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On Common Fixed Point Theorems in S-multiplicative Metric Spaces
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ABSTRACT: In this paper, we study the existence and uniqueness of a common fixed point for two weakly
compatible self-maps that satisfy different contractive conditions in S-multiplicative metric spaces. We also
provide an example to support the results.
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1. Introduction

Fréchet [7] introduced the concept of a metric space. Banach [4] has shown the existence of a fixed
point for contraction mapping in metric space. It has wide applications in the existence and uniqueness
of solutions of differential equations under certain conditions. Since then, metric spaces have become
central to functional analysis, topology, and nonlinear analysis, enabling significant contributions to both
mathematical theory and its applications.

Many researchers generalized metric spaces in various angles namely G-metric spaces, b-metric spaces,
p-metric or extended b metric spaces, quasi-metric spaces, S,-metric spaces, parametric metric spaces( see
[11], [6],[12], [14], [10], [8]). Sedghi et al. [13] introduced S-metric spaces by replacing the standard two-
variable distance with a three-variable function S(z,y, z). This generalization provides a richer framework
for studying fixed points, convergence, and continuity.

Bashirov et al. [5] introduced the multiplicative metric space. Instead of using additive distances, it
describes relationships with multiplicative inequalities, making it ideal for systems involving ratios, pro-
portions, or exponential growth. Recently, Adewale et al. [3] introduced the concept of S-multiplicative
metric space, which combines the multiplicative structure with the triple variable nature of S-metrics.
This combined structure expands both frameworks and opens up new possibilities for research. In this
paper, we will prove some common fixed point theorems in S-multiplicative metric spaces.

2. Preliminaries
Frechet [7] defined metric spaces as follows:

Definition 2.1 [7] Let X be a non-empty set. A function d: X x X — R is said to be metric on X,
if it satisfies the following properties:

i) d(z,y) >0 for all x,y € X;

(ii) d(z,y) =0 if and only if x = y for all z,y € X;
) d( y) —d(y,fﬁ), Vl’;yeX§

(iv) d(z,y) < d(z,2) +d(2,y), Vo,y,z € X.
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The pair (X, d) is called a metric space.
The concept of S-metric spaces was introduced by Sedghi et al. [13] as follows:

Definition 2.2 [13] Let X be a non empty set and S : X x X x X — [0,00) be a mapping satisfying
following properties:

(i) S(z,y,2) =0if and only if x = y = z;
(ii) S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z,2,a), Va,z,y,z € X (rectangle inequality).

Then (X, S) is called a S-metric space.
Bashirov et al. [5] introduced the concept of multiplicative metric spaces as follows:

Definition 2.3 [5] Let X be a nonempty set, and let d : X x X — [0, 00) be a function satisfying the
following properties:

(i) d(z,y) > 1for all z,y € X;

(ii) d(z,y) =1ifand only if z =y , for all z,y € X ;
(iii) d(z,y) =d(y,x) for all z,y € X ;

(iv) d(z,y) < d(z,z) d(z,y) for all z,y,z € X.

Then d is called multiplicative metric on X and (X,d) is called a multiplicative metric space.

By taking the logarithm of property (iv), the structure of a multiplicative metric space becomes

equivalent to that of a standard metric space.

The notion of an S-multiplicative metric space was initially defined by Adewale et al. [3] in the
following way:

Definition 2.4 [3] Let X be a nonempty set and S : X x X x X — R*, a function satisfying the
following properties:

(i) S(z,y,2) >

(i) S(z,y,z )—11fandonly1faj—y—z

(iii) S(x,y,2) < S(z,2,a) S(y,y,a) S(z,z,a), for all z,y,2,a € X.
Then, (X, S) is called a S-multiplicative metric space.

Example 2.1 [3] Let X = Z and define S: X x X x X — R* by:

— 1 if r=y=z
S(z,y,z)=<{" ’
(2,9,2) {e’“‘y“‘z, otherwise.

Then (X, S) is a S-multiplicative metric space.

Example 2.2 [3] Let X = Z and define S: X x X x X — R* by:

5( ) 1, if x=y=uz%
‘/'U’ 7Z = .
Y e’ otherwise.

Then (X, S) is a S-multiplicative metric space.

Example 2.3 [3] Let X = NU {0} and define S: X x X x X — RT by:

I

TYZ, otherwise.

Then (X, S) is a S-multiplicative metric space.
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Example 2.4 Let X = [1,00), and define the function S : X x X x X — R* by

S(‘r7yﬂz) :max{x5y7y7z7x7z} .

Then, (X,S) is S-multiplicative metric space.
Proof: Let X =[1,00) and z,y,z € X.

(i) Then all fractions —, =, =, —, —, — are positive real numbers. Therefore, we have
Yy x

Therefore,

(i) If x = y = 2, then S(z,y, 2) = max{1,1,1,1,1,1} = 1. Conversely, if

S(z,y,2) =
max{m7y,y7z, f, Z} = 1, which further implies that r_Yy_Yy_z_T_Z
yx' 2y 2z x B y T z Yy z
we must have x =y = z. Hence, S(z,y,2z) =1 if and only if . = y = z.
(iii) Now to prove S(z,y,2) < S(x,z,a) S(y,y,a) S(z,z,a), for z,y,z € X, we have,
S(x,x,a):max{l,f,g}:max{f,g}.
a’ x a’ x
Similarly,
S’(y,y,a):max{y,a} and S(z,z,a):max{i,g}
a’y a’ z
Also, we have,
x a a a vy
f=f~f<max{f, } maxq§ —, = ¢,
Y a y a Yy a
Yy oy a {y a} a x
=== < max{ =, — max{f,f},
T a a’y x a
and
x T a a z
= — gmax{f,f}-max{f,f}
z a a’ x z a
Therefore,
— T a z a — _ _
S(CE,y,Z) S max{fa } max{ya} maX{faf} = S(xax7a) S(y,y,(l) S(Z,Z,Q).
a’ x a’y a’ z

Hence, (X, S) is S-multiplicative metric space.

