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On Rational Contractions of Geraghty-Fisher Type in Controlled Fuzzy Metric Spaces
with Application

Shraddha Rajput

ABSTRACT: This paper presents a novel rational contraction condition of the Geraghty-Fisher type within
the framework of controlled fuzzy metric spaces, thereby extending and strengthening existing fixed point
results. The proposed contraction condition provides a more general and effective approach for establishing
fixed points in fuzzy environments. To validate the theoretical findings, an illustrative example is included
along with a graphical representation demonstrating convergence. Moreover, the applicability of the theorem
is illustrated by proving the existence and uniqueness of solutions for a second-order differential equation
associated with a two-point boundary value problem in electric circuit theory. The results obtained not only
generalize several known fixed point theorems but also offer new mathematical tools applicable to real-world
problems in engineering and applied sciences. This work contributes to the advancement of fixed point theory
and opens avenues for further research in fuzzy metric spaces and their applications.

Key Words: Controlled fuzzy metric space, rational contraction, Geraghty-Fisher type, fixed point
theorem, Boundary value problem.
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1. Introduction

In 1922, S. Banach [6] provided an important result in fixed point theory. Since then, this topic
has been extensively studied, developed, and generalized by many researchers in various spaces. The
works of Bakhtin [5], Bourbaki [7], and Czerwik [8] were among the first to expand the theory of fixed
points for b-metric spaces. Furthermore, several authors proved significant fixed point theorems in b-
metric spaces ([1], [2], [3]). Controlled metric spaces were introduced by Nabil Mlaiki et al. [20], who
also proved some fixed point results in this context. Fisher-type fixed point results in controlled metric
spaces were defined by Durdana L. [9]. Jamshaid Ahmad et al. [14] introduced Reich-type contractions
and («, F')-contractions in the class of controlled metric spaces and established new related fixed point
theorems.

On the other hand, significant theoretical developments in fuzzy set theory were initiated by Zadeh
[27]. Fuzzy set theory led to the concept of fuzzy metric spaces, defined by Kramosil and Michalek [16],
which can be regarded as a generalization of statistical metric spaces. Subsequently, M. Grabiec [11]
defined G-complete fuzzy metric spaces, extending the notion of complete fuzzy metric spaces. Following
Grabiec’s work, George and Veeramani [10] modified the concept of M-complete fuzzy metric spaces
using continuous t-norms.

Nadaban [22] introduced the concept of fuzzy b-metric spaces, and Kim et al. [15] established fixed
point results in this setting. More recently, Mehmood et al. [17] defined extended fuzzy b-metric spaces,
which generalize fuzzy b-metric spaces. M”uzeyyen Sangurlu Sezen [23] introduced controlled fuzzy
metric spaces, which further generalize extended fuzzy b-metric spaces.
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2. Preliminaries

Now, we begin with some basic concepts, notations and definitions. Let R represent the set of real
numbers, R represent the set of all non-negative real numbers and N represent the set of natural numbers.

We start with the following definitions of a fuzzy metric space.

Definition 2.1 [10]. An ordered triple (X, M, %) is called fuzzy metric space such that X is a nonempty
set, * defined a continuous ¢-norm and M is a fuzzy set on X x X x (0, 00), satisfying the following
conditions, for all z,y,2z € X, s,t > 0.

(FM1) M(z,y,t) > 0.

(FM2) M (z,y,t) =1iff z = y.

(F ) (33‘ y,t):M(y,x,t).

(FM4) (M (z,y,t) * M(y,2,8)) < M(z,z,t + s).

(FM5) M(z,y,-) : (0,00) = (0,1] is left continuous.

In 2017, Nad&ban [22] introduced the idea of a fuzzy b-metric space to generalize the notion of a

fuzzy metric spaces introduced by Kramosil and Michalek [16].

Definition 2.2 [22]. Let X is a non-empty set and b > 1 be a given real number and * be a continuous
t-norm. A fuzzy set M in X2 x (0, 00) is called fuzzy b-metric on X if for all z,y,z € X and s,t > 0
the following conditions hold.

(FbM1) M(x,y,t) =0.

(FbM2) M (z,y,t) =1iff x = y.

(FbM3) M (z,y,t) = M(y,z,t).

(FbM4) M (x, z,b(t + s)) > M(z,y,t) * M(y, z, s).

(FbM5) M(a:,y, ) 1 (0,00) — [0,1] is left continuous and limi—oo M (z,y,t) = 1.

Mehmood et al. [17] introduced the notion of an extended fuzzy b-metric space following the approach

of Grabiec [11].

Definition 2.3 [17]. Let X be a non-empty set, a: X x X — [1,00), * is a continuous t-norm and
M, is a fuzzy set on X? x (0,00), is called extended fuzzy b-metric on X if for all x,y,z € X and
s,t > 0, satisfying the following conditions.

