11
2 + cosh?(z) sinh(2z) e (z) + —a3tanhz.
2z T 60

Proof. To prove S2022) | 9smh(@) - 4 1 9 cosh(z)), we have

sinh(2z) . 2sinh(av)
2x T
0 22n 2n 2n 0 22n 2n 2n

Zm* Zm - 3+7Z 2+ 1)! g 2+ 1)

n=0
22n + 2 x2n
2 -
3+§: CE Ty Z;@),

n=1

= 14 2cosh(x).

inh(2z inh(z
And for ( 2 + cosh®(z) > ® 2:(6 ) 428 m( 3

> 22n 2n & (22n_’_1)$2n
=8
S e S e
TR o= TS D SO
= (2n)! = (2n)! = (2n)!
&
e 2n X 92n
x 9 2" —dn -1 ,,
Ny s~ 0
(222(2n)ﬂ 2;; Qnyr © 7
—
> $2n e 1 > 2271 2n
0
S G + Ll ~ oy Z eI
n=1 n=1 n=1

Theorem 2.1 (theorem 2,[11] ). For x € R and n > 2, we have

4 11 3 _ sinh(2x)
ht 2_Z
cosht + 1 —) 1 > o

2
15( +

> 14 2cosh(z —l—Zbkx

sinh(x)
x
where by, 7((%%4)]6, for k> 2.

Lemma 2.3 For x # 0, following inequality holds.

Hy 1 (pz) +pHp 1()
p T

> 1+ pH, 0(.73)

+Hp o(2) >

) <0n>2)

Proof. (Simple proof). Note that ( (pnirl)l — (p+1§(pn)!

ppnxpn

s B > pzm
nZ:(pn+1 pz pn+1 B 1+p+z pz pn+1
zPn

oo
B (pP" + xpn
- e SO S

n=1

a:p"

Pm

= 1+p§ ——— =1+ pHpyo(z).
|
“— (pn)!




ADVANCES IN TRIGONOMETRIC AND HYPERBOLIC INEQUALITIES

Theorem 2.2 For xz € R and n > 2, following inequality is valid.

2 4p? —2p —1 2p> —2p—1 _ H,1(pz Hy,q(z
LT Sk kS k) Ik p1(p)+p p1(z)
4p? — 1 2p 2p px
m
> 1+ pH, o(z) + Zbkx”k,
where, by, :% for k> p.
Proof.
H H
p;ipff)w p;( )—1—pHpo Zbkxpk

PP P >

- aPm (P —p*k)
B Z (pn+1)! pz pn+ pz z;g (pk)! "

_ P —0*k) o~ (p”’“fpzk)xp
- Z T ,; o

_ (p"* —p?k) ,
= Z Ww k> 0.

Hence, we get
Hyp (px)
px

le( ) k
> 1 H E bra?
+p - +p pO + kT

Thus, the left-hand side inequality is proved.
For the other side, we have

Hp1 (px) +pHp1($) _ 2217
px T 4p? —

2_2p—1

2
2p )
(pn +1)! tp (pn +1)! 4p? -1 = (o)l 4p? - k—p (pk)!
= — Z akxpk < 07
n=3

_ (2P —2p—1)k—p+p"* P (p*k—(2p°—3p—1))
(pE+1)".
Hence, the inequality of the right-hand side is proved.

2p? —2p—1
2p

4p

1(Hp1t +

Qg

Lemma 2.4 For x # 0, following inequality holds.

H H
p1(p) ¥p p1(z)
px T

> 1+ pHpo(z).

Proof. We have

oo oo
ppn P xpn ppn :L,pn xpn
= 1+p+
nz;)(pn+1 pz (pn+1 P ;( pz (pn+1
o o
(ppn—l + 1)xpn bn
= p+1l+p >p+1+p
,; (pn +1)! ; (pn)!
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Lemma 2.5 For x # 0, following inequalities are valid.

T v 2 2 VG
pHm(l‘)‘FI_‘[ml(x) > p+ 1.

Proof. It can be prove by direct calculations.

Lemma 2.6 For x # 0, following inequality is valid.