1, implies that
= 1. Therefore,

Definition 2.5 [3] Let (X, S) be a S-multiplicative metric space. For y € X, r > 0 , the S-sphere

with center y and radius r is

S(y,r)={2€ X :S(y,2,2) <7}

Definition 2.6 [3] Let (X,S) be a S-multiplicative metric space. A sequence {z,} in X is S-

convergent to z if it converges to z in the S-multiplicative metric topology.
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Definition 2.7 [3] Let (X, S) and (X, S) be two S-multiplicative metric spaces. A function T': X —
X is S-continuous at a point x € X if

T (S5(T(x),r)) € 7(S) forall r > 1.
T is S-continuous if it is S-continuous at all points of X.

Lemma 2.1 [3] Let (X,S) be a S-multiplicative metric space and {x,} a sequence in X. Then, {,}
converges to x if and only if

S(xp,x,2) =1 asn — oco.

Lemma 2.2 [3] Let (X, S) be a S-multiplicative metric space and {x,} a sequence in X. Then, {x,} is
said to be a Cauchy sequence if and only if

S(Tn, Tm,x) =1 as n,m,l — 0.

Definition 2.8 [1] Let f and g be self maps of a set X. If w = fa = gz, for some z € X, then z is
called coincidence point of f and g, and w is called a point of coincidence of f and g.

Definition 2.9 [9] Let f and g be self maps of a set X. Then f and g are said to be weakly compatible,
if they commute at any coincidence point. That is fgxr = gfz, for z € X.

Proposition 2.1 [2] Let f and g be weakly compatible self maps of a set X. If f and g have a unique
point of coincidence w = fx = gx, then w is unique common fixed point of f and g.

Proposition 2.2 If (X, S) is S-multiplicative metric space, then S(z,x,y) = S(y,y,x), for all z,y € X.

Proof: Let (X,S) is S-multiplicative metric space and 2,y € X. Then

S(.z.y) < (S(.2.2))" Sy,y.2) = S(y.y,). (2.1)
Also,

S(y.y.2) < (S(.y.)" S(x,z,y) = S(z,2,y). (2.2)
From inequalities (2.1) and (2.2), we obtain, S(z,z,y) = S(y,y, ). |

Proposition 2.3 If (X,S) is S-multiplicative metric space, then for z,y € X, S(x,y,y) < S(x,z,y).

Proof: Let (X, S) is S-multiplicative metric space and z,y € X. Then

S(z,y,y) < S(z,2,9) (Sy,,9))° -

Therefore, S(z,y,y) < S(z,x,y). O
Proposition 2.4 If (X,S) is S-multiplicative metric space, then for z,y € X, S(x,y,z) < S(y,y, ).

Proof: Let (X,S) is S-multiplicative metric space and 2,y € X. Then
S(z,y,r) < S(z,r,2) S(y,y,v) S(x,z,).

Therefore, S(x,y,z) < S(y,y, ). .
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3. Main results

In this section, we present and prove some common fixed point theorems for mappings defined on
S-multiplicative metric space.

Theorem 3.1 Let (X,S) be S-multiplicative metric space and f,g: X — X be the mappings for which
1
there is a real number k satisfying 0 < k < 3 such that

S(fx, fy, f2) < (S(gw, gy,92))" . (3.1)
If
(i) F(X) € g(X);
(i1) g(X) is complete,

then f and g have unique coincidence point in X. Moreover, if f and g are weakly compatible then f and
g have a unique common fized point in X.

Proof: Let xy be an arbitrary point in X. Choose z1 € X such that f(z¢) = g(x1). This can be
done because f(X) C g(X). Continuing this process, for any z,, € X, we obtain z,4; € X such that

f(xn) = g($n+1). Then,

g(gl‘na 9Tn, gxn-‘rl) = g(.fxn—la fxn—lv fxn)

(
(

AN
)

k
(gxn—la gmn—lvg‘rn))
(

_ 2
S gxn—Qagxn—%gxn—l)) .

IA

Repeating this process, we obtain,

n

S(92n, 9Tn, gTnt1) < (S(gzo, 920, 91)) - (3.2)

For any m,n € N with m > n, we have,

S(gn, 9T m, gTm) <

U

— 2
(gxna 9Tn, gxn—H) (S(gxmv 9Tm, gxn+1))

o)

< S(g2n, gZn, gTni1) ((S(gwm,gxm,gwn+z)) S(gxn+17gxn+17gxn+2))

)

— 2 = 22
(g$n7gmn7g$n+1) (S(ganrlvganrlaganrZ)) (S(gmm7g$m7g$n+2)) .

