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N-r-Ideals and Semi N-r-Ideals of Commutative Zy-Graded Rings

Rashid Abu-Dawwas and Anas Al-Jarrah

ABSTRACT: Let R be a commutative ring with nonzero unity 1. This article introduces and investigates
new classes of ideals in Za-graded rings, building on the previously established notion of r-ideals. Using the
function N : R — Ry, defined by N (z) = 22 —? for © = z9+x1 € R, we define and study N-r ideals and semi
N-r-ideals. A proper ideal I is N-r-ideal if zy € I implies N'(x) € I or y € zd(R), while it is semi N-r-ideal
if 2 € T implies N'(x) € T or = € 2d(R), where zd(R) is the set of zero divisors of R. Fundamental properties
of these ideals are explored, including their relationships to existing structures in graded ring theory. These
results extend the understanding of ideal theory in the context of Za-graded rings and offer new perspectives
for future research.
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1. Introduction

Recall that the set of all zero divisors of R is denoted by zd(R), and is defined by zd(R) = {x €
R : there exists a nonzero y € R with xy = 0}. In [7], the concept of r-ideals has been established and
investigated. A proper ideal I of a ring R is said to be an r-ideal if whenever z,y € R with xy € I, then
either x € I or y € zd(R). On the other hand, the concept of semi r-ideals has been introduced and
studied in [5]. A proper ideal I of a ring R is said to be a semi r-ideal if whenever z € R with 2% € I,
then either x € I or = € zd(R).

The study of graded rings and their ideal structures has been a central theme in modern algebra,
offering a rich framework for exploring connections between ring theory, homological algebra, and alge-
braic geometry. A graded ring is a ring R that is decomposed into a direct sum R = @ gec By with
RyRyp € Rgp, for all g,h € G, where G is a group and R, is an additive subgroup of R, for all g € G.
The elements of each component R, are called homogeneous elements, and the set of all homogeneous
elements is Uge Ry which is denoted by h(R). For more terminology, one can see [4,8]. In this con-
text, a Zo-graded ring is a graded ring where G is Zs = {0, 1}, with each element of R being uniquely
decomposed as © = xg + x1, where zg € Ry and x1 € R;.

Among the most prominent classes of graded rings are Zo-graded rings, which have significant ap-
plications in areas such as representation theory and quantum mechanics. In this context, the interplay
between grading and ideal theory has inspired various extensions of classical notions, including the concept
of r-ideals and semi r-ideals.

In [1], the notion of N-prime ideals was introduced for Zs-graded rings using the norm function
Nr : R — Ry, defined by

NR(I) = 'I(Z) - I%,

where x = z¢ + z1 is the homogeneous decomposition of x € R. When no confusion occurs, we replace
Ng by N. It is important to note that the function N was introduced for the first time in ( [3], Theorem
5.8). A proper ideal I is N-prime if zy € I implies N'(z) € I or N'(y) € I. This novel approach connects
the grading structure with the functional mapping A, leading to a deeper understanding of graded prime
ideals. Not only in algebra, even in other branches of Mathematics, the norm function has a significance
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role in analyzing the algebraic structure or other mathematical structures of a Zs-graded ring like the
graphical structure as presented in [6]. The reader should pay attention to that the norm function can
be defined for graded rings which are not necessarily Zs-graded. For example, if R is a first strongly
Z4-graded ring (for first strongly graded rings and modules, we refer the reader to [9]) whose support is
(2), then the norm function is defined on R by N (r) = r2 —r3, where r = 179 + 11 + 12 + 73 = 19 + 1o is
the unique decomposition of r in the Z4-graded ring R. The existence of the norm function for a wide
range of graded rings will definitely leads to new releases in this area of research.

In this article, we extend this framework by introducing and studying two new classes of ideals: N-
r-ideals and semi N -r-ideals. These concepts generalize the classical notion of r-ideals in a way that
respects the grading structure. Specifically, A proper ideal I is N -r-ideal if xy € I implies N (z) € I or
y € zd(R). A proper ideal I is semi N-r-ideal if 22 € I implies N'(z) € I or = € zd(R).

