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ABSTRACT: Hermite-Hadamard norm inequality plays a crucial role in solving problems involving inequalities
in different branches of science and engineering. After the introduction of fractional calculus, the scope for
solving problems have been expanded. It has maintained the greater accuracy. It has been applied for
solving different unsolved problems. Motivated by these concepts, we in this paper by using the Jensen-Norm
inequality, we proved Hermite-Hadamard’s Inequalities.
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1. Introduction

The idea of convexity is thought to be improved upon by the Hermite-Hadamard inequality. This
idea has been thoroughly studied by many researchers since it was separately discovered by Hermite 1883
and Hadamard in 1896. Specifically, much work has been done over the last 20 years to establish new
boundaries for the Hermite-Hadamard inequality’s left and right sides. Numerous research works have
suggested innovative methods to strengthen, expand, and enhance this disparity. One may refer to the
articles [1], [3], [5], [6], [7], [8], [9], [10], and [11] to have the knowledge, uses and applications of the
norm-type inequalities. For matric inequalities one may refer to [2] and [4].

Convex functions can be used to derive some inequalities, according to numerous researchers. Among
the most well-known inequalities relating to a convex function’s integral mean. Hermite-Hadamard in-
equality, the statement of this inequality is found in Dragomir and Pearce [3].

Hermite-Hadamard norm inequality plays a crucial role in solving problems involving inequalities in
different branches of science and engineering. After the introduction of fractional calculus, the scope
for solving problems have been expanded. It has maintained the greater accuracy. It has been applied
for solving different unsolved problems. Motivated by these concepts, we in this paper by using the
Jensen-Norm inequality, we have proved Hermite-Hadamard’s Inequalities for fractional integrals in this
article.

Let 0 <y <yo <--- <y, and let Q = (91, Qo,...Q,) non-negative weights such that 2?21 Q; =1
The well-known Jensen inequality in literature states that "If g is a convex function on an interval
containing y,, then,

n n
g | Doy ||| < D119 (w)ll -
j=1 j=1

The inequalities discovered by Hermite-Hadamard for convex functions state that "If g : [¢,d]| E R —
R be an integrable normed linear space convex function. Then
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Both the inequalities hold in the reversed direction if g is concave [7].
It is proved that the norm variant of Jensen inequality known as Jensen-Norm Inequality.

Theorem 1.1 If g is a convex function on [¢,d), then

gletd=S 0 || <lo@l+ 9 H—ZmJHg vl @

j=1

Definition 1.1 Let the function ¢ € L(¢é d) then Reimann-Liouville integrals I¢, g and I g with
condition o > 0 and ¢ > 0 are defined as

Here, I9, g(&) = Igfg(:ﬁ) = ¢(2). and v(a) = Gamma function.

2. Hermite-Hadamard-Norm’s Inequalities for Fractional Integrals

By using the Jensen-Norm inequality, Hermite-Hadamard’s inequalities can be represented in frac-
tional integral forms as follows.

Theorem 2.1 Suppose that g : [¢, CZ] — R is a convex function. Then we have

g(e+d- 20| < 1g@1l + lg(d >||—(A—Al L 9(§) + 12 g(2)
o (e+a- 52 et Ll
< lo@l+ lo(@1 - o (57| 3)

and

L5 THY ya+1) 7., R ) . -
Hg <c+d— > )H < 20 — 2)° { (e+d—p)+ +g(e+d—12) +I(c+d—w)—g(c+d_y):|
_getd—a)+ge+d—p
N 2
< lo@ + oty — 122N Joto)] W

For all ,§ € [¢,d] and o > 0.

Proof: Using the Jensen-Norm type inequality, we have

Hg (éﬂz_M)H <@ + lg(d)] - ||9(xA1)H-2F||g(yA1)II (5)
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For all 77,4 € [ ¢, d]. By changing of the variables

1 =wi + (1 —w)j, i = (1 —w)2 +wj, for Z,j € [¢,d] and w € [0,1].
We obtain

Hg (é+ ;@ )H <1lg@Il + llg(d] - lg(wd + (1 —w)g)| +[lg((1 — )@ +wg)|| (©)

2

Multiplying w®~! both sides of the Eq. (6), then integrating the resulting inequality with respect to
w over [0, 1] we obtain

o(e+d- T30 < Lio@1+ tat@n - § [ e lotws + 1w

+19((1 = w)2 + wg)[ldw

1
- ang( Al + llg(d)ll - 205 —a)° [/x

y—z
1 _e) .
= s @1+ o] - 525 [120(0) + 15 0(a)]

Y

(=0 g+ [ -0yl
et D @)+ 15 9] (D)

and so the first inequality of Eq. (3) proved. For the proof of the second inequality in Eq. (3), we first
note that if g is a convex function, then for w € [0, 1], it yields

e —

< llg(wi + (1 —w)j)] ;r lg(( — w)z +wg)|| (8)

That is Hg (e+d-22 )H < 9@ + g -

On multiplying by w®~! to both sides of the Eq.(8), then integrating the resulting inequality with
respect to w over [0,1]. we obtain

o (50 <5 [ e ttws + @ -l + Lot = we + wplaw

1
- ;a;)a [I;g(y) + Igig(i?)} :

