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Well-Posedness of Mixed Fractional-Order Nonlocal Problems
With Absorption Phenomena

Adnane Kaddiri∗, Ahmed Jamea, Abdeghali Ammar and El Mehdi Hassoune

abstract: This paper proves the existence of entropy solutions for a generalized class of mixed fractional-
order systems (M-FOS) incorporating nonlocal operators and perturbation effects under Dirichlet boundary
conditions. We initiate our analysis under minimal regularity assumptions (treating f ∈ L1 data) and em-
ploy the Minty-Browder theorem to address non-coercive settings. By imposing structural conditions on the
perturbation term, we capture a broad spectrum of phenomena arising in physics, engineering, and biological
systems. Using variational techniques in fractional Sobolev spaces, we establish rigorous existence results for
the proposed model.
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1. Introduction

Let Ω ⊂ RN , (N ≥ 2) be a smooth bounded domain. In this paper, we consider the following nonlocal
mixed fractional (p, q)-Laplacian system, where we investigate the existence and uniqueness of entropy
solutions : {

(−∆)sp,q(u− B(u)) = f(x, u) in Ω,
u = 0 on ∂Ω,

(1.1)

where 1 < p ≤ q < ∞ and (−∆)sp,q is the fractional p, q-Laplacian operator with variable order, where
modelise a mixed fractional-order Schrödinger-Kirchhoff equations (NLSKE) with perturbation phenom-
ena such that refer to a class of nonlinear partial differential equations (PDEs) that combine fractional
Laplacian operators, nonlocal Kirchhoff terms, and external perturbations ” These equations arise in
various contexts including quantum mechanics and Bose-Einstein condensates”, defined as:

(−∆)sp,qu(x) = P.V.

∫
Ω

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+sp

+ a
(x+ y

2

) |u(x)− u(y)|q−2(u(x)− u(y))

|x− y|N+sq
dy. x ∈ Ω.

Assuming P.V. indicates the principal value (in the conventional sense), and 0 < s < 1. In this problem
a : Ω → R is a Lipschitz continuous map, a(x) ≥ 0 for all x ∈ Ω. The absorption function B is continuous,
defined from R to R and satisfying specific conditions (see assumption (H1) below), the given datum f ,
assumed to satisfy growth conditions (e.g., f ∈ L1), for further details, see Hypothesis (H2). Recently,
fractional calculus ” a generalization of classical differentiation and integration to non-integer (real or
complex) orders” has finds extensive applications across diverse fields—including mathematics, physics,
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engineering, economics, and social sciences. This framework, pioneered by luminaries such as Abel, Ca-
puto, Euler, Grünwald, Hadamard, Hardy, Heaviside, Jumarie, Laplace, Leibniz, Letnikov, Liouville,
Riemann, Riesz, and Weyl, extends conventional operators to encompass arbitrary powers. A principal
motivation for its study lies in its profound utility in addressing problems arising in fractal space-time
physics, where fractional operators naturally model anomalous diffusion, memory effects, and non-local
phenomena. Its capacity to describe complex systems with scaling invariance or long-range dependencies
underscores its significance in both theoretical and applied realms. Closely related are fractional Sobolev
spaces, which have long been a classical subject in functional and harmonic analysis. In recent years,
these spaces—along with their associated nonlocal equations—have seen remarkable applications, further
expanding the reach of fractional methods. Examples include: Physics and materials science: Anoma-
lous diffusion [ [1], [2], [3]], crystal dislocation [ [4], [5], [6]], stratified materials [ [7], [8], [9]], and soft
thin films [10]. Fluid dynamics and wave phenomena: Quasigeostrophic flows [ [11], [12], [13]], water
waves [ [14], [15], [16], [17] etc.], and flame propagation [18]. Optimization and geometry: Minimal
surfaces [ [19], [20]], gradient potential theory [21], and phase transitions [ [22], [23], [24], [25], [26]].
Interdisciplinary applications: Finance [27], semipermeable membranes [18], and the ultra-relativistic
limits of quantum mechanics [28]. The synergy between fractional calculus and fractional Sobolev spaces
highlights their shared role in modeling non-local interactions and irregular domains, from fractal geome-
tries to discontinuous processes. For further context, foundational insights can be found in [ [29], [30]],
while broader theoretical treatments appear in [ [31], [32]]. Fractional calculus extends classical calculus
by incorporating non-commutative derivatives, which demonstrate considerable reliability when applied
within non-commutative geometry. This advancement naturally prompts a generalization of information
theory to fractional orders. The foundational works of Oldham and Spanier [33], Srivastava and Owa
[34], Oustaloup [35], Miller and Ross [36], Samko et al. [37], Kiryakova [38], Mainardi [39], Podlubny
[40], Hilfer [41], Zaslavsky [42], Kilbas et al. [43], Magin [44], Sabatier et al. [45], Hilfer [46], Mainardi
[47], Monje et al. [48], Klafter et al. [49], Tarasov [50], Baleanu et al. [51], Yang [52], Jumarie [
[53], [54], [55], [56]], among others, have significantly contributed to various applied sciences. Despite
these developments, certain unresolved mathematical challenges persist, complicating progress in the
field. While many key issues have been identified, practical formulations tailored to specific applications
remain scarce. Research in this area continues to evolve [ [33]-– [55]]. A major advantage of employing
fractional differential equations (both ordinary and partial) in scientific modeling lies in their nonlocal
nature. Unlike classical derivatives, which are local and linear operators, fractional derivatives are inher-
ently nonlocal and nonlinear. Consequently, the behavior of a system described by fractional calculus
depends not only on its immediate state but also on its entire history, offering a more comprehensive
framework for modeling complex phenomena. The core of our approach relies on the Minty-Browder
surjectivity theorem. First, we construct a sequence of weak solutions to problem (??). Using a priori
estimates and Fatou’s Lemma, we then establish the existence of at least one entropy solution. Finally,
the uniqueness of the solution to (??) is proven by applying a fundamental Lemma.

2. Background Materials

This section is devoted to the definition of the fractional Sobolev spaces, which generalize the classical
Sobolev spaces to non-integer orders of differentiation. These spaces are essential in the analysis of partial
differential equations (PDEs) with fractional derivatives, as well as in applications where solutions exhibit
irregular or non-local behavior. To establish their functional framework, we first report a quick tour of
some of the useful basic definitions and properties of fractional calculus, including the Riemann-Liouville
and Caputo fractional derivatives, along with their key operational properties. A solid grasp of these
concepts is crucial for understanding both the theoretical structure and practical applications of fractional
Sobolev spaces.

Definition 2.1 Let :

(i) Ω be a bounded open domain in RN , (N ≥ 2).