These definitions naturally arise from the graded structure of the ring and offer a new perspective on
ideal theory in Zs-graded rings. This work explores the fundamental properties of these new ideals, their
interrelations, and their connections to r-ideals.

This study not only enriches the theory of Zs-graded rings but also lays the groundwork for further
exploration of functional mappings in algebraic structures.

2. Preliminaries on the norm function A/ and N-prime ideals

In this article, we focus on Zs-graded ring R = Ro@ R: with R;R; C R,;, for all i,j € Zs,
where Ry and R; are additive subgroups of R. Actually, Ry is a subring of R and 1 € Ry. Now,
for every x € R, x is written uniquely as z = xg + x1, for some ¢y € Ry and ;7 € R;. Then for
every r € R, define N(z) = 23 — z2.

Theorem 2.1 [1] Let R be a Za-graded ring. Then
1. N(z) € Ry, for every x € R. Hence, N is a function from R to Ry.
2. N(0) =0.
3. N(1)=1.
4. N(zy) = N ()N (y), for every x,y € R.

Theorem 2.2 [1] Let R be a Za-graded ring and x € h(R). Then

x2, z € Ry
N(m) - {—xQ, T € Ry

Lemma 2.1 [1] Let R be a Zs-graded ring and I be an ideal of R. Then N(I) C IRy C I.

An ideal I of a graded ring R is said to be a graded ideal if I = @ (I Ry), i.e., whenever x € I,
we have z, € I, for all g € G. Indeed, not every ideal of a graded ring is a graded ideal, see [8]. Moreover,
if I is a graded ideal of a graded ring R, then R/I is graded by (R/I), = (R, + I)/I, for all g € G.

Lemma 2.2 [1] Let R be a Zo-graded ring and J be a graded ideal of R. Then N, ;(x+J) = Nr(x)+J,
for every xz € R.

Definition 2.1 [1] Let R be a Zs-graded ring and I be a proper ideal of R. Then I is said to be an
N-prime ideal of R if whenever z,y € R such that xy € I, then either N'(z) € I or N(y) € I.

Theorem 2.3 [I1] Let R be a Zs-graded ring and I be an ideal of R. If I is a prime ideal of R, then I
is an N'-prime ideal of R.

Indeed, ([1], Example 5) introduces an N-prime ideal that is not a prime ideal. So, the converse
of Theorem 2.3 is not necessarily true.

By Theorem 2.1 (4), A is a multiplicative function. On the other hand, N is not additive function
by ([1], Remark 4). However, we have the following in general:
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Theorem 2.4 [1] Let R be a Zy-graded ring and z,y € R. Then
N(z+y) =N(x) + N(y) + 2(zoyo — 111).

Note that, if R is of characteristic 2, A" will be an additive function, and hence N is a ring homomor-
phism from R to Rg. As a new result, we prove that if A is one to one, then R is of characteristic 2, and
the converse is not necessarily true.

Theorem 2.5 Let R be a Zo-graded ring. If N is one to one, then R is of characteristic 2.

Proof: Let x € R. Then © = zg + z1, for some zg € Ry and x1 € Ry, and then —z = —x¢ — x1, which
gives that N'(z) = 23 — 22 = N(—x), and hence x = —z that is 2z = 0. Thus, char(R) = 2. O

As a counterexample to the converse of Theorem 2.5, we present the next example.

Example 2.1 Consider R = Zs[z]/(z?). Let f(z)+ (#?) € R. Then by division algorithm, f(z) =
22q(x) + r(z), for some q(z),r(x) € Zg[:v] with r(z) = 0 or deg(r(x)) = 1, that is r(z) = a + bz, for
some a,b € Zs. So, flz) + (z 2) =a+ b+ <x2> Now, R is Zg-graded by Ry = Za + (2%)/(z?) and
Ry = Zpa+(2?)/(2?). So, for any f(x ) +(2%) € R (f(2)+(z))o = a+(2?) and (f(2)+(a®))1 = ba+(a?),
for some a,b € Zs, and then N( (x) +(2?)) = a® + (2?) = a + (2?). Clearly, R is of characteristic 2 but
N is not one to one as N (z + (z?)) = 0+ (z%) = N(0 + (z?)) with = + (2?) # 0+ (2?).