1 3 z cosh(x) 1 x 3
— > cosh? .
4 cosh?(x) * 4 sinh(x) o8 (x)(sinhx)4
Proof. We set a, b as follows:
1 x cosh(x)
a=——5—>0, b=—F=>0, forxz#0.
cosh?(x) sinh(z) 7

Note that both a and b are positive for all  # 0.
By the weighted arithmetic mean—geometric mean (AM-GM) inequality, for weights o = 7 and 8 =
with a + 8 = 1, we have
aa+ Bb > a“b?,

and the equality is valid if and only if a = b.
By substituting a and b, we get

4005112(@ + ixs(llz;};g) > <coshl2(x)>i (Isfz;}(lg))z |

This inequality can be rewritten as follows:

1 3 z cosh(z) 11 3 x :
— > h™ 22 . h4 P .
deosh2(z) T4 smh(z) — () - cosh () (Sinh(x))
Since (ng(x)) '~ cosh™? (z), we can simplify the right-hand side as follows:

x cosh(z)

o5 (0)- (SN o) -comio)- () = ot ()

Thus, we obtain

3
1 3 2 cosh(x) 1 x 3
e > - .
Teos2(z) T4 smh(@) = O (@) (mh@;))

To prove the strict inequality for = # 0, we see that equality holds when a = b. This means the

equality holds when we have
1 x cosh(x)

cosh?(z)  sinh(z)
However, by considering the behavior near zero and for other values of z, it can be seen that the
inequality is strict for all x # 0.
This completes the proof.

Lemma 2.7 For x # 0, following inequality holds.

1 (p+1) xHpyo(z) 1 T | et
(P+2)Hy(x)  p+2 Hp(x) '
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Proof. We have

1 . 4 (p+1) zHpo(x) > pl )p% xHpo(x) ptl
(p+2)Hy(z)  p+2 Hpf(x) Hiyo () Hp ()
= p+l x ptl
= (Hpo(x))7¥2 (Hpo(x)) 72 ( )r
p1(z)
1 X p+1
(Hyo(@) ™ (57 )
Theorem 2.3 Fort € (0,00), following inequality holds.
1 p+1 H 1t 1 _1 H 1t p+l
——HYt > P2 (2 ) e
p+2 P9 +p+2xH,,0t (Hpot) ( x )
Proof. We have,
1 p+1 Hp 1 Hpit e H it 1
—— _HP¢ HP +)p+2 p p+2 — P p p+1y 533
p+2 7 +p+2:ch0t > (Hyt) (prgt) ( pO)(a:Hot) )
1 1 Hpit e+
= ((HP t)(—— Ptz (2P0
() (™7 (22
- () Hptyesy
Hpot T
Theorem 2.4 For xz # 0 and ¢ > p > 2, following inequality is valid.
Hyi(gx Hy(z
pl(q )_,_q pl( ) >1_’_qu0($)
qx x
Proof. By using % > % ),,n > 1, we have
qpn 1 e qpnflxpn > pn
= l4+q+» —+
z:: (pn+1)! qz pn+ 1 nz::l(pn—l—l)' q;(pn—&-l)'
= (@Pr 24 )Pt 1 P
= l+4+q+ S g+
T 1) I L ()]
oo g
= 1—|—qz ' 1+ gHpo(x)
“— (pn)

By Theorem 2.4 we have the following corollary.

Corollary 2.5 For x # 0 and q > 2, following inequality is valid.

. h 3 h
sinh(gz) g @) 14 qcosh(z).
qx z

Remark 2.1 By Corollary 2.5, we provided an answer to the open problem (part (iv), inequality
(1.6)) mentioned in the paper [11].

Theorem 2.5 For x # 0 and p > 3, the following inequality holds.

H, i(px) by H, i(z)
(px)? '

+7_1Hp ifl(l'), Z:1,7p—2
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Proof. Note that pP"~* +1>p+i,p>3,,i=1,...,p — 2. Thus, we have

> ppnxpn ppnxpn 0
=1
Z(pn—i—z 7 Z pn—i—z 7 +Z (pn +1)! Z:: (pn + 1)
(" +p')x P
= 1 > 1
P+ Jrz (pn +1) P +pzpn+i—1)!

n=1 n=1

pn

1 15 —— =1+ HZ,
TP = (pn+i—1)! gi-177F ().

By selecting p = 2 and i = 1, we have the following corollary that presents a Wilker-type inequality
for the nested function H,;.

Corollary 2.6 For x # 0, the following inequality holds:

Hy1(2 H. 2'H.
21( $)+2 21($)>1Jr 20(z)
2z x 20
As we know,
oo t2n+1 S
Hyq(t) = =sinh(t) and Hao(t Z = cosh(t).

Thus, this inequality equivalently, can be written as the following inequality:

sinh(2x)
2x

sinh(x)

+2 > 1+ 2cosh(z).

Remark 2.2 For all z > 0, the inequality of Corollary 2.6, equivalently can be written as the following
inequality:

sinh x

(coshz +2) > 1+ 2coshz.
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