(ii) a : Ω −→ [0,∞) is Lipschitz continuous function.
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(iii) γ be function defined as follow

γ : Ω× Ω× [0,∞) −→ [0,∞)

((x, y), t) 7−→ γ((x, y); t) := tp + a
(x+ y

2

)
tq.

(iv) A fractional order s ∈ (0, 1), and u ∈ M(Ω,R).

The Gagliardo-type modular for a measurable function u is defined as

ρs,γ(u) :=

∫
Ω×Ω

γ
(
(x, y);

|u(x)− u(y)|
|x− y|s+N/.

)
dydx.

=

∫
Ω×Ω

|u(x)− u(y)|p

|x− y|N+sp
+ a
(x+ y

2

) |u(x)− u(y)|q

|x− y|N+sq
dydx.

where

• 1 < p < q.

• q
p < 1 + 1

N .

The fractional Musielak-Orlicz space Lγ(Ω) is defined by

Ls,γ(Ω) = {u ∈ M(Ω,R) : ρs,γ(u) < +∞} .

The corresponding seminorm is given by the Luxemburg norm

[u]s,γ = inf
{
λ > 0 : ρs,γ

(u
λ

)
≤ 1
}
.

The corresponding Fractional Sobolev Space W s,γ(Ω) of Lγ(Ω) is defined by

W s,γ(Ω) =
{
u ∈ Lγ(Ω) : ∇u ∈ Ls,γ(Ω)N

}
,

equipped with the norm
∥u∥s,γ = [u]s,γ + [u]s,γ,N for all u ∈ Ls,γ(Ω),

such that

[u]s,γ,N = inf

{
λ > 0 :

N∑
i=1

ρs,γ

(ui
λ

)
≤ 1

}
.

Now, we define the space W s,γ
0 (Ω) denotes the closure of C∞

0 (Ω) in space W s,γ(Ω)

i.e :W s,γ
0 (Ω) = C∞

0 (Ω)
W s,γ(Ω)

.

Or equivalently:
W s,p

0 (Ω) := {u ∈W s,p(Ω) : u = 0 a.e. in ∂Ω} .

with respect the norm ∥.∥s,γ .

Proposition 2.1 (see [1]) The both spaces (W s,γ(Ω), ∥.∥s,γ) and (W s,γ
0 (Ω), ∥.∥s,γ) are uniformly con-

vex and so, reflexive Banach spaces.

Proposition 2.2 (see [1]) Let p, q two real numbers such that 1 < p < q < N, then we have:

(i) W s,γ
0 (Ω) ↪→ Lr(Ω). is compact embedding whenever r < p∗, with p∗ given by

p∗ :=
Np

N − p
.
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(ii) Ls,γ(Ω) ↪→ L1(Ω).

(iii) Lq(Ω) ↪→ Ls,γ(Ω) ↪→ Lp(Ω) ∩ Lq
a(Ω).

(iv) min
{
∥u∥ps,γ ; ∥u∥qs,γ

}
≤ ∥u∥pp + ∥u∥qq,a ≤ max

{
∥u∥ps,γ ; ∥u∥qs,γ

}
.

(v) min
{
∥u∥ps,γ ; ∥u∥qs,γ

}
≤ ∥∇u∥pp + ∥∇u∥qq,a ≤ max

{
∥u∥ps,γ ; ∥u∥qs,γ

}
.

Definition 2.2 (see [7]) Let Y be a reflexive Banach space, Y ∗ its dual space and denote by ⟨.; .⟩its
duality pairing. Let B : Y −→ Y ∗, then B is called monotone if

⟨Bu−Bv;u− v⟩ ≥ 0 ∀ u, v ∈ Y.

Theorem 2.1 (see [7]) Let Y be a real, reflexive Banach space, and let B : Y −→ Y ∗ be a bounded,
hemi-continuous, coercive, pseudomonotone operator. Given b ∈ Y ∗, there exists a solution to the equation
Bu− b = 0.

Definition 2.3 Given a constant k > 0, we define the cut function Tk : R → R as

Tk(s) =

 s if |s| < k,
k if s > k,
−k if s < −k.

For a function u = u(x) defined on Ω, we define the truncated function Tk(u) as follows, for every x ∈ Ω,
the value of (Tku) at x is just Tk(u(x)).
By Ph. Bénilan, L. Boccardo, T. Gallouet [8] we define also the space

T s,γ
0 (Ω) = {u ∈ M(Ω,R) : Tk(u) ∈W s,γ

0 (Ω) for all k > 0} .

Proposition 2.3 (see [8]) For every u ∈ T s,γ
0 (Ω), there exists a unique measurable function v : Ω →

RN such that ∇Tk(u) = vχ|u|<k, a.e. in Ω for every k > 0, where χE denotes the characteristic function
of a measurable set E. Moreover, if u belongs toW s,γ

0 (Ω), then v coincides with the standard distributional
gradient of u, and we will denote it by v = ∇u.

Lemma 2.1 For ξ, η ∈ RN and 1 < p <∞, we have:

(i) 1
p |ξ|

p − 1
p |η|

p ≤ |ξ|p−2ξ.(ξ − η),

(ii) a(x) 1p |ξ|
p − a(x) 1p |η|

p ≤ a(x)|ξ|p−2ξ.(ξ − η), for all x in Ω.

where a dot symbol denotes the Euclidean scalar product in RN .

Proof: To establish the first claim (i), for η ∈ RN , we define the function f : RN → R as

f(η) =
1

p
|η|p,

where 1 < p <∞.
This function is smooth on RN for 1 < p <∞, and its gradient is given by:

∇f(η) = |η|p−2η,

where ∣∣∣η∣∣∣ = ( N∑
i=1

η2i

) 1
2

.

Using the Taylor expansion of f(η) at ξ, we have:

f(η) = f(ξ) +∇f(ξ).(η − ξ) +R.
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Since f(η) = 1
p |η|

p is convex for 1 < p <∞.
This implies that the remainder term satisfies

R ≥ 0.

This gives the inequality:

f(η) ≥ f(ξ) +∇f(ξ).(η − ξ).

In other words:
1

p
|ξ|p − 1

p
|η|p ≤ |ξ|p−2ξ.(ξ − η).

For the second claim (ii), it is sufficient to substitute f with fa, where

fa(η) = a(x)f(η)

for all (x,η) in Ω× RN . 2

Lemma 2.2 For a > 0, b > 0 and 1 ≤ p <∞, and n ∈ N, we have

(i)

(a+ b)p ≤ 2p−1(ap + bp).

(ii)

ap + bp ≤ (a+ b)p.