Corollary 2.1 Let R be a Zo-graded ring. If N is one to one, then N is a ring isomorphism between R
and Ry. Moreover, if R is a finite ring, then R has the trivial gradation by Zs.

One can see that ([1], Example 3) introduces a case where N is one to one.

3. N-r-Ideals

Definition 3.1 Let R be a Zs-graded ring and I be a proper ideal of R. Then I is said to be an
N-r-ideal of R if whenever x,y € R such that zy € I, then either N'(z) € I or y € zd(R).

Theorem 3.1 Let R be a Zsy-graded ring. If I is an r-ideal of R, then I is an N -r-ideal of R.

Proof: Let z,y € R such that zy € I. Then either x € I or y € zd(R). If € I, then by Lemma 2.1,
N(z) e N(I) C I. Hence, I is an N-r-ideal of R. O

The next example shows that an AN -r-ideal is not necessarily an r-ideal.

Example 3.1 Consider R = K]|xz,y], where K is a field, and G = Zs. Then R is trivially G-graded
by Ro = R and R; = {0}. Consider the graded ideal I = (xzy) of R. Then R/I is a G-graded ring
by (R/I)n, = (R, + I)/I, for all n € Zy. Consider the prime ideals P = (z + I) and Q = (y + I) of
R/I. We show that zd(R/I) = P|JQ. Let f + I € zd(R/I). Then, there exists g + I € R/I such that
g+I#04+Tand (f+1)(g+1I)=0+1. Thus, fg €I with g ¢ I. So, fg = xyh, for some h € R,
and hence z divides fg and y divides fg, which implies = divides f or x divides g, and y divides f or
y divides g. If x divides g and y divides g, then xy divides g, and then g € I, which is a contradiction.
So, x divides f or y divides f, or only one of x or y divides g. If x only divides g, then g = px for some
uw € R. Thus, fg = xyh implies xuf = xyh. Canceling = from both sides of the last equality yields
wf = yh. Now, y divides puf and y does not divide p (otherwise y will divide g, which contradicts that x
only divides g). Therefore, y divides f. In the same manner, we can show that if y only divides g, then
z divides f. So in either case, x or y divides f. This implies f + 1 € P|JQ. Thus, zd(R/I) C PJQ.
Let f471€PUQ. Then f+I€Por f+I1€Q. If f+T€P,then f+I=(zx+I)(h+I)=zh+]1, for
some h € R, and then f — xh € I which implies f — zh = zyt, for some t € R, and hence f = zh + zyt.
Now, yf = zy(h+yt) € I, and thus (y+ I)(f+ 1) =yf+ I =0+ 1T withy+IT #£0+Tasy ¢ I,
which means that f + I € zd(R/I). Similarly, if f +1 € @, then f+ 1 € zd(R/I). We conclude that,
zd(R/T) = PUQ. Now, we show that P? is an N, -r-ideal of R/I. Let f + I,g+ I € R/I such that
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(f+1)(g+1I)€ P2 Assume that g+ 1 ¢ 2d(R/I). Then g+ I ¢ P. Since (f +1I)(g+1) € P2 C P and
P is prime, we have f+1 € P, which implies Ng/;(f +1) = Ng(f)+1 = f>+1 = (f+1)*> € P2. Hence,
P? is an Ng/j-r-ideal of R/I. On the other hand, P? is not an r-ideal of R/I since & +1,x+y+1 € R/I
such that (z+1)(z +y+1) =2’ +ay+ I =2’ +I1=(x+1)? € P, o+1¢ P?andx+y+1 ¢ zd(R/I).

The ideals in the next two examples are r-ideals, so they are N-r-ideals by Theorem 3.1. However,
we introduce a classical proof using the definition.

Example 3.2 Let R be a Zy-graded ring. Then I = {0} is an N-r-ideal of R. Let x,y € R such that
zy € I and y ¢ zd(R). Then zy = 0. So, z = 0 because y ¢ zd(R), this implies N (z) = N(0) =0 € I.