(FbM,1) My (x,y,0) = 0.

(FbMo2) My (z,y,t) =1iff = y.

(FbM,3) My (z,y,t) = My (y, x,t).

(FbMa4) My (z, z,a(z, 2)(t 4+ 8)) > Ma(z,y,t) * My(y, 2, 8).
(FbM,5) My (z,y,-) : (0,00) = [0,1] is continuous.

Then (X, My, *, a(x,y)) is an extended fuzzy b-metric space.

In [23], Sezen introduced the controlled fuzzy metric spaces, which is a generalization of extended
fuzzy b-metric spaces.

Definition 2.4 [23]. Let X be a non-empty set, A : X x X — [1,00), * is a continuous t-norm and
M, is a fuzzy set on X? x (0,00), satisfying the following conditions, for all a,c,d € X,s,t > 0 :
(FM)\l) M)\(CL, C, 0) =0.
(FM)\Q) Mk(a,c,t) =1liffa=c.
(FM)3) My(a,c,t) = Mx(c,a,t).
(FMx4) Mx(a,d,t + s) > Mx(a,c, Xa. C)) x My (c,d
(FM)\5) My(a,c,-):[0,00) — [0,1] is continuous.
Then, the triple (X, M), ) is called a controlled fuzzy metric space on X.

s Xed) )-

Definition 2.5 [23]. Let (X, M), *) be a controlled fuzzy metric spaces. Then
1. A sequence {z,} in X is said to be G-convergent to x in X, if and only if
limp— oo My (2p,z,t) = 1 for any n > 0 and for all ¢ > 0.

2. A sequence {x,} in X is said to be G-Cauchy sequence if and only if
limpy— oo M) (Zp, Tnam, t) = 1 for any m > 0 and for all ¢ > 0.
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3. The controlled fuzzy metric space is called G-complete if every
G- Cauchy sequence is convergent.

The objective of this work is to prove a fixed point theorem using new Fisher type rational contractive
condition in controlled fuzzy metric spaces, which is an extension of [10], [17], [22], [21], [23]. Our
result generalizes many recent fixed point theorems in the literature ([15], [17], [22], [21]). We furnish
an example to validate our result. Application is also provided to show the utility of our result.

3. Main Result

In this section, a new rational contraction condition of the Geraghty—Fisher type is introduced in the
setting of controlled fuzzy metric spaces, and a corresponding fixed point theorem is established.
Definition 3.1 Following [13], for a real number b > 1, let F}, denotes the class of all functions

£:[0,00) — [0, 1) satisfying the following condition.

1
§(tn)—>g as n — oo implies t, — 0 as n — oo.

1 1
F,={¢:[0,00) = [0, ) such that lim &(t,) — - implies lim t, — 0}.
b n—00 b n—00

Definition 3.2 Let (Y, M), ) is a complete controlled fuzzy metric spaceon Y. Let A : X x X — [1, 00)
and a mapping S : Y — Y is called a new Geraghty-Fisher type rational contraction condition, such
that

M (Sa, Se, x(Mx(a,c,t))t) > Nx(a,c,t), (3.1)
where
Ni(a,c,t) = min{(aMx(a,c,t) + (1 — a)Mx(a, Sa,t)), (BMx(c, Se, t)

- p) My (a, 5]'\62,/\15()0; J\C@tgc Se, t) N

for all a, 8 € [0,1], a,c€Y, x € F}.

Theorem 3.1 Let (Y, My, *) is a complete controlled fuzzy metric space on' Y. A mapping S : Y — Y
satisfies new Geraghty-Fisher type rational contraction condition (3.1), for all o, 8 € [0,1], x € Fy, then
S admits a unique fixed point.

Proof: Let ag is an arbitrary point in Y, We define a sequence {a,} in Y by
Gnt1 = Sa, for all n € N.
so San, = an, and the proof is finished. Suppose that a,, # a,4+1 for all n € N,
My(Sap—1,San,t) <1 forallneN and s> 0.
Using Theorem 3.1, so for all n € N, we can write
My(an, ans1,t) > My(an-1,an,t),
for all n € N. Thus (3.1), we get

t
X(Mx(an—1,an,t))

Z M)\(an—Qy Ap—1,

M}\(a’n; a’n+1;t) Z M)\(anflaanv

)

t
X(M)\(an—h Ap, t))-X(M)\(an—Q; Ap—1, t))

)

t
X(Mk(anflv Qn s t))-X(MA(an*Qa An—1, t)) t X(MA<G'07 ai, t))

> My(ao, a1,

) (32)
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Thus by (3.2), we have
M (an, any1,t) > Mx(ao, a1, x(Mx(ao,a1,t))). (3.3)

Consider the triangle inequality, using the condition (F'M,4) of definition 2.4, we have