Continuing in the same way, we obtain,

_ _ _ . -
S(9Tn, 9Tm; 9Tm) < S(9Tn, 90, 9Tnt1) (S(9Tnt1, 9Tn+1, 9Tnt2))” - (S(9Tm—1, 9Tm—1, 9Tm))

= 2 = 22
< S(92n, 9Tn, gTny1) (S(gxn+17993n+17950n+2)) (S(gﬂﬂn+27g$n+2,gfl¢n+3)>

Using inequality (3.1), we obtain,

_ _ n _ nt1 2 _ N
S(gxn>gxmagxm) < (S(gx()agx()agxl))k <(S(g$0,g£0,g$1))k > ((S(ggj()’gg;o’gxl))k )

_ kM okntlpo2pnt2 o3 pnt3
= (5(936079%079901))

(

R k"l 1
= (S(gzo, gzo, gr1)) 7" . ( 0<k< )

k™ (14(2K)+(2k)+(2k) 4+ )

9o

(99607 gxo, 9131)

2
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Therefore,

kT
1—-2k

g(gxna 9Tm, gxm) < (E(nga gxo, gl‘l))

n

1 k
Since, 0 < k < 3 < 1, letting n, m — oo, we have, 19k — 0 and hence,

lim S92, 9Tm, gTm) = 1.

n,m—oo

Now, for n,m,l € N with n > m > [, we have,

g(gxmgxmvgl'l) < ?(gmn,gxn,gxn,l) g(gxm,gxm,gxn,l) g(gxl,gmngn,l).
Letting n, m,l — oo, we obtain,
lim  S(g2n, grm,gz;) = 1.
n,m,l—oo
This shows that the sequence {gz,} is a Cauchy sequence in g(X). Since g(X) is complete, there exists
a point ¢ € g(X) such that gx,, — ¢. That is,

lim gx, =q= lim fz,_4.
n—oo n—oo

Now, as ¢ € g(X), there exists p € X such that ¢ = g(p). Then,

S(g2ns1, 19 19) = S(f2n, £, 1) < (S(92m, 90, 99))" = (S(92m,4,))"

Letting n — oo, we obtain,
— — k
S(g, fp, fp) < (S(g:9:9))" = 1.

But since S(q, fp, fp) > 1, it must be that S(q, fp, fp) = 1, which implies that fp = ¢ = gp. Therefore,
p is coincidence point of f and g. Now, we claim that f and g have unique coincidence point. Contrary,
suppose that there exists another coincidence point say r # p of f and g. Then,

S(gr, gp, gp) = S(fr, . fp) < (S(gr, gp,gp))" -

Therefore, (S(gr, gp, gp))lilC < 1, which implies that S(gr, gp,gp) < 1. But S(gr, gp, gp) > 1. It implies
that S(gr, gp, gp) = 1. Hence, we conclude that gr = gp. This shows that f and g have unique coincidence
point. If f and g are weakly compatible, then by Proposition 2.1, f and g have unique common fixed
point in X.

O

Theorem 3.2 Let (X,S) be S-multiplicative metric space and f,g: X — X be the mappings for which

there is a real number 0 <b < 3 such that

S(fx. fy. 12) < [S(gz. fz. fx) Sgy. fy. fy) S(gz. f= 12)]". (3.3)
1f
(i) F(X) C g(X);
(ii) g(X) is complete,

then f and g have unique coincidence point in X. Moreover, if f and g are weakly compatible then f and
g have a unique common fized point in X.
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Proof: Let g be an arbitrary point in X. Since f(X) C g(X) there exists 1 € X such that f(zg) =
g(z1). Continuing in this way, for any =, € X, we obtain z,+1 € X such that f(z,) = g(zn+1). Then,
we have,

S(92n, 92, gn11) = S(fon-1, frn-1, fon)

< [(Stoza- Frus, fa 1) Slgza, fra, fra)]
&
6

N

(gxnflvgxnvgxn))m) (g(gmnagirnJrlvgirnJrl))b
(gxnfl,gxnflagxn))m) (g(gxmgxn,gxn+1))b ( g(l’,y,y) < §($7$,y)) .

It implies that
2b
1-b

S(92ns 9T, gZn+1) < (S(92n—1,9Tn-1,9%y))

2b
Assuming k = -1 < 1, it follows that

— k
S(gxnagxnvgxn+l) (S(g$n_1,g$n_1,g$n))

<
2
< (S(gxn—Za gTn—2, gxn—l))

Continuing this process, we get,

n

S(92n, 9Tn, gTni1) < (S(gzo, 920, 921)) - (3.4)

For any m,n € N with m > n, we have,

_ — — 2
S(gmn, 9Tm, gmm) < S(gzn, 9Tn, gzn-‘rl) (S(gxmv 9Tm, gxn+1))
_ _ 9_ 2
< S(9%n, 9Tn, 9Tn11) ((S(gffm,gffm,gffnﬂ)) S(9$n+179$n+179$n+2)>

_ _ 2 = 22
= S(gxn7gxn7g'rn+1) (S(gxn+17gxn+lagxn+2)) (S(gxmugxmag$n+2)) .