Theorem 2.2 (see [15]) Suppose that Ω ⊂ RN is a bounded set, and p be a real number such that
1 ≤ p <∞. Then, for all u ∈W s,γ

0 (Ω), the following inequalities hold:

∥u∥p ≤ C0∥∇u∥p

∥u∥q,a ≤ C1∥∇u∥q,a

are satisfied where the constant C0 depends on the exponent p, diam(Ω), and the dimension N, ( respec-
tively C1 on the exponent q, a, diam(Ω), and the dimension N).

3. Key assumptions and proof of the central claim

This section presents the definition of an entropy solution for problem (1.1) and proves its existence
through Theorem (3.1). Key assumptions on the nonlinearity f and the absorption term B are introduced
to support the analysis. The proof is structured in two steps: First, we regularize (1.1) and construct
a sequence of weak solutions for the approximate problems (3.2). Second, we derive crucial a priori
estimates, enabling us to pass to the limit and establish the existence of an entropy solution to the
original problem (1.1).

(H1) B is a function defined from RN to R such that B(0) = 0 and for all real numbers x, y we have

• ∥B(x)− B(y)∥ < λ0|x− y|.

• λ0 is a real constant such that

0 < λ < min
{ (N − p)(meas(Ω))−

1
N

2(N − 1)p
,
(N − q)(meas(Ω))−

1
N

2(N − 1)q

}
.

(H2) f ∈ L1(Ω).
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Remark 3.1 To simplify and clarify the discussion in this article, we assume:

ψu
B(x, y) = u(x)− u(y)− B(u(x)) + B(u(y))

= [u(x)− B(u(x))]− [u(y)− B(u(y))]

Ψu
B,p(x, y) =

|ψu
B(x, y)|p−2ψu

B(x, y)

|x− y|N+sp

Ψu
B,q,a(x, y) = a

(x+ y

2

) |ψu
B(x, y)|p−2ψu

B(x, y)

|x− y|N+sq

Definition 3.1 A function u ∈ T s,γ
0 (Ω) is an entropy solution of degenerate elliptic problem (??) if and

only if ∫
Ω

∫
Ω

[
|ψu

B(x, y)|p−2ψu
B(x, y)

|x− y|N+sp
+ a

(
x+ y

2

)
|ψu

B(x, y)|q−2ψu
B(x, y)

|x− y|N+sq

]
(3.1)

×
(
∇Tk(u− φ)(x)−∇Tk(u− φ)(y)

)
dydx ≤

∫
Ω

f(x, u)Tk(u− φ)(x)dx.

for all k > 0, φ ∈W s,γ
0 (Ω) ∩ L∞(Ω).

Theorem 3.1 Under assumptions (H1) − (H2), the problem (1.1) admits an entropy solution (in the
sense of Definition (3.1)). In other words, there exists an element u in T s,γ

0 (Ω) such that:∫
Ω

∫
Ω

[
|ψu

B(x, y)|p−2
(
ψu
B(x, y)

)
|x− y|N+sp

+ a

(
x+ y

2

) |ψu
B(x, y)|q−2

(
ψu
B(x, y)

)
|x− y|N+sq

]

×
(
∇Tk(u− φ)(x)−∇Tk(u− φ)(y)

)
dydx ≤

∫
Ω

f(x, u)Tk(u− φ)(x)dx.

for all k > 0, φ ∈W s,γ
0 (Ω) ∩ L∞(Ω).

Remark 3.2 Further down, Ci; i ∈ {1; 2; ...} is a positive constant and meas{B} denotes the measure
of the measurable set B ⊂ RN .

3-1-The approximate problem

We consider the following approximate problem:{
(−∆)sp,q(u− B(u)) = fn in Ω,
un = 0 on ∂Ω,

(3.2)

where (fn)n∈N is a sequence of smooth functions defined by:

fn = Tn(f), ∀n ∈ N∗.

The sequence (fn)n∈N satisfies the following properties:

1. fn → f in L1(Ω) as n→ ∞.

2. |fn| ≤ |f | ∀n ∈ N∗.

3. ∥fn∥∞ ≤ ∥f∥1

meas(Ω) ∀n ∈ N∗.

Let us define the operator Bn as follows:

Bn :W s,γ
0 (Ω) −→ (W s,γ

0 (Ω))′

u 7−→ Bnu := B1u− Ln

where (W s,γ
0 (Ω))′ is the dual space of W s,γ

0 (Ω)
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Remark 3.3 It is important for the remainder of our work to note, using hypothesis (H2), that

Ln ∈ (W s,γ
0 (Ω))′.

where for u, v ∈W s,γ
0 (Ω)

⟨B1u, v⟩ =

∫
Ω

∫
Ω

[
|ψu

B(x, y)|p−2
(
ψu
B(x, y)

)
|x− y|N+sp

+ a

(
x+ y

2

) |ψu
B(x, y)|q−2

(
ψu
B(x, y)

)
|x− y|N+sq

]
×
(
∇v(x)−∇v(y)

)
dydx.

⟨Ln, v⟩ =

∫
Ω

fnvdx

=

∫
Ω

Tn(f)vdx.

such first, we must establish that Bn is bounded, coercive, and pseudomonotone operator.

Step 1: Bn is bounded.

We will prove that B is bounded. Now, using propositions (2.1) and (2.2), Lemma (2.1) and hypothesis

(H1), let un ∈W s,γ
0 (Ω) and φ ∈W s,γ

0 (Ω) ∩W 1,q′

0 (Ω, a), and set:

λ1 :=
1

2

(
∥un∥p−1

p + ∥un∥q−1
q,a

)
.

λ2 := ∥φ∥s,γ .

a := max
(x,y)∈Ω×Ω

(
a
(x+ y

2

))
.

Then, we have

∣∣∣∣〈B1 un
λ1
,
φ

λ2

〉∣∣∣∣ ≤
∫
Ω

∫
Ω

[
Ψ

un/λ1

B,p (x, y) + Ψ
φ/λ2

B,q,a(x, y)
](

∇φ(x)−∇φ(y)
)
dydx (3.3)

≤
∫
Ω

∫
Ω

Ψ
un/λ1

B,p (x, y)
(
∇φ(x)−∇φ(y)

)
dydx

+

∫
Ω

∫
Ω

Ψ
φ/λ2

B,q,a(x, y)
(
∇φ(x)−∇φ(y)

)
dydx

≤ 2p−2

∫
Ω

∫
Ω

[ |un(x)− un(y)|p−1

|x− y|N+sp
+

|B1un(x)− B1un(y)|p−1

|x− y|N+sp

]
× |∇φ(x)−∇φ(y)|dydx
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+ 2q−2a