Then we have,

- Hg (*y)H fj_“)) [1209(0) + I3 — 9(3)] (9)

Adding [lg(©)| + |lg(d
prove the inequality Eq (

)|| to both sides of Eq.(9), we find the second inequality of Eq. (3). Now we
4). From the convexity of g we have
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For all z1, 1 € [¢, d]. By changing of the variables ¢+ d—71 =wé+d—2)+ (1 —w)(é+d—j) and

e+d—pi=0—-w)(E+d—2)+wE+d— g) for z,5€ [ ¢, d andw € [0,1] in Eq. (10) we find that
ca g Tty 1] gw(E+d—2)+(1—w)@+d—3)|
Jo (a0 < 3 | o S era s e | -

On multiplying by w®~! to both sides of the Eq. (11) then integrating the resulting inequality with
respect to w over [0,1], we obtain

o (e a-252)) s;U;wa—lHg<w<a+d—fc>+(1—w><é+ci—az>>Hdw

(@) N P o
= 20 — 4)° (a+c27y)+9(c +d—2)+ I(Hd;m)fg(c +d— y)]
Thus7 we get
~ 7 a_|_ R ) ) ) ) A
o2 et i)

The proof of first inequality of Eq. (4) is completed. On the other hand, using the convexity of g we
can write
gw@e+d—2)+ (1 —w)(é+d—9) <wg((é+d—2)+ (1 —w)g(é+d—79),
g(1—w)(E4+d—2)+we+d—19) <A —w)gé+d—2)+wgé+d

By adding these inequalities and using Jensen-Norm inequality, we have

gwe+d—2)+1—w)(E+d—9)+g((1—w)(é+d—2)+wE+d—1g))
<glé+d—2)+gle+d—7g) (12)
<2[lg@I + lg(@d)l] - [lg(@)l + llg@)]I-

Multiplying both sides of Eq. (12) by w®~! and then integrating the resulting inequlity with respect
to w over [0,1], we obtain second and third inequality of Eq. (4).

Remark 1 Under the assumption of Theorem 2.1 with o = 1, we have

lo (+d= 250 <to@i+ ot - [ gtws + 1wt
< la@1 + ot - | (52)]
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and

H9G+£_j;gﬂw<@i£%[E@+d—wmw

lg(@)Il + [lg (@)l
<M(W+M(W*———5——*y (13)
for all T,9 € [ c, (Z] .
The proof of Remark 1. is proved by Kian and Mosleyhian [5, Theorem 2.1]
Similarly, we obtain the following Hermite-Hadamard-Norm inequalities for fractional integrals.
Theorem 2.2 Let g : [¢, cf] — R be a convex function. Then we have
. T+ 20"y + 1) A\ o AL G
Hg (C B )H R S (c+d L+y)+9( +d— 33)+I( cd—TE)” g(é+d—17) (14)
9(@)[ + llg(@)]
< lg(@) 1+ gty — 12N> 9@l (2.1)

2 )
for allz,q € [e, cf] and o > 0.

Proof: To prove the first inequality of Eq. (14), by writing 71 = 2 4 =5%¥ and g1 = 5% 2+ 5 for

z,9 € [c, (f] and w € [0,1] in the inequality Eq. (10), we get

pfors- 29
i G bl (5 o

Then, multiplying both sides of Eq. (12) by w®~! and then integrating the resulting inequlity with
respect to w over [0,1], we have

9 s
«a 2
! 1 (. 5 w, 2—w, ! 1 (. 5 2—w,. w.,
S/ w¥ gl é+d— | =2+ ——79 dw—!—/ w¥ gl é+d— T+ —9) |dw
0 2 2 o 2 2

9 e+d— L;ry . L é+d—é R )
= Goae / ) (u—(e+d—9)" g(u)du+/ o (e+d—2)—uw)* g(u)du
Y e+d—g etd—EH0
2% (« o JU a L5 .
:Ai()afcdm ge+d—9)+ 17, ; a:4,,9(+d—2)
(4 — ) (e+d—=5%)+ (e+d—F9)+

Hence, we have
22" y(a+1) [0 AL G\ ga N S
H (”‘“)H e i s 9@+ A=) = I8y sy @ d ).

The first inequality of Eq.(14) is proved.
For the proof of the second inequality of Eq. (14), by using Jensen-norm inequality, we obtain
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By adding these inequalities, we have

(e (5 5550)) o (i (3575 )
< 2llg(@ + lg(@) - LoD

(16)

Multiplying both sides of Eq. (16) by w®~! and then integrating the resulting inequality with respect
to w over [0,1], we find second inequality of Eq. (14).

Remark 2 If we have a = 1 in the Theorem 2.3, then the inequality of Eq. (14) reduces inequality of
Eq. (13).

3. Conclusion

This paper focused on examining the notion of Norm-type convex functions of Hermite-Hadamard
inequalities of fractional order. The research also explored applications derived from these findings. The
outcome of the findings contributes for different applications. The upcoming researchers can establish
similar inequalities different types of convexities in their future works.
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