Continuing in the same way, we obtain,

— — — 2 _ gn—m
S(9%n, 9Tm; 9Tm) < S(9Tn, 9Tn, 9Tn11) (S(9Tnt1, 9Tn41, 9Tnt2))” -+ (S(9Tm—1, 9Tm—-1, 9%m))

= 2 = 2?
< S(9n, 9Tn, gTny1) (S(g$n+1vg$n+17g$n+2)) (S(9$n+2,91‘n+2,9$n+3))

Using inequality (3.4), we obtain,

_ o n o n41 2 o n+42 2?
S(g2n, g2, gTm) < (S(gz0, 970, 921))" ((S(gwo,gxo,gxl))k ) ((S(gwoygxmgxl))k )

_ k" 2kntl po2pnt2 o3 pnt3
= (S(gxmg‘Tngxl))

— k™ (14(2k)+(2k) 2+ (2k) 3 +---
= (S(gxmg‘Tngxl)) ( SR )
kn

= (S(gz0, gzo, g1)) TF . (- 0<k<1)

Therefore,
k,n

g(g-xnagmmagwm) < (?(gxo,gxo,gah)) R

n

1-2k

Since, 0 < k < 1, letting n, m — oo, we have, — 0 and hence,

lim g(g:cn,g:cm,gxm) =1

n,m—00
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Now, for n,m,l € N with n > m > [, we have,

g(g'x'ru 9GTm, Qxl) S §(gxna gGTn, gxn—l) g(gl‘ma 9GTm, gxn—l) g(gxh gri, gxn—l)-
Letting n, m,l — oo, we obtain,

lim  S(gzn, gTm, gz;) = 1.

n,m,l—o0o
This shows that the sequence {gz,} is a Cauchy sequence in g(X). Since g(X) is complete, there exists
a point ¢ € g(X) such that gz, — ¢. That is,
lim gx, =¢q= lim fx,_1.
n—oo n—oo

Since, g € g(X), there exists p € X such that ¢ = g(p). Then,

S(g2as1. 0. 19) = S(f. fo. 1) < [Slgwa. fo. fra) (Stap. fo.4))°]

As n — oo, it follows that

S(q, fp. fp) < [g(q, ¢,9) (S(q, fp, fp))z} ’

This implies that (S(q, fp, fp))li% < 1. Therefore, S(q, fp, fp) < 1. But since S(q, fp, fp) > 1, it

follows that S(q, fp, fp) = 1. Hence, we conclude that ¢ = fp = gp. Therefore, p is coincidence point of
f and g. Now, it is claimed that f and g have unique coincidence point. Contrary, suppose that there
exists another coincidence point say r # p of f and g.Then,

S(gr, gp, gp) = S(fr, fp, fp)
< F(gn fr, fr) (S(gp, fp, fp))rz} ’

= [g(gr, gr,gr) (S(gp,gp, 9p)) 2} ’

It implies that S(gr, gp, gp) < 1. But as S(gr, gp, gp) > 1, implies that S(gr, gp, gp) = 1. Hence, gr = gp.
This shows that f and g have unique coincidence point. If f and g are weakly compatible, then by
Proposition 2.1, f and g have unique common fixed point in X. a

Theorem 3.3 Let (X,S) be S-multiplicative metric space and f,g: X — X be the mappings for which

there is a real number 0 <b < 1 such that

S(fx, fy.f2) < [S(ga. fo., fy) Slgy, fy. I2) (g f= fx))". (3.5)
If
(i) f(X) < g(X);
(ii) g(X) is complete,

then f and g have unique coincidence point in X. Moreover, if f and g are weakly compatible then f and
g have a unique common fized point in X.

Proof: Let x¢ be an arbitrary point in X. Since f(X) C g(X) there exists z1 € X such that f(z¢) =
g(x1). Continuing in the same way, for any z,, € X, we obtain x,11 € X such that f(x,) = g(@ny1).
Then,

S(92n, 9Tn, 9Tnt1) = S(fxp_1, fTn_1, fzn)
< [S(g@n-1, fen-1, fn-1) 8(gTa-1. fEu1, f2n) S(g2n, fn, frn-1)]"
— [5(92n1,9%n, 920) S(92n_1,9Tn, gTns1) S(gTn, gni1,970)]"
< F(gxn—lagzn—lvgxn) §(gl’n—hgﬂﬂn—l,gxn) §(9$n+1a9$n+139$n) §(9$n+179$n+179$n)]b~
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Therefore,

2b 2b

S(92n, 9, 9Tnt1) < (S(92n-1, 9Tn-1,971))" (S(92n, 920, 9Tn41))" ,

which implies that
2

g(gxnvgxnagmn-&-l) S (g(gxn—lvgxn—hgxn)) 12 .

2b
L =——<1.Th
et k T2 < en,

= - k
S(gmnagznvgirnﬁrl) é (S(gxnfla 9Tn—1, gxn))
_ k2
< (S(gn—2,9Tn-2,9Tn-1))
Repeating the same process, we obtain,

J— S k"L
S(gxn,gxn,gmn+1) S (S(ngag"EOugxl)) . (36)

For any m,n € N with m > n, we have,

S(gn, 9T m, gTm) <

U

— 2
(gxna 9Tn, gl’n—&-l) (S(gxma GTm, gxn+l))

o

_ 9 2
S (g‘rnvgxnugxn+1) ((S(gmmagmmaganrQ)) S(gxn+lvgxn+lagxn+2)

)

_ 2 22
(gmnmgmnmgxnﬁLl) (S(gxn+17gxn+lag$n+2)) (S(gmm7g‘rm7gxn+2)) .
Continuing in same way, we obtain,

gn—m

— — — 2 —
S(9Tn, 9Tm, 9Tm) < S(9Zn, 9%n, 9Tn11) (S(9ZTnt1, 9Tn+1, 9Tnt2)) -+ (S(9Tm—1, 9Tm—-1, 9Tm))
_ _ 2 = 2?
< S(9%n, 9Tn, gTnt1) (5(99€n+179$n+179$n+2)) (S(9$n+2’9$n+2,9$n+3))