∫
Ω

∫
Ω

[ |un(x)− un(y)|q−1

|x− y|N+sq
+

|B1un(x)− B1un(y)|q−1

|x− y|N+sq

]
× |∇φ(x)−∇φ(y)|dydx

≤ 2p−2
(
λ1 + 1

)∫
Ω

∫
Ω

|un(x)− un(y)|p−1

|x− y|N+sp
|∇φ(x)−∇φ(y)|dydx

+ 2q−2a
(
λ2 + 1

)∫
Ω

∫
Ω

|un(x)− un(y)|q−1

|x− y|N+sq
|∇φ(x)−∇φ(y)|dydx

≤ C2

[ ∫
Ω

∫
Ω

|un(x)− un(y)|p−1

|x− y|N+sp
|∇φ(x)−∇φ(y)|dydx

+

∫
Ω

∫
Ω

|un(x)− un(y)|q−1

|x− y|N+sq
|∇φ(x)−∇φ(y)|dydx

]
≤ C2

[( ∫
Ω

∫
Ω

|un(x)− un(y)|p−1

|x− y|N+sp
dydx

) p−1
p

×
(∫

Ω

∫
Ω

|∇φ(x)−∇φ(y)|dydx
) 1

p

+
(∫

Ω

∫
Ω

|un(x)− un(y)|q−1

|x− y|N+sq
dydx

) q−1
q

×
(∫

Ω

∫
Ω

|∇φ(x)−∇φ(y)|dydx
) 1

q
]

≤ C2

∥∥∥un
λ1

∥∥∥γ
s,γ

∥∥∥ φ
λ2

∥∥∥
s,γ

≤ C2.

where

C2 = max
{
2p−1

(
1 + (λ0C0)

p−1
)
; 2q−1a

(
1 + (λ0C1)

q−1
)}
.

Now, using proposition (??) and hypothesis (H2), we obtain, for un ∈W s,γ
0 (Ω) :

∫
Ω

Tn(f)undx ≤ ∥fn∥∞∥un∥1 (3.4)

≤ ∥f1∥1
meas(Ω)

∥un∥1

≤ C3∥un∥s,γ ,

where

C3 =
M0∥f∥1
meas(Ω)

,

such that M0 is the embedding constant of Lγ(Ω) into L1(Ω).
Finally, using inequality (3.3) - (3.4), we deduce that Bn is bounded.
Step 2: Bn si coercive .

Now, using inequality (3.4), Lemmas (2.1) and (2.2), hypothesis (H2), and proposition (2.2), let
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un ∈W s,γ
0 (Ω) and φ ∈W−s,γ′

0 (Ω) ∩W−1,q′

0 (Ω, a). We obtain that

⟨Bnun, un⟩ =

∫
Ω

∫
Ω

Ψun

B,p(x, y)dydx+

∫
Ω

∫
Ω

Ψun

B,q,a(x, y)dydx−
∫
Ω

Tn(f)undx (3.5)

≥ 1/p

∫
Ω

∫
Ω

[
1/2p−1 |un(x)− un(y)|p

|x− y|N+sp
− 2

|Bun(x)− Bun(y)|p

|x− y|N+sp

]
dydx

+ 1/q

∫
Ω

∫
Ω

a
(x+ y

2

)[
1/2q−1 |un(x)− un(y)|q

|x− y|N+sq
− 2

|Bun(x)− Bun(y)|q

|x− y|N+sp

]
dydx

− C3∥un∥s,γ

≥ 1/p

∫
Ω

∫
Ω

[
1/2p−1 |un(x)− un(y)|p

|x− y|N+sp
− 2λp0

|un(x)− un(y)|p

|x− y|N+sp

]
dydx

+ 1/q

∫
Ω

∫
Ω

a
(x+ y

2

)[
1/2q−1 |un(x)− un(y)|q

|x− y|N+sq
− 2λq0

|un(x)− un(y)|q

|x− y|N+sq

]
dydx

− C3∥un∥s,γ

≥ 1/p
(
1/2p−1 − 2λp0)

∫
Ω

∫
Ω

|un(x)− un(y)|p

|x− y|N+sp
dydx

+ 1/q
(
1/2q−1 − 2λq0)

∫
Ω

∫
Ω

a
(x+ y

2

) |un(x)− un(y)|q

|x− y|N+sq
dydx− C3∥un∥s,γ

≥ C6ρs,γ(u)− C3∥un∥s,γ

where

C4 = 1/p

(
1

2p−1
− 2(λ0C0)

p

)
,

C5 = 1/q

(
1

2q−1
− 2(λ0C1)

q

)
,

C6 = min(C4;C5),

∥u∥p1
s,γ = min{∥u∥ps,γ , ∥u∥qs,γ}.

This implies that

⟨Bun, un⟩
∥un∥s,γ

−→ +∞ as ∥un∥s,γ −→ +∞

Then, we conclude that Bn is coercive. Step 4: Bn is pseudomonotone.
Let {un} ⊂W s,γ

0 (Ω) be a sequence such that:

1. un ⇀ u weakly in W s,γ
0 (Ω).

2. lim sup
n→∞

⟨B1un;un − u⟩ ≤ 0.

Prove that for all v ∈W s,γ
0 (Ω), we have

lim inf
n→∞

⟨B1un;un − v⟩ ≥ ⟨B1u;u− v⟩.

Using the proposition (2.2), more precisely The embedding W s,γ
0 (Ω) ↪→ Ls,γ(Ω) is compact, so un −→ u

strongly in Ls,γ(Ω).
Since

Ψun

B,p is bounded in L−s,γ′
(Ω).

Ψun

B,q,a is bounded in L−s,γ′
(Ω).
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Then, we can extract a subsequence (uφ(n))n∈N such that

Ψ
uφ(n)

B,p ⇀ Ψu
B,p as n→ ∞.

Ψ
uφ(n)

B,q,a ⇀ Ψu
B,q,a as n→ ∞.

Moreover, we have
∇un(x)−∇un(y)⇀ ∇u(x)−∇u(y) in Lγ(Ω× Ω).

Now, using the weak lower semicontinuity of the W s,γ(Ω× Ω)−norm, we obtain

lim inf
n→∞

⟨B1un;un⟩ ≥ ⟨B1u;u⟩.

Finally, Combining this with lim sup
n→∞

⟨B1un;un − u⟩ ≤ 0 yields:

lim inf
n→∞

⟨B1un;un − v⟩ ≥ ⟨B1u;u− v⟩. (3.6)

Then, the operator B1 is pseudomonotone. This implies that Bn is pseudomonotone. Finally, using
inequalities (3.3) - (3.6) and proposition (2.1), and then by Theorem (2.1), we can ensure that there
exists un ∈W s,γ

0 (Ω) such that∫
Ω

∫
Ω

[
|ψun

B (x, y)|p−2ψun

B (x, y)

|x− y|N+sp
+ a

(
x+ y

2

)
|ψun

B (x, y)|q−2ψun

B (x, y)

|x− y|N+sq

]
(3.7)

×
(
v(x)− v(y)

)
dydx =

∫
Ω

Tn(f(x, u))v(x)dx.

for all v ∈W s,γ
0 (Ω).