Example 3.3 Let R be a Zy-graded ring and 0 # = € R. Then Ann(x) = {r € R : ro = 0} is an
N-r-ideal of R. Let a,b € R such that ab € Ann(x) and b ¢ zd(R). Then abz = 0, and then az = 0,
which implies a € Ann(x), and hence N'(a) € N(Ann(z)) C Ann(z) by Lemma 2.1.

Even though the next result is an immediate consequence of the definition of NV -r-ideals, it is an
important fact since it emphasizes that the components of the N -r-ideals are entirely consisting of zero
divisors.

Theorem 3.2 Let R a Zy-graded ring and I an N -r-ideal of R. Then, I C zd(R).

Proof: Let z € I. Then 1.z = z € I, and then since [ is an N-r-ideal and N'(1) =1 ¢ I, we have that
x € zd(R). Hence, I C zd(R). O

The next two examples show that A/-r-ideals and N-prime ideals are completely different concepts:

Example 3.4 Consider R = Zg[i]. Then R is Zo-graded by Ry = Zg and Ry = iZg. We have I = {0} is
an N-r-ideal by Example 3.2. However, I is not A/-prime since 2,3 € R with 2-3 € I but N(2) =4 ¢ I
and N'(3) =3¢ I.

Example 3.5 Consider the graded ring given in ([1], Example 5). I = pR, where p is a prime integer, is
an A -prime ideal. However, if I is an N-r-ideal, then by Theorem 3.2, I C zd(R) = {0}, a contradiction.
Hence, I is not an N-r-ideal.

Let R be aring, I C R an ideal, and a € R. The colon ideal or ideal quotient (I : a) is defined by
(I:a)={r € R|rae I}. For more details, one can look at ([2], Chapter 1, Section 7).

Theorem 3.3 Let R a Zs-graded ring and I an N'-r-ideal of R. Then for every a € R, either N'(a) € I
or (I:a)C 2d(R).

Proof: Let a € R such that N(a) ¢ I. Assume that b € (I : a). Then ab € I, and then since I is an
N-r-ideal, we have that b € zd(R). Hence, (I : a) C zd(R). O

The element a € R is said to be regular if it is not a zero divisor. The set of all regular elements of R
is denoted by r(R). So, R = zd(R)|Jr(R). In terms of the regular elements, we can reshape Definition
3.1 as follows: A proper ideal I of a Zs-graded ring R is an AV/-r-ideal if whenever ab € I, and a is regular,
then NV (b) € I.

Theorem 3.4 Let R be a Za-graded ring. If P is an N-r-ideal of R, then N (aR(\P) C N(a)P, for
every regular a € R.

Proof: Let a € R be regular. Assume that y € N(aR()P). Then there exists © € aR ()P such that
N(z) =y. Now, x = az € P, for some z € R. Since za € P with a is regular, we get N'(z) € P. Thus,
y=N(z) =N(az) = N(a)N(z) € N(a)P. O

The next theorem gives a partial converse of Theorem 3.4.
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Theorem 3.5 Let R a Zy-graded ring and P a proper ideal of R. Suppose that N(aR(\P) C N(a)P,
for every reqular a € R. If N'(r(R)) C r(R), then P is an N -r-ideal of R.

Proof: Let a,b € R such that ab € P and a is regular. Then ab € aR (P, this gives N (a)N(b) €
N(@RNP) € N(a)P. Thus, N(a)N(b) = N(a)z, for some z € P. So, N(a)(N(b) — z) = 0, which
implies V' (b) = z € P since N (a) is regular. Consequently, P is an N-r-ideal of R. O

The next example shows that the assumption N(r(R)) C 7(R) in Theorem 3.5 does not hold in
general. For a Zg-graded ring R, R = {z € R: N'(z) =0} [1].