Using inequality (3.6), we obtain,

al — n o nt1 2 o ni2 22
S(92n, 92 m, g2m) < (S(gao, g0, gr1))" <(S(9xo7gwo,gx1))k ) <(S(gxo,gxoygx1))k )

. kn+2kn+1+22kn+2+23kn+3_“
= (S(gl’o, gxo, gxl)

Kl k™ (14+(2k)+(2k) >+ (2k)3 4+
= <S<9$079$0,9$1)) (LER+ 20" +(2k) )

-

kT

(920,90, g21)) . (- 0<k<1)

o

Therefore,
o

S(9n, 9Tm, grm) < (S(g20, g0, ga1)) T .
n
Since, 0 < k < 1, letting n,m — oo, we have, T 9% — 0 and hence,

lim  S(92n, 9Tm, gTm) = 1.

n,m— 0o

Now, for n,m,l € N with n > m > [, we have,

g(g:cn, 9Tm, gIl) < g(gxna 9Tn, gzn—l) g(gzma 9Tm, gzn—l) §(9Il7 9y, gxn—l)'

Letting n, m,l — oo, we obtain, B
lim  S(gzn, gTm, gz;) = 1.

n,m,l—oo
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This shows that the sequence {gz,} is a Cauchy sequence in g(X). Since g(X) is complete, there exists
a point ¢ € g(X) such that gz, — ¢. That is,

lim gz, =q= hm frn_1.
n—oo

Since, q € g(X), there exists p € X such that ¢ = g(p). Then,
g(gxn+lvgxn+17 fp) = ?(fl‘n, Jn, fp)
[ (gwn;fl'nvfxn) (gxnafxnafp> (gpvfpafxn)] :

Letting n — oo, we obtain,

S5(q.9, ) < [S(¢,4,9) S(a,q, fp) S(a, fp,a)]" -

Therefore, using Proposition 2.4, we get,

S(¢.9. ) < [5(a.0.9) S(a.4. fp) S(a. 0. fp)]"-
It implies that S(q,q, fp) < (?(q,q,fp))%, from which it follows that (?(q,q,fp))l_% < 1. Therefore,

(?(q,q, fp)) < 1. But since (?(q,q,fp)) > 1, we conclude that (?(q,q,fp)) = 1. Hence, fp = q = gp.
Thus, p is coincidence point of f and g. Now, we claim that the f and g have unique coincidence point.
Let us suppose that there is another coincidence point r of f and g. Then,

S(gr, gr,gp) = S(fr, fr, fp)
< [S(gr, fr, fr) S(gr, fr, fp) S(gp, fp, f?")]
— [S(gr, gr, gr) S(gr. g7, 9p) S(gp, gp, g7)]" -

Therefore, using Proposition 2.2 |, we get,

_ — — b
S(gr,gr,gp) < [S(gr,gr.gr) S(gr,gr,gp) S(gr,gr,gp)] -

It implies that,

[S(gr,grap)] " < 1.

Therefore, S(gr,gr,gp) < 1. But since S(gr, gr,gp) > 1, we conclude that S(gr,gr,gp) = 1 Hence,
gr = gp. Thus, f and g have unique coincidence point. If f and g are weakly compatible, then by
Proposition 2.1, f and g have unique common fixed point in X. O

Theorem 3.4 Let (X,S) be S-multiplicative metric space and f,g: X — X be the mappings for which

there is a real number 0 <b < 3 such that

S(fz, fy. f2) < (max {S(gx, fz. fz). Slgy. fy. fv). Slgz. f=.12)})". (3.7)
If
(i) F(X) C g(X);
(ii) g(X) is complete,

then f and g have unique coincidence point in X. Moreover, if f and g are weakly compatible then f and
g have a unique common fized point in X.
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Proof: Let g be an arbitrary point in X. Since f(X) C g(X) there exists 1 € X such that f(zg) =
g(z1). Continuing in the same way, for any x,, € X, we obtain z,41 € X such that f(x,) = g(zn41)-
Then,

S(92n, 90, gTni1) = S(frn—1, frn-1, f2,)
< (max {S(gzp—1, fTn-1, [Tn-1), S(9Tn-1, [Tn—1, fTn_1), g(gmn,fxmf:vn)})b
= (max {S(9zn-1, [Tn—1, fTn_1), g(gflﬂn»f%’fﬂﬁn)})b
= (max {S(92n—1.9%n, 970), S(92n, gT0s1,97011)})"
< (max {S(g2n1,92n-1,970), S(92n, 920, 97011)})" (- S(@.9) < Sz, 2.9)).
Therefore,
59, g, 92ns1) < (max {S(g2n1, 9201, 920), S(gTn, g2, gzns1)})" . (3.8)

Case I: If max {S(gzn_1,92n—1,9%n), S(9Tn,gTn, gtni1)} = S(92Zn, gn, gTni1), then (3.8) implies that

l\D\»—lv

3.
S(9%n, 9Tn, gTn11) < (?(gwn, 9Ty, gmn+1))b, which is a contradiction, since 0 < b <

Case II: If B B B
maX{S(gxn,l,gxn,hgxn), S(gxnagxnaganrl)} = S(gxnfhgxnflagxn%

then (3.8) implies that

— b
S(gxnagxnagxn-‘rl) (S(gmn 1,9Tn— 1;93;71))

b2

<
< (S(9Zn—2,9Tn—2,9Tn-1))

Continuing this, we obtain,

S(92n, gTn, 9Tp+1) < (?(gmo,gxo,gml)) . (3.9)