4- A priori estimates

We use throughout this work a priori estimates based on the proof established by Boccardo and
Gallouet’s see [8] and [9].

Remark 3.4 For simplicity, we use the two Lebesgue measures defined as dν1 and dν2, as follows

dν1 =
dydx

|x− y|N+sp
.

dν2 =
dydx

|x− y|N+sq
.

Lemma 3.1 Let hypotheses (H1) and (H2) be satisfied, then (∇Tk(un))n∈N is bounded in (Lγ(Ω))N .

Proof: Let k be a positive real number and (un)n∈N a sequence of W s,γ
0 (Ω) which satisfies the inequality

(3.7), we pose

Fk(n) = {(x, y) ∈ Ω× Ω | |un(x)− un(y)| ≤ k}.
Ωk(n) = {|un| ≤ k}.

Now, we take the test function v = Tk(un) in equality (3.1), then we obtain that∫
Fk(n)

Ψu
B,p(x, y) ×

(
∇Tk(un)(x)−∇Tk(un)(y)

)
dν1 (3.8)

+

∫
Fk(n)

Ψu
B,q,a(x, y) ×

(
∇Tk(un)(x)−∇Tk(un)(y)

)
dν2

≤
∫
Ωk(n)

Tn(f)Tk(un)dx

≤ k∥f∥1,
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So, using (3.8), Lemmas (2.1) and (2.1), and hypotheses (H1) and (H2), we get that

C6∥Tk(un)∥pγ ≤
∫
Ω

∫
Ω

[
|ψu

B(x, y)|p−2ψu
B(x, y)

|x− y|N+sp
+ a

(
x+ y

2

)
|ψu

B(x, y)|q−2ψu
B(x, y)

|x− y|N+sq

]
(3.9)

×
(
∇Tk(un)(x)−∇Tk(un)(y)

)
dydx

≤
∫
Ω

Tn(f(x, u))Tk(un)(x)dx

≤ k∥f∥1,

then

∥Tk(un)∥γ ≤ C
1/p
7 , (3.10)

where

C7 =
k∥f∥1
C6

.

The same manner, we can assure the existence of a positive constant C8 such that

∥Tk(un)∥q,a ≤ C
1/q
8 , (3.11)

This implies that, for any k > 0, (Tk(un))n∈N is uniformly bounded in W s,γ
0 (Ω). Then, up to a subse-

quence, we can assume that for any k > 0, Tk(un)⇀ vk inW s,γ(Ω). Furthermore, by compact embedding,
we have Tk(un) → vk in Lγ(Ω) and a.e. in Ω. 2

Lemma 3.2 Let hypotheses (H1)− (H2) be satisfied, the sequence (un)n∈N converges in measure to some
measurable function u.

Proof: To prove this, we can prove that (un)n∈N is a Cauchy sequence in measure. Let k > 0 be large
enough positive number.

Remark 3.5 It is obvious to see that

{|un| > k} ⊆ {|un| ≥ k} = {|Tk(un)| ≥ k},

Indeed, we have

{|Tk(un)| ≥ k} = {|Tk(un)| ≥ k; |un| < k} ∪ {|Tk(un)| ≥ k; |un| ≥ k}
= {|un| ≥ k}.

Now, using remark (3.5) and we take for v = Tk(un) as a test function in (??), we have

C6

Cp
0

kpmeas(|un| > k) ≤ C6

Cp
0

kpmeas(|un| ≥ k) (3.12)

≤ C6

Cp
0

∫
Ω

|un|pdx,

≤ C6

∫
Ω

|∇un|pdx

≤
∫
Ω

Ψun

B,p(x, y)
(
∇Tk(un)(x)−∇Tk(un)(y)

)
dν1

+

∫
Ω

Ψun

B,q,a(x, y)
(
∇Tk(un)(x)−∇Tk(un)(y)

)
dν2

≤
∫
Ω

Tn(f)Tk(un)dx

≤ k∥f∥1
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this implies that

meas(|un| > k) ≤ C9

kp−1
,

where

C9 =
Cp

0∥f∥1
C6

.

Therefore

meas(|un| > k) → 0 as k → +∞, uniformly with respect to n. (3.13)

Now, for every fixed t > 0, every real positive k, for all n,m ∈ N and ε > 0, we can write

un = Tk(un) + (un − Tk(un)).

um = Tk(um) + (um − Tk(um)).

Moreover, using the triangle inequality, we have

|un − um| ≤ |Tk(un)− Tk(um)|+ |un − Tk(un)|+ |um − Tk(um)|.

So, if |un − um| > t, Then at least one of the following three terms must satisfy :

• |Tk(un)− Tk(um)| > t/3.

• |un − Tk(un)| > t/3.

• |um − Tk(um)| > t/3.

This implies that

{|un − um| > t} ⊆ {|un − Tk(un| > t/3} ∪ {|um − Tk(um| > t/3} (3.14)

∪ {|Tk(un)− Tk(um)| > t/3}
⊆ {|un| > k + t/3} ∪ {|um| > k + t/3}
∪ {|Tk(un)− Tk(um)| > t/3}

Since Tk(un) converges strongly in Lγ(Ω), then it is a Cauchy sequence in Lγ(Ω), this implies by Markov
inequality that

meas(|Tk(un)− Tk(um)| > t/3) ≤ meas(|Tk(un)− Tk(um)|p > tp/3p) (3.15)

≤
∫
Ω

|Tk(un)− Tk(um)|p

tp/3p
dx

≤ 3p

tp

∫
Ω

|Tk(un)− Tk(um)|pdx

≤ ε

3
.

Then, using (3.13) - (3.16), we get that

meas{|un − um| > t} ≤ meas{|un| > k + t/3}+meas{|um| > k + t/3} (3.16)

+ meas{|Tk(un)− Tk(um)| > t/3}
≤ ε,

for all n,m ≥ n0(t, ε).
This proves that (un)n∈N is a Cauchy sequence in measure and it converges almost everywhere to some
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measurable function u.
Therefore

Tk(un) ⇀ Tk(u) inW s,γ
0 (Ω), (3.17)

Tk(un) → Tk(u) in Ls,γ(Ω), and a.e. in Ω,

2

Lemma 3.3 Under (H1)− (H2), ∇un → ∇u in measure, where ∇u is the weak gradient.