Example 3.6 Consider R = M3(R) (the ring of all 2 x 2 matrices with real entries). Then R is Zs-graded

by:
R 0 0 R b 0
Ry = and Ry = . Let A = € R. Then Ay = and A; =
0 R O c d
0 b a’® —be 0 2
, and then N(A) = A% — A3 = . Now, choose A = . Then,
c 0 0 d? — be 2 1
0 0 a 0 0 0
A € r(R) as A is invertible. On the other hand, N'(A4) = ¢ r(R) as =
0 -3 3 0l]lo0 -3
0 a b
0 , for all o, € R. Hence, N(r(R)) € r(R). Note that, R = p ca?=bec=d?; #
c

0 0 6 9
as e N,
0 0 4 6
Lemma 3.1 Let R be a Zy-graded ring such that X = {0}. Then N (r(R)) C r(R).

Proof: Let y € N(r(R)). Then there exists x € 7(R) such that N'(z) = y. Let z € R such that yz = 0.
Then N (z)z = 0. So, 0 = N(0) = N(N(2)z) = NN (2))N(2) = N(2*)N(z) = N(2%2). Therefore,
2?2 € X = {0}. Since z € r(R), we obtain z = 0. Hence, y € r(R). O

Now, we can state the following result whose proof comes from Theorems 3.4 and 3.5, and Lemma
3.1.

Theorem 3.6 Let R be a Zs-graded ring such that X = {0} and P be a proper ideal of R. Then P is an
N -r-ideal of R if and only if N(aR(\ P) C N(a)P, for every reqular a € R.

Proposition 3.1 Let R be a Zs-graded ring. Then,

N(r(R)[(h(R) Cr(R)(h(R).

Proof: Lety € N(r(R)(\h(R)). Then there exists 2z € r(R) () h(R) such that N'(z) = y. Since z € h(R),
y = N(z) = 22 or —22. Assume that y = 2. Let 2 € Ann(y). Then 0 = zy = 22? = zz.z, which gives
zx € Ann(x) = {0}. So, zx = 0. Again, z € Ann(x) = {0}, i.e., z = 0. Hence, Ann(y) = {0}, i.e.,
y € r(R). Similarly, if y = —22%, then y € r(R). On the other hand, N'(x) € h(R). So, y € r(R) (N h(R).

O

Theorem 3.7 Let R a Zs-graded ring and P a proper ideal of R. Then P is an N -r-ideal of R if and
only if N((P : a)) C P, for every regqular a € R.
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Proof: Suppose that P is an N-r-ideal of R. Let a € r(R) and y € N((P : a)). Then there exists
x € (P : a) such that N(z) = y. Now, za € P, so y = N(z) € P. Conversely, let a,b € R such that
ab € P and a is regular. Then b € (P : a). Since N'(b) € N((P : a)) C P, we have P is an N-r-ideal of
R. O

By Lemma 2.1, N(P) C P, for every ideal P of R. Moreover, if P is an N -r-ideal of R, then we can
put something between NV (P) and P:

Corollary 3.1 Let R be a Za-graded ring. If P is an N -r-ideal of R, then N(P) C N((P :a)) C P, for
every regular a € R.

Proof: Let a € r(R). Then P C (P : a), and then N (P) CN((P :a)) C P by Theorem 3.7. )

Theorem 3.8 Let R a Zy-graded ring and P a proper ideal of R. Then P is an N -r-ideal of R if and
only if whenever I and J are ideals of R such that IJ C P and J(\r(R) # 0, then N'(I) C P.

Proof: Suppose that P is an N-r-ideal of R. Let I and J be two ideals of R such that I.J C P and
Jr(R) # 0. Without loss of generality, suppose I # {0}. Then there exists b € J(\r(R). Let y € N(I).
Then there exists a € I such that y = AM(a). Now, ab € P, so y = N(a) € P. Conversely, let a,b € R
such that ab € P and b € r(R). Set I = Ra and J = Rb. Then I and J are ideals of R such that
IJ C Pand J(\r(R) # 0, which implies N'(I) C P. In particular, N'(a) € P. We conclude that, P is an
N-r-ideal of R. O

Theorem 3.9 Let R be a Zy-graded ring. If R is an integral domain, then {0} is the only N -r-ideal of
R.