For any m,n € N with m > n, we have,

_ _ — 2
S(gxnagxmagxm) S S(gxnagxnagxn-&-l) (S<gxmvgxmvgxn+1))

< S(gn, gTn, gTn+1) ((S(me,gxm,gxmz)) S(gxn+1vgxn+lvg$n+2)>

_ _ 2 = 2?
= S(9%n, 9Tn, 9Tn11) (S(g$n+179xn+lvgxn+2)) (S(gzmagmmagxn-ﬂ)) .
Continuing in the same way, we obtain,

S(92n, gTm.gTm)

— 2 _ gn—m
(gxn,gxn,g$n+1) (S(gaan,gan,gaszrg)) (S(gxm—lvgzm—hgxm))

2 = 22
(gxna 9Tn, gxn—&-l) (S(gxn+1>gxn+lagxn+2)) (S(g:vn+2, 9Tn+2, gxn—&-S)) e

AOD\

Using inequality (3.9), we obtain,

S(9ns 9Zm,gTm)
— b — bn+1 2 . bn+2 22
< (5(9%79%79%1)) <(S(9$079$079$1)) > <(S(95€079$0799€1)) >
)bn+2bn+1+22bn+2+23kn+3+m

= (g(gffo,gffo,gfﬂl)
= ( ))b"(1+<2b)+(2b>2+<2b>3+~.)

— {3 1
= (S(gwo, gzo, gz1)) " . ( 0<b< 2)

)

(9550»9%,9%1
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Therefore,
un

S(92n, 9Tm, 9m) < (S(920, 920, 921)) =

el

1 b
Since, 0 < b < 3 < 1, letting n,m — oo, we have, T—9% — 0 and hence,

lim S92, 9Tm, gTm) = 1.

n,m— 00

Now, for n,m,l € N with n > m > [, we have,

S(92n, 9%m, gz1) < S(92n, 9%n, gZn—1) S(9Tm, 9Tm, gTn-1) S(gx1, g1, gTn_1).
Letting n, m,l — oo, we obtain,

lim  S(gxn, gTm, gz1) = 1.

n,m,l—oo
This shows that the sequence {gz, } is a Cauchy sequence in g(X).
Since g(X) is complete, there exists a point ¢ € g(X) such that gz, — ¢. That is,

lim gz, =q= lim fz, 1.
n—oo n—roo

Now, as ¢ € g(X), there exists p € X such that ¢ = g(p). Then,

S(92nt1, [0, fP) = S(fn, fp, fP)
< (max {S(g2n, f2n, f22), S, I, D), S(gp, fp, fp)})"
= (max{g(gxn,fxn,fxn), (g, fp, fp) })

Letting n — oo, we obtain

S(q, fp, fp) < (max {S(¢,q,9), S, fp, f0)})".

It implies that (S(q, fp, fp))lfb < 1. Therefore, S(q, fp, fp) < 1. But S(q, fp, fp) > 1, gives us that
S(q, fp, fp) = 1. Therefore, ¢ = fp = gp. Thus, p is a coincidence point of f and g. We now claim that f
and g have a unique coincidence point. Suppose, for the sake of contradiction, that there exists another
coincidence point r of f and g. Then,

S(gr,gp,9p) = S(fr, fp. fp)
< (max {S(gr, fr, fr), S(ap, v, p), S(ap, fp, f0)})".

Since, gr = fr and gp = fp, therefore, it follows that, S(gr, gp, gp) < 1. But since S(gr, gp,gp) > 1, we
conclude that S(gr, gr, gp) = 1. Hence, gr = gp. Thus, f and g have unique coincidence point. If f and
g are weakly compatible, then by Proposition 2.1, f and g have unique common fixed point in X. O

Theorem 3.5 Let (X,S) be S-multiplicative metric space and f,g: X — X be the mappings for which

there is a real number 0 <b < 3 such that

S(fz, fy, f2) < (max {S(gx, f, fv), S(gy, fv, f2), Sz fz f2)})". (3.10)
If
(i) f(X)Cg(X);

(i) g(X) is complete,
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then f and g have unique coincidence point in X. Moreover, if f and g are weakly compatible then f and
g have a unique common fized point in X.

Proof: Let xy be an arbitrary point in X. Since f(X) C g(X), there exists 1 € X such that f(z¢) =
g(x1). Continuing this process, for each z, € X, we can find x,; € X such that f(z,) = g(@ni1).
Then,

§(gmnv 9Tn, ganrl) = g(fmnfh fxnfla fxn)
S (max {g(gxnflv fxnflv fxnfl)v g(gxnfl; fxnfla fxn)v g(gxnv fmna fxnfl)})b .

Therefore,
— - — - b
S(gmnagxnagxn-‘rl) < (max{S(gwn_l,gm‘n,gmN), S(gxn—17gxn7g‘rn+1)a S(gxn,gmn+1,ga:n)}) . (311)
Case I If
max {g(gxnflvgxn7gxn)7 g(gwnflagx'nagx'n+1)7 §(9$n7g$n+1,gl’n)} :§(9$n,gxn+1,g$n),

then inequality (3.11) implies that

- — b
S(gwn,gm‘n,gajn+1) < (S(anag$n+17g$n)) .
Using Proposition 2.4, we obtain,

- - b
S(gxn7gxnvg$n+1) < (S(gxn+1agxn+1agxn)) .