Proof: Let ε, t, k, µ are positive real numbers and let n ∈ N, we have

{|∇un −∇u| > t} ⊂ {|un| > k} ∪ {|u| > k} ∪ {|∇Tk(un)| > k} (3.18)

∪ {|∇Tk(u)| > k} ∪ {|un − u| > µ} ∪ Q.

Indeed, we have

{|∇un −∇u| > t} = {|∇un −∇u| > t, |un| > k} ∪ {|∇un −∇u| > t, |un| ≤ k}
⊂ {|un| > k} ∪ {|∇un −∇u| > t, |un| ≤ k}
⊂ {|un| > k} ∪ {|∇un −∇u| > t, |un| ≤ k, |u| > k}
∪ {|∇un −∇u| > t, |un| ≤ k, |u| ≤ k}
⊂ {|un| > k} ∪ {|u| > k} ∪ {|∇un −∇u| > t, |un| ≤ k, |u| ≤ k}
⊂ {|un| > k} ∪ {|u| > k} ∪ G1 ∪ G2

⊂ {|un| > k} ∪ {|u| > k} ∪ {|∇Tk(un)| > k} ∪ G2

⊂ {|un| > k} ∪ {|u| > k} ∪ {|∇Tk(un)| > k} ∪ G3 ∪ G4

⊂ {|un| > k} ∪ {|u| > k} ∪ {|∇Tk(un)| > k} ∪ {|∇Tk(u)| > k}
∪ G4

⊂ {|un| > k} ∪ {|u| > k} ∪ {|∇Tk(un)| > k} ∪ {|∇Tk(u)| > k}
∪ G5 ∪Q
⊂ {|un| > k} ∪ {|u| > k} ∪ {|∇Tk(un)| > k} ∪ {|∇Tk(u)| > k}
∪ {|un − u| > µ} ∪ Q.

where

G1 = {|∇un −∇u| > t, |un| ≤ k, |u| ≤ k, |∇Tk(un)| > k}.
G2 = {|∇un −∇u| > t, |un| ≤ k, |u| ≤ k, |∇Tk(un)| ≤ k}.
G3 = {|∇un −∇u| > t, |un| ≤ k, |u| ≤ k, |∇Tk(un)| ≤ k, |∇Tk(u)| > k}.
G4 = {|∇un −∇u| > t, |un| ≤ k, |u| ≤ k, |∇Tk(un)| ≤ k, |∇Tk(u)| ≤ k}.
G5 = {|∇un −∇u| > t, |un| ≤ k, |u| ≤ k, |∇Tk(un)| ≤ k, |∇Tk(u)| ≤ k, |un − u| > µ}.
Q = {|∇un −∇u| > t, |un| ≤ k, |u| ≤ k, |∇Tk(un)| ≤ k, |∇Tk(u)| ≤ k, |un − u| ≤ µ}.

Using (3.12) and lemma (3.2), there exists an n1 ∈ N and for k sufficiently large we obtain that

meas({|un| > k} ∪ {|u| > k} ∪ {|∇Tk(un)| > k}) ≤ ε

4
, (3.19)

meas({|∇Tk(u)| > k} ≤ ε

4
, (3.20)

and

meas({|un − u| > µ}) ≤ ε

4
for all n ≥ n1. (3.21)
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Now, taking v = Tµ(Tk+µ(un)− Tk(u)) in (??), we get that∫
Ω

∫
Ω

Ψ
∇Tk+µ(un)
B,p (x, y)(hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν1 (3.22)

+

∫
Ω

∫
Ω

Ψ
∇Tk+µ(un)
B,q,a (x, y)(hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν2

≤ µ∥f∥2.

where

hk+µ,k
µ (un, u)(.) := Tµ(Tk+µ(un)− Tk(u))(.)

Remark 3.6 We can show that we have

Tk+µ(un)⇀ Tk+µ(u) inW s,γ
0 (Ω), (3.23)

then

∇Tµ(Tk+µ(un))⇀ ∇Tµ(Tk+µ(u)) in (Ls,γ(Ω))N . (3.24)

Moreover, by using (H1), we have that

B(Tk+µ(un)) → B(Tk+µ(u)) in (Ls,γ(Ω))N , (3.25)

Now, let v ∈W s,γ
0 (Ω), and by using the monotonicity of the operator ΨB,p(., .) and ΨB,q,a(., .), we have

⟨Ψ∇Tk+µ(un)
B,p (x, y)−Ψv

B,p(x, y);∇Tk(un)− v⟩ > 0. (3.26)

⟨Ψ∇Tk+µ(un)
B,q,a (x, y)−Ψv

B,q,a(x, y);∇Tk(un)− v⟩ > 0.

So, using (3.23) - (3.26), we have

lim inf
n→+∞

⟨Ψ∇Tk+µ(un)
B,p (x, y);∇Tk(un)− v⟩ > ⟨Ψv

B,p(x, y);∇Tk(un)− v⟩.

lim inf
n→+∞

⟨Ψ∇Tk+µ(un)
B,q,a (x, y);∇Tk(un)− v⟩ > ⟨Ψv

B,q,a(x, y);∇Tk(un)− v⟩.

Since v is arbitrary in W s,γ
0 (Ω), this implies that

Ψ
∇Tk+µ(un)
B,p (x, y) ⇀ Ψu

B,p(x, y) in Ls,γ′
(Ω). (3.27)

Ψ
∇Tk+µ(un)
B,q,a (x, y) ⇀ Ψu

B,q,a(x, y) in Ls,γ′
(Ω). (3.28)

We consider the following decomposition

Ψ
∇Tk+µ(un)
B,p (x, y).(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y)) = L0

n + L1
n. (3.29)

Ψ
∇Tk+µ(un)
B,q,a (x, y).(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y)) = K0

n +K1
n. (3.30)

Such that L0
n and L1

n are defined as follows

L0
n = Ψ

∇Tk+µ(un)
B,p (x, y).(∇hk+µ,k

µ (un, un)(x)−∇hk+µ,k
µ (un, un)(y)).

L1
n = Ψ

∇Tk+µ(un)
B,p (x, y).(∇hk,kµ (un, u)(x)−∇hk,kµ (un, u)(y)),

where again K0
n and K1

n are defined as follows

K0
n = Ψ

∇Tk+µ(un)
B,q,a (x, y).(∇hk+µ,k

µ (un, un)(x)−∇hk+µ,k
µ (un, un)(y)).