Proof: As stated in Example 3.2, {0} is an N-r-ideal of R. Let P be a nonzero N -r-ideal of R. Then
there exists 0 # b € P. Since R is an integral domain, b € r(R). Now, 1.b € P, so we have N'(1) =1 € P,
a contradiction. O

Theorem 3.10 Let R be a Zo-graded ring. If Py and Py are N -r-ideals of R, then Py (| Pz is an N -r-
ideal of R.

Proof: Let a,b € R such that ab € P, P, and a € 7(R). Then ab € P;. Since P; is an N-r-ideal,
N(b) € Py. Similarly, N'(b) € P, and hence N'(b) € Py () P,. Therefore, P; (| P, is an N-r-ideal of R. O

Definition 3.2 Let R be a Zs-graded ring and P be a proper ideal of R. Then P is said to be a semi
N-r-ideal of R if whenever z € R such that 2? € P, then either N'(z) € P or z € zd(R).
Clearly, every N-r-ideal is a semi N-r-ideal. On the other hand, the next example shows that a semi
N-r-ideal is not necessarily an N -r-ideal.

Example 3.7 Consider R = Z[i]. Then R is Zs-graded by Ry = Z and Ry = iZ. Consider the
ideal P = 6R of R. Let * € R such that 2> € P. Then 22 = 6(a + ib), for some a,b € Z. Thus,
(N(2))? = N(2?) = 36(a® + b?). Now, 2,3 divide (N(z))?, so 2,3 divide N(z) which implies 6 divides
N (z). That is, N'(z) € P. Hence, P is a semi N-r-ideal of R. On the other hand, P is not an N -r-ideal
of Rsince2-3€ Pbut N(2)=4¢ P, N(3)=9¢ P,2¢ 2d(R) and 3 ¢ zd(R).

Theorem 3.11 Let R be a Zo-graded ring. If P is a semi r-ideal of R, then P is a semi N -r-ideal of R.

Proof: Let z € R such that 2% € P. Then either z € P or z € 2d(R). If x € P, then N'(z) € N(P) C P
by Lemma 2.1. Hence, P is a semi A -r-ideal of R. O

On the other hand, the next example shows that a semi AV-r-ideal is not necessarily a semi r-ideal.
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Example 3.8 Consider the Zs-graded ring given in Example 3.7. Let P = 2R and = € R such that
2?2 € P. Then 22 = 2(a + ib), for some a,b € Z, and then (N(z))? = N(2?) = 4(a® + b?). Now, 2
divides (N (z))? which implies 2 divides N (x) that is N'(z) € 2R = P. Hence, P is a semi N-r-ideal. On
the other hand, P is not a semi r-ideal since 1+i € R with (14+i)*> € P, 14 ¢ zd(R) and (1+1) ¢ P.

Theorem 3.12 Let P be a proper ideal of a Zo-graded ring R. Then P is a semi N -r-ideal of R if
and only if whenever x € R with 0 # x? € P and = € r(R), then N (z) € P.

Proof: Suppose that whenever z € R with 0 # 22 € P and = € r(R), then N(z) € P. Let x € R
with 22 € P and x € r(R). If 22 = 0, then z = 0 as * € 7(R), and then N(z) = 0 € P. If 22 # 0,
then N(z) € P by assumption. Hence, P is a semi N -r-ideal of R. The converse is clear. O

Theorem 3.13 Let P and Q be two semi N -r-ideals of a Za-graded ring R. Then P(\Q is a semi N -
r-ideal of R.

Proof: Let x € R such that 22 € P Q and z € r(R). Then 2? € P and 22 € Q. Since P is a semi N-
r-ideal, AN(z) € P. Similarly, N(z) € Q. Hence, N(z) € P(\Q. Thus, P(\Q is a semi N-r-ideal
of R.

O

Lemma 3.2 Let R and S be two Zs-graded rings. Then
Nrxs(@,y) = Nr(x),Ns(y)), for every (z,y) € R x S.