Therefore, using Proposition 2.3, we get
= — b
S(gxnagxnvgmn-i—l) < (S(gl‘mgﬂ?n’gﬂ?n-u)) >

1
which is a contradiction as 0 < b < 3"

Case II: If

max {§(9$n_1, 9Tn, gxn), E(gxn—la gTn, gxn—‘—l)a §(g:ﬂna 9Tn+1, gxn)} = g(gmn—la 9Tn, gl'n),

then inequality (3.11) implies that

)

g(g‘rnvgxn7gxn+l) S ( (gxnfhgxnagxn))b
(g(gxnflvgxnflagwn))b ( g(l’,y,y) < §($7$,y))

S 2
(5(gn—2, 972,970 1)) .

IA

IN

Continuing this process, we obtain,

pr

g(.gxnv.gxnmgxn-i-l) < (§<gaj0agm0ag$1)) . (312)

For any m,n € N with m > n, we have,

el = - 2
S(gxnagxmagxm) < S(gxnagxnagxn-‘rl) (S(g$m79$m79$n+1))

U

_ 5 _ 2
< S(9n, 9Tn, gTn1) ((S(gxmagwmagl'n+2)) S(gxn+1,gxn+1,gxn+2)>

_ _ 2 — 22
= S(9Zn, 9Tn, 9Tni1) (S(gxn+lvgxn+lagxn+2)) (S(gmm,gxm,gz:n+2)) .
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Continuing in the same way, we obtain,

S(9%n, 9Tm-9Tm)

gn—m

— — 2 —
< S(92n, 9%n, 9Znt1) (S(9Tnt1, 9Tnt1, 9Tnt2)) -+ (S(9Tm—1, 9Tm—1, 9Tm))
— — 2 = 22
< S(9n, 9Tn, gZni1) (S(9Znt1, 9%ns1,92n12))" (S(9Tny2, 9Tnt2, 9Tnis))” -+

Using inequality (3.12), we get,

S(gmna gzmagzm)

_ n _ nt1 2 _ a2\ 27
< (S(go, g0, g21))" ((S(on,gxo,gxl))b > ((S(on,gxo,gml))b >

o pr2pntl92pnt2 o8 nt3
= (5(99507933079331))

< b (1+(2b)+(2b)2+(20)% +-+-

— b 1
= (S(gwo, gzo, gr1)) 7" . ( 0<b< 2)

Therefore,
-

S92, gTm, g2m) < (S(g70, gT0, 971)) 7 .
n

1 k
Since, 0 < b < 3 < 1, letting n, m — oo, we have, T2 — 0 and hence,

lim S92, 9Tm, gTm) = 1.

n,M—00
Now, for n,m,l € N with n > m > [, we have,

S(92n, gm, g21) < S(92n, 920, 9Tn—1) S(9m, 9Tm, 9Tn—1) S(g21, 921, gTn—1)-
Letting n, m,l — oo, we obtain,

lim  S(g2n, gTm, gz1) = 1.

n,m,l—o0
This shows that the sequence {gz,} is a Cauchy sequence in g(X).
Case III: If
max {?(gxn_l,ga:n,gazn), S(92n—1,9%n, GTni1), ?(gmn,gmn+1,gxn)} = S(9Tn_1,9Tn, 9Tns1),

then inequality (3.11) implies that

%)
=

S(92n, 9%n, gTnt1) < (S(9Tn—1,9%n, 9Tn+1))

— — - b
(S(gzn—hgxn—la gzn) S(gxna 9Tn, gxn) S(gxn+1agxn+1vg$n))
b

IN

(E(gzn—l yGLn—1, gzn) g(gxnv 9Tn, gzn-{-l))

It implies that

b

1-b

g(gxna gGTn, ganrl) S (g(gfbn,1 y 9Tn—1, gxn))

b
Let k = 17_1) < 1. Then,

— k
S(gTn, 9Tn, gTns1) < (S(gTn—1,9Tn—1,92n))

k}2

<
< (?(gﬂ]n_g, 9gTn—2, gxn—l))
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Continuing with a similar argument, we get

n

S(9Tn, 9T, gTnt1) < (S(gzo, g0, 971))" . (3.13)

For any m,n € N with m > n, we have,

- = — 2
S’(gxmgxm,gxm) < S(g‘rn7g‘rnvgxn+1) (S(gxmagivmvgirrﬂrl))

< S(92n, 92n, 9Tni1) ((g(gxm,gwm,gwmz)f g(gxnﬂ’gxnﬂ,gxnw)z
= 5920, 92ns 9Tur1) (S(9Tnr1, 9Tnt1, 92042))" (S(92ms 92m, gmn+2))22 :
Continuing in the same way, we get,
S(9%ns 9T m-g2m)
< 5(9%n, gTnr 97n11) (S(9ni1, 9Tns1,97n12)) - (S(9m—1,9Tm—1,97m))
< g(g$7zvgxnagzn+l) (g(gxn+1vgxn+179$n+2))2 (§(9$n+2’9$n+2’91?n+3))22 e
Using inequality (3.13), we get,

S(9%n, gTm,9Tm)
— k™ — kn+1 2 . kn+2 22
< (S(gfvo,gl’o,gl’l)) <(S(gl’0,9$0,9$1)) > <(S(g~’0079$079$1)) >
B ( k" 2kn o2 gnt2 93 pnt3,
&
(gx07g$079x1)) (

=( )

= (S(gzo, gz0,921)) " . (v 0<2k<1)

o

(90, 9o, géﬂl))
14 (2k)+(2k)>+(2k)% +--+ )

o

Therefore,
k’”.
1—-2k

g(gxna 9Tm, gxm) < (§(9$07 gxo, gwl))

k
Since, 0 < k < 1, letting n, m — oo, we have, Tk — 0 and hence,

lim g(gxnvgxmvgxm) =1

n,m—o00
Now, for n,m,l € N with n > m > [, we have,

S(92n, 9Tm, g21) < S(92n, 9%n, 9Tn-1) S(9Tm. 9Tm, gn-1) S(g21, 921, gn-1)-
Letting n, m,l — oo, we obtain,

lim  S(92n, gTm, gz;) = 1.

n,m,l—oo
This shows that the sequence {gz,} is a Cauchy sequence in g(X).