K1
n = Ψ

∇Tk+µ(un)
B,q,a (x, y).(∇hk,kµ (un, u)(x)−∇hk,kµ (un, u)(y)),
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• For L0
n and K0

n.
By the truncation property of Tk we can prove that ∇hk+µ,k

µ (un, u) is bounded in Lγ(Ω).
Moreover, using (??), we have

lim
n→+∞

L0
n =

∫
Ω

∫
Ω

Ψ
∇Tk+µ(u)
B,p (x, y).(∇hk+µ,k

µ (u, u)(x)−∇hk+µ,k
µ (u, u)(y))dν1. (3.31)

lim
n→+∞

K0
n =

∫
Ω

∫
Ω

Ψ
∇Tk+µ(u)
B,q,a (x, y).(∇hk+µ,k

µ (u, u)(x)−∇hk+µ,k
µ (u, u)(y))dν2. (3.32)

• For L1
n and K1

n

Similarly, as stated in the remark (??), it can be proven that

∇Tµ(Tk(un)− Tk(u)) → 0 in Lγ(Ω).

Furthermore, using (??), we have

lim
n→+∞

L1
n = 0. (3.33)

lim
n→+∞

K1
n = 0. (3.34)

Finally, using (3.29) - (3.33), we get that

lim
n→+∞

∫
Ω

∫
Ω

Ψ
∇Tk+µ(un)
B,p (x, y).(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν1 + (3.35)

lim
n→+∞

∫
Ω

∫
Ω

Ψ
∇Tk+µ(un)
B,q,a (x, y).(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν2 =∫

Ω

∫
Ω

Ψ
∇Tk+µ(u)
B,p (x, y).(∇hk+µ,k

µ (u, u)(x)−∇hk+µ,k
µ (u, u)(y))dν1 +∫

Ω

∫
Ω

Ψ
∇Tk+µ(u)
B,q,a (x, y).(∇hk+µ,k

µ (u, u)(x)−∇hk+µ,k
µ (u, u)(y))dν2

Let v = TK(u) be a test function. Using the monotonicity of Ψ.
B,p(., .) and Ψ.

B,q,a(., .) again, we have

⟨Ψ∇Tk+µ(un)
B,p (x, y)−Ψ

∇Tk+µ(u)
B,p (x, y); (∇hk+µ,k

µ (u, u)(x)−∇hk+µ,k
µ (u, u)(y)) > 0. (3.36)

⟨Ψ∇Tk+µ(un)
B,q,a (x, y)−Ψ

∇Tk+µ(u)
B,q,a (x, y); (∇hk+µ,k

µ (u, u)(x)−∇hk+µ,k
µ (u, u)(y)) > 0. (3.37)

Now, we consider the following sets

Ω0
µ = {(Tk+µ(un)− Tk(u))(x)− (Tk+µ(un)− Tk(u))(y) ≤ µ | (x, y) ∈ Ω× Ω}.

Ω1
µ = {(Tk+µ(un)− Tk(u))(x)− (Tk+µ(un)− Tk(u))(y) > µ | (x, y) ∈ Ω× Ω}.

Then ∫
Ω

Ψ
∇Tk+µ(un)
B,p (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν1 + (3.38)∫

Ω

Ψ
∇Tk+µ(un)
B,q,a (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν2 =∫

Ω0
µ

Ψ
∇Tk+µ(un)
B,p (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν1 +∫

Ω0
µ

Ψ
∇Tk+µ(un)
B,q,a (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν2 +∫

Ω1
µ

Ψ
∇Tk+µ(un)
B,p (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν1 +∫

Ω1
µ

Ψ
∇Tk+µ(un)
B,q,a (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν2.
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•• For the set Ω0
µ.

We can prove that

• ∇Tµ(Tk+µ(un)− Tk(u)) is bounded.

• There exist a set Fµ such that supp(∇hk+µ,k
µ (un, u)(x)−∇hk+µ,k

µ (un, u)(y)) ⊆ Fµ where

lim
µ→0

Fµ = 0.

Then, by using (3.36), we have

lim
µ→0

∫
Ω0

µ

∫
Ω0

µ

Ψ
∇Tk+µ(un)
B,p (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν1 + (3.39)∫

Ω0
µ

∫
Ω0

µ

Ψ
∇Tk+µ(un)
B,q,a (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν2 = 0.

•• For the set Ω1
µ.

We can remark that
∇Tµ(Tk+µ(un)− Tk(u)) = 0.

Therefore, by using (??), we have

lim
µ→0

∫
Ω1

µ

∫
Ω1

µ

Ψ
∇Tk+µ(un)
B,p (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν1 + (3.40)∫

Ω1
µ

∫
Ω1

µ

Ψ
∇Tk+µ(un)
B,q,a (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν2 = 0.

Finally, using (??) - (??), we conclude that

lim
µ→0

∫
Ω

∫
Ω

Ψ
∇Tk+µ(un)
B,p (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν1 + (3.41)∫

Ω

∫
Ω

Ψ
∇Tk+µ(un)
B,q,a (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν2 = 0.

Let δ be a strictly positive number such that δ < ε
8 , there exists n2 ∈ N such that for all n ≥ n2, we have

−
∫
Ω0

µ

∫
Ω0

µ

Ψ
∇Tk+µ(un)
B,p (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν1 − (3.42)∫

Ω0
µ

∫
Ω0

µ

Ψ
∇Tk+µ(un)
B,q,a (x, y)(∇hk+µ,k

µ (un, u)(x)−∇hk+µ,k
µ (un, u)(y))dν2 ≤ δ

2
.

Now, the maps ΨB,p(., .) and ΨB,q,a(., .)

T1 : (s, ξ1, ξ2) → (Ψξ1
B,p(x, y)−Ψξ2

B,p(x, y)).(ξ1 − ξ2). (3.43)

T2 : (s, ξ1, ξ2) → (Ψξ1
B,q,a(x, y)−Ψξ2

B,q,a(x, y)).(ξ1 − ξ2). (3.44)

are continuous and the set

Q := {(s, ξ1, ξ2) ∈ R× RN × RN : |s| ≤ k, |ξ1| ≤ k, |ξ2| ≤ k, |ξ1 − ξ2| > t} (3.45)

is a compact Moreover, we have

(Ψξ1
B,p(x, y)−Ψξ2

B,p(x, y)).(ξ1 − ξ2) > 0 for all ξ1 ̸= ξ2 (3.46)

(Ψξ1
B,q,a(x, y)−Ψξ2

B,q,a(x, y)).(ξ1 − ξ2) > 0 for all ξ1 ̸= ξ2 (3.47)
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Then, the maps T1 and T2 attain their minima on Q, we shall note it by α, we have easily that α > 0.
Then using (3.2), (3.43) - (3.46), we conclude that

meas(Q) =
1

α

∫
Q
αdx (3.48)

≤
∫
Ω

∫
Ω

Ψun

B,p(x, y)(∇h
k+µ,k
µ (un, u)(x)−∇hk+µ,k

µ (un, u)(y))dν1

+

∫
Ω

∫
Ω

Ψun

B,q,a(x, y)(∇h
k+µ,k
µ (un, u)(x)−∇hk+µ,k

µ (un, u)(y))dν2

−
∫
Ω

∫
Ω

Ψu
B,p(x, y)(∇hk+µ,k

µ (u, u)(x)−∇hk+µ,k
µ (u, u)(y))dν1

−
∫
Ω

∫
Ω

Ψu
B,q,a(x, y)(∇hk+µ,k

µ (u, u)(x)−∇hk+µ,k
µ (u, u)(y))dν2

≤ µ∥f∥1 +
δ

2

≤ µC11 +
δ

2
≤ δ

≤ ε

4

where

µ <
δ

2C11
.