Mx(an, anym,t) = (Mx(an, ant1, 2)\(X(M)\(Zn>a”ﬂ+17t)
* My (ant1, Gntm, 2)\(X(M>\(a::+17 Antm,t) )
> (Mx(an, ans1, 2)\(X(M)\(vaan+1’t))
* Mx(ani1, an 2, (2)2A(x (M (ans1, anerft))\(X(MA(anJrlv an+2, ’5))
t

M n+2s An+m,
* Mz, e (2)2A(X(Mx(an+1,an+m7t)A(X(M,\(an+2,an+m’t)))

t

> |Mx(ao, a1,
_[ A( 0, %1 2n*1)\(X(M)\(an,an+1at)>
t
« (4217 (Ma(ao, an, ,. !
+ )" (I Lo MM (@, angm, 1) A (Ma(ai; @i, t)
t
* (Mx(ag, a1, Y

= )l
(2)m_1(Hi:+n+1l )\(X(M)\ (aia an+ma t))
Therefore, by taking limit as n — oo in (3.4), from (3.3) together with (3.1) we have

lim My (an, Gpym, kt) > (1L x1) =1

n—00

for all t > 0 and n,m € N. Thus, {a,} is a G-Cauchy sequence in X. From the completeness of (X, M), x),
there exists u € X such that

lim M)y (an,u, kt) =1, (3.5)

n—oo

for all t > 0. Now we show that u is a fixed point of h. For any ¢ > 0 and from the condition (F'M»4) of
definition 2.4, we have

My (u, Su, kt) > min{(aMjx(a,b,t) + (1 — a)Mx(a, Sa,t)), (BMx(b, Sb,t)
M)\(a’a Saa t)a MA(b7 Sb7 t)

+(1-5) M (a,b,t) &
> My (u, ant1, 2)\(X(M,\(l;7an+17t))
* My(San, Su, 2)\(X(M,\(fltn+lv Su, t))
> M (u, a1, QA(X(MA(ivanJFl’t))
t

* M (an,u

“2M(x (M (ant1, Su,t))
Letting n — oo in (3.6) and using (3.5), we get

lim (My(u, Su,t)) = 1< lim My(u,Su,t) =1,

n— oo n— oo
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for all ¢ > 0, that is, u = Su.

Let w € X is an another fixed point of S and there exists ¢ > 0 such that u # w, then it follows from
(3.1) that

My (u,w,t) = Mx(Su, Sw,t)
___t
X (M (u, w, t)

t
"X (M (u, w, 1))

Z M)\(U, w,

> My (u,w

)

t

> M _
R TRTRTIR

)s (3.7)

for all n € N. By taking limit as n — oo in (3.7), My(u,w,t) = 1 for all ¢ > 0, that is, u = w. This
completes the proof. O

Remark 3.1 If

Ni(a, ¢, t) = min{(aMx(a,c, t) + (1 — a)Mx(a, Sa,t)), (BMx(c, Sc, t)
My(a, Sa,t), Mx(c, Se,t)

-5 My(a,c,t) )

= Mx(a,c,t)

in Theorem 3.1, we obtain the following result.

Corollary 3.1 Let (Y, My, *) is a new rational contraction of Geraghty-Fisher type in controlled fuzzy
metric space on' Y. If S: Y = Y is a mapping such that for all a,c € Y, and A : Y xY — [1,00), t > 0
and x € Fy.

My (Sa, Se, x(Ma(a, ¢, 1)t) > My(ar 1),
then S admits a unique fized point.
The following example illustrates Theorem 3.1.

4. Example
Example 4.1 Let Y = [0,1]. Define the function My :Y XY x [0,00) — [0,1] by

t

Mj(a,c,t) = tla—d

with the continuous t-norm * defined as ty * ta = t1 - ta. Define the function A : Y XY — [1,00) by

1 ] Y,
)\(a,c):{ ifa,c€eY,

max{a,c} otherwise.

Clearly, (Y, My, ) is a Geraghty-Fisher type controlled fuzzy metric space. Now, consider the mapping

S:Y =Y defined by
a
S(a) = —.
(@)=
Let Fy, denote the class of functions x : [0,00) — [0, §), where x € F, is given by x(t) = 3.
Now, we show that (Y, My, *) is a controlled fuzzy metric space. It is easy to verify conditions (FMx1),
(FMy2), and (FMy3) from Definition 2.4. We only need to check condition (FMx4), for which we

consider the following cases:

1
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Case I. If a = c, then Sa = Sc. We have
M t))t
My(Sa, Se, x(Mx(a,c,t))t) = x(Mx(a, a,t))

— x(Mx(a,a,t))t +1S(a) — S(a)|
=12> Ny(a,c,t).