Proof: Let (z,y) € R x S. Then (z,y) = (z,y)o + (

) ) A o , o . z,y)1 = (zo,y0) + (z1,31). Now, N(z,y) =
(T0,%0)* — (w1,91)* = (25, y5) — (z1,97) = (¥5 — 21, y5 — ¥7)

= (Wr(z), Ns(y))-

)
2
1

O

Theorem 3.14 Let R and S be two Zo-graded rings and T = R x S. If P is a semi Nr-r-ideal of R,
then P x S is a semi Np-r-ideal of T.

Proof: Let (z,y) € T such that (z,y)> € P x S and (z,y) € r(R x S). Then 22 € P. If Anng(z) #
{0r}, then there exists a nonzero ¢ € R such that tx = Og. Since (t,0r)(z,y) = (Og,0s), we get
t = Og, which is a contradiction. So, Anng(x) = {Og}. Since P is a semi N-r-ideal, Ng(z) € P, and
hence Nr((z,y)) € P x S. Thus, P x S is a semi AN -r-ideal of T.

|

Similarly, we can prove the following theorem.

Theorem 3.15 Let R and S be two Zsy-graded rings and T = R x S. If Q is a semi Ng-r-ideal of S,
then R x Q is a semi Np-r-ideal of T.

The converses of Theorems 3.14 and 3.15 hold true.

Theorem 3.16 Let R and S be two Zy-graded rings and T = R x S. If P x S is a semi Np-r-ideal
of T, then P is a semi Ngr-r-ideal of R.

Proof: Let + € R such that 22 € P and x € r(R). Then (z,1) € T with (z,1)> € P x S.
If Annr((z,1)) # {(0g,0s5)}, then there exists a nonzero (¢,s) € T such that (x,1)(t,s) = (Og,0s),
which implies 2t = 0 and s = 0g, so t € Anng(z) = {Or} and s = 0g. Hence, (t,s) = (0g,0s), which
is a contradiction. So, Anny((x,1)) = {(0g,0s)}. Since P x S is a semi N-r-ideal, Nr((z,1)) € P x S,
and hence Ng(z) € P. Thus, P is a semi Ng-r-ideal of R.

O

Similarly, the following Theorem is demonstrated.
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Theorem 3.17 Let R and S be two Za-graded rings and T = R x S. If R x Q is a semi Nr-r-ideal
of T, then Q is a semi Ng-r-ideal of S.

Theorem 3.18 Let R and S be two Zy-graded rings and T = R x S. If P and Q are semi Ng-r-ideal
of R and Ng-r-ideal of S, respectively, then P x Q is a semi Np-r-ideal of T.

Proof: Let (z,y) € T such that (x,y)? € PxQ and (z,y) € r(Rx S). A same argument as in the proof
of Theorem 3.14 leads to that z € r(R), and then since P is a semi Np-r-ideal, Ng(z) € P. Similarly,
y € 7(S). Therefore, Ns(y) € Q. Hence, Np((z,y)) € P x Q. Thus, P x Q is a semi Np-r-ideal of T

|

Theorem 3.19 Let R and S be two Zs-graded rings and T = R x S. Suppose that P and Q) are proper
ideals of R and S, respectively. If P x Q is a semi Np-r-ideal of T, then either P is a semi Ng-r-ideal
of R or Q is a semi Ng-r-ideal of S.

Proof: Suppose that P is not a semi Nz-r-ideal of R and Q is not a semi ANg-r-ideal of S. Then, there
exist z € R and y € S such that 2? € P, y? € Q, Anng(z) = {Or}, Anns(y) = {0s}, Nr(z) ¢ P,
Ns(y) € Q. So, (x,9)? € P x Q. If Annr((z,y)) # {(0r,0s)}, then there exists a nonzero (t,s) € T
such that (z,y)(¢t,s) = (Og,0s), which implies 2t = 0z and ys = 0s. So t € Anng(z) = {Or} and s €
Anng(y) = {0g}. Hence, (t,s) = (Ogr,0s), which is a contradiction. Thus, Annp((z,y)) = {(Or,0s)}.
Since P X Q is a semi Np-r-ideal, we have N7 ((z,y)) € P x @, which is a contradiction. Hence, either P
is a semi AN g-r-ideal of R or Q is a semi Ng-r-ideal of S.

O
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