Eventually, from (3.18) - (3.20) and (3.48), we get that

meas{|∇un −∇u| > t} ≤ ε. (3.49)

This implies that the sequence (∇un)n∈N converges in measure to ∇u.
Now by passing to the limit we show that limit function u is an entropy solution of our problem (1.1).
Let φ ∈W s,γ

0 (Ω) ∩ L∞(Ω) and we take v = Tk(un − φ) in equality (3.1), we get∫
Ω

∫
Ω

Ψun

B,p(x, y)(∇Tk(un − φ)(x)−∇Tk(un − φ)(y))dν1 + (3.50)∫
Ω

∫
Ω

Ψun

B,q,a(x, y)(∇Tk(un − φ)(x)−∇Tk(un − φ)(y))dν2 =

∫
Ω

Tn(f)Tk(un − φ)dx.

Let k = k+ ∥φ∥∞ and Ωn,k = {|(Tk(un)−φ)(x)−Tk(un)−φ)(y))| < k | (x, y) ∈ Ω×Ω}, we obtain that∫
Ω

∫
Ω

Ψun

B,p(x, y)(∇Tk(un − φ)(x)−∇Tk(un − φ)(y))dν1 + (3.51)∫
Ω

∫
Ω

Ψun

B,q,a(x, y)(∇Tk(un − φ)(x)−∇Tk(un − φ)(y))dν2 =∫
Ω

∫
Ω

Ψ
∇Tk(un)
B,p (x, y)(∇hk,k(un, φ)(x)−∇hk,k(un, φ)(y))dν1 +∫

Ω

∫
Ω

Ψ
∇Tk(un)
B,q,a (x, y)(∇hk,k(un, φ)(x)−∇hk,k(un, φ)(y))dν2 =∫

Ω

∫
Ω

Ψ
∇Tk(un)
B,p (x, y)(∇Tk(un)

(x)−∇Tk(un)
(y))χn,kdν1 +∫

Ω

∫
Ω

Ψ
∇Tk(un)
B,q,a (x, y)(∇Tk(un)

(x)−∇Tk(un)
(y))χn,kdν2 −∫

Ω

∫
Ω

Ψ
∇Tk(un)
B,p (x, y)(∇φ(x)−∇φ(y))χn,k)dν1 −∫

Ω

∫
Ω

Ψ
∇Tk(un)
B,q,a (x, y)(∇φ(x)−∇φ(y))χn,k)dν2,
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where χB is the characteristic function of the measurable set B ⊂ RN .
As the function Tk(un) is bounded in W s,γ

0 (Ω), then by hypothesis (H1), B(Tk(un)) is also bounded in
Lγ(Ω)N , this implies that ΨB,p(., .) and ΨB,q,a(., .) are bounded and weakly converges in Lγ(Ω).
However, we have

un → u a.e in Ω, (3.52)

∇un → ∇u a.e in Ω.

Hence,

B(Tk(un)) → B(Tk(u)) a.e in Ω, (3.53)

∇Tk(un) → ∇Tk(u) a.e in Ω.

This implies that

∇Tk(un)− B(Tk(un)) → ∇Tk(u)− B(Tk(u)) a.e in Ω. (3.54)

Remark 3.7 Let (x, η) ∈ Ω× RN , The following functions are continuous:

g1(x) = |η|p−2η.

g2,a(x) = a(x)|η|q−2η

Now, using remark (3.6), (3.52) - (3.54), then we conclude that

Ψ
∇Tk(un)
B,p (., .) → Ψ

∇Tk(u)
B,p (., .) as n→ ∞ (3.55)

Ψ
∇Tk(un)
B,q,a (., .) → Ψ

∇Tk(u)
B,q,a (., .) as n→ ∞ (3.56)

As,

∇φχΩn,k
converges to ∇φχΩk

in Lγ
′

(Ω). (3.57)

Then, using (3.55) - (3.57), and Dominated Convergence Theorem, we deduce that:∫
Ω

∫
Ω

Ψ
∇Tk(un)
B,p (x, y)(∇Tk(un)

(x)−∇Tk(un)
(y))χn,kdν1 →

∫
Ω

∫
Ω

h1,k(x, y, u)χkdν1.∫
Ω

∫
Ω

Ψ
∇Tk(un)
B,q,a (x, y)(∇Tk(un)

(x)−∇Tk(un)
(y)χn,kdν2 →

∫
Ω

∫
Ω

h2,k(x, y, u)χkdν2.

where

h1,k(x, y, u) = Ψ
∇Tk(u)
B,p (x, y)(∇Tk(u)(x)−∇Tk(u)(y)). (3.58)

h2,k(x, y, u) = Ψ
∇Tk(u)
B,q,a (x, y)(∇Tk(u)(x)−∇Tk(u)(y)). (3.59)

Therefore, using (3.55) - (3.58) and Fatou’s Lemma, we have∫
Ω

∫
Ω

(Ψ
∇Tk(u)
B,p (x, y) + Ψ

∇Tk(u)
B,q,a (x, y))(∇Tk(u)(x)−∇Tk(u)(y))χΩk

dydx ≤ (3.60)

lim inf
n→∞

∫
Ω

∫
Ω

(Ψ
∇Tk(un)
B,p (x, y) + Ψ

∇Tk(un)
B,q,a (x, y))(∇Tk(un)(x)−∇Tk(un)(y))χΩn,k

dydx

Finally, taking limits as n goes to infinity in (3.60), then we conclude∫
Ω

∫
Ω

(Ψ
∇Tk(u)
B,p (x, y) + Ψ

∇Tk(u)
B,q,a (x, y))(∇Tk(u− φ)(x)−∇Tk(u− φ)(y))dydx

≤
∫
Ω

fTk(u− φ)dx. (3.61)
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for all k > 0, φ ∈W s,γ
0 (Ω) ∩ L∞(Ω).

This implies that our problem (1.1) has at least one entropy solution, which completes the demonstration.
2
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