Thus, in all possible cases the sequence {gz,} is a Cauchy sequence in g(X). Since g(X) is complete,
there exists a point ¢ € g(X) such that gz, — ¢. That is,

lim gz, =¢q= lim fz, ;.
n—oo n—oo

Now, as ¢ € g(X), there exists p € X such that ¢ = g(p). Then,

§(gxn+la 9Tn+1, fp) = F(filfm fan, fp)
< (max {S(gn, fTn, f2n), S92, fn, FD), S(gp. 0, fra) 1)’
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As n — oo, we obtain

— — — — b
S(q,q, fp) < (max {S(q,9,9), S(q.q,fp), S(¢,fp,q)})
Therefore, using Proposition 2.4, we get,

S(¢,q, fp) < (max {1, S(q,q, p), S(g,q,fp)})" .

It implies that S(q,q, fp) < (?(q,q,fp))b. Therefore, (?(q,q,fp))lfb < 1. Thus, it follows that

S(q,q, fp) < 1. But S(q,q, fp) > 1. Therefore, we must have, S(q,q, fp) = 1. Hence, ¢ = fp = gq.
Hence, p is a coincidence point of f and g. Now, we show that this point is unique. Suppose, to the
contrary, that there exists another coincidence point r of f and g. Then,

S(gr,gr,gp) = S(fr, fr, fp)
< (max {S(gr, fr. fr), S(gr. fr. fp). S(ap. fp. f)})"
= (max {S(gr, gr,gr), S(gr.gr.gp), S(gp.gp,97)})".
By using Proposition 2.2, we get,
S(gr,gr.gp) < (max {S(gr,gr, gr), S(gr, gr.gp), S(gr.gr,9p)})".
Therefore,
S(gr, gr,gp < (max {1, S(gr, gr.gp)})".

— 7b — —
It implies that (S(gr,gr, gp))1 < 1. Therefore, S(gr,gr,gp) < 1. But since S(gr,gr,gp) > 1, we
conclude that S(gr, gr, gp) = 1 Hence, gr = gp. Thus, f and ¢ have unique coincidence point. If f and g
are weakly compatible, then by Proposition 2.1, f and g have unique common fixed point in X. O

Example 3.1 Let X = [1,00) and consider S-multiplicative metric defined in the Example 2.4. Define
f,9: X = X by f(z) =1 and g(z) = 3. Then f(X) = {1} C [1,00) = g(X). That is, f(X) C g(X)
and g(X) = [1,00) is complete. Now,

S(fx, fy, fz) = max{1,1,1} = 1. (3.14)
Also,
S(gr,9y,92) = S (ﬂ, %,zi)

(3.15)

< |8
"
=
/~
SEESS
—
S
~—
SN
~—
N,
S
< | w
~_
N
~~
SIS
~—
N
~
SR
~—
Al
—

From (3.14) and (3.15), we obtain,
_ _ k 1
S(fx, fy, f2) < (S(gz,9y.92))", any 0<k< 7.

Now, f(x) = g(z), implies that 1 = 21. Therefore, z = 1 is the coincidence point of f and g. Moreover,
fg(1) = f(1) =1 and gf(1) = g(1) = 1. Thus, f and g are weakly compatible mappings. Therefore, by
Theorem 3.1, f and g have unique common fixed point =1 € X.

Example 3.2 Let X = [1,00) and consider S-multiplicative metric defined in the Example 2.4. Define
f.g: X — X by f(z) = 2% and g(z) = 2. Then f(X) = [1,00) = g(X). That is, f(X) C g(X) and
g9(X) =[1,00) is complete. Now,

S(f fy, f2) = 8 (a4t 1)

R {ONORONE

(3.16)

N———
-
~~
ISHRS
—
N
~/~
ISR
—
A=
—
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Also,
g(nggyagz) = g((ﬂ,y7 Z) = max {xv Ty Ty Ty T } . (317)

From (3.16) and (3.17), we obtain,
= —= k 1
S(fe, fy, f2) < (S(g,9y.92))", for k= 7.

Now, f(z) = g(z), implies that 21 = z. It implies that z = 1 is the coincidence point of f and g.
Moreover, fg(1) = f(1) =1 and gf(1) = g(1) = 1. Therefore, f and g are weakly compatible mappings.
Therefore, by Theorem 3.1, f and g have unique common fixed point z =1 € X.

4. Conclusion

In this paper, we have investigated the existence and uniqueness of a common fixed point for two
weakly compatible self-maps defined on S-multiplicative metric spaces under various contractive condi-
tions. By extending and generalizing existing results, we have demonstrated that such mappings admit
a unique common fixed point under appropriate assumptions. Furthermore, an illustrative example has
been provided to validate the theoretical findings and to show the applicability of the established result.
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