Case II. If a # ¢, then Sa # Sc. In this case,

X(M)\(G,C, t))t
X(MX(C%C’ t))t + |S(a) - S(C)|

MA(Sav ch X(M)\(av c, t))t) =

1

1 la—c]|

st
_ t

Ctda—

= M)\(O,,C, t) > N)\(G,C,t),

therefore, all the conditions of Theorem 3.1 are satisfied, and the mapping S has a unique fized point at
y=0.

Casel:a=c Casell:a=c
-—- LHS=1 1.0
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Figure 1: 2D comparison of LHS and RHS under Case I (a = ¢) and Case II (a # ¢). In Case I, both
LHS and RHS coincide at 1, while in Case II the LHS dominates the RHS.
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Figure 2: 3D comparison of LHS and RHS under Case I (a = ¢) and Case II (a # ¢). The surface plot
shows how the LHS dominates RHS except when a = ¢, where they coincide at 1.
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5. Application

In this section, the applicability of the developed fixed point results in fuzzy controlled metric spaces
is demonstrated by considering a boundary value problem. Specifically, we establish the existence and
uniqueness of solutions for a second-order differential equation arising in electric circuit theory. By con-
structing an appropriate operator associated with the given problem and verifying that it satisfies the
proposed Geraghty—Fisher type rational contraction condition, the desired solution is obtained. This
application highlights the effectiveness of the theoretical results presented in the preceding sections.

Application to Electric Circuit Differential Equation As an application of our main result,
now solve an electric circuit, which is in the form of a second-order differential equation. In Tomar et al.
[25] used that electric circuit containing an electromotive force F; supplied by a battery, a resistor Ry, an
inductor L; and a capacitor C in series. If the current I; is the rate of change of charge ¢ with respect
to time t, [1 = %. let us recall the following usually formulas

1. V=0LR
2. V=4,
3. V=1L

CD E1 L1
C1

Figure 3: RLC Electric Circuit

where V' = voltage, now by the voltage law, the sum of these voltage drops is equal to the supplied
voltage, i,e.,

.. q dI
Rii+ p + L1% =V(t),
or P2 4
LiGd + Rigl + 2 =V(1),
g(0) =0 (5.1)
q'(0)=0.

Green’s function ((t,7) associated to (5.1) is given by

—rert=r) jfo<r<t<1
dtﬂZ{ (5.2)

—tetrt o<t <r <L
where p > 0 is a constant, calculated in terms of Ry and L;. Let Y = C([0,1],R™) be the set of all non

negative real valued functions defined on [0,7] . For ¢t > 0, we define

_lz—y]|

My (z,y,t) = supicpye” ° (5.3)
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for all a, 8 € [0,1I], =,y €Y, x € Fp.with the continuous t-norm * such that ¢, * to = min{t;,t2} and
define A : Y x Y — [1,00), as

N 1 ifz,yeY
x’ = .
Y maz{x,y} otherwise.

It is easy to prove that (Y, M), *) is a complete controlled fuzzy metric space on Y. We now prove for the
existence of a solution of the LC R-circuit equation of the second order differential equation.

Theorem 5.1 Consider the following integral equation

I
= /0 C(t,r)G(t,r, P(r))dr. (5.4)
where

1. There exist a continuous function ¢ : [0,1] x [0,I] — RT such that

I
Supte[o,z]/ C(t,r)dr > 1
0

2. There exist a continuous function G : [0,1] x [0,1] — RT such that
G(t,r,x(r)) = G(t,m,y(r))] = —log(NAlz(r) — y(r))x(Mx(x,y, 1))t

where
Nilz(r) —y(r)| = min{(a|z(r) — y(r)| + (1 — &) |z(r) — Hz(r)],

(Blz(r) — Hy(r)| + (1 — B) |lz(r) — |w( ))|, |3;(<:)) y(r)\}

foralla, 8 €[0,1], z,y €Y, x € Fy,. Then, the integral equation (5.5) has a unique solution.

Proof: For z,y € Y, by using of assumptions (1)—(2), we have

/ C(t,m)G(t,r, P(r))dr. (5.5)

Consider the mapping H : Y — Y defined by

1
P(t) :/0 C(t,r)G(t,r, P(r))dr. (5.6)

for all ¢,r € [0,1]. Now,

[He (1)~ Hy (1))

My(Hz, Hy, x(Mx(x,y,t))t) = sup;cjo,ne X&)

L et G rar)dr— [ ¢t )Gt ry(r)dr|
> SUPte(o,1]€ X(My (z,y,t))t

I 1@ mIIG # ra(r) = Gty () | dr
2> SUupiefo,1]€ XM Gy D)

JE 16t drlog(Ny |2 (m) —y(r) x(My (z,y,8))t
Z Supt6[071]e X(My (z,y,t))t

Log(Ny lz(r) =y (M )x (M (z,y,0)t [§ ((t,7)dr
Z SuptE[O,l]e xX(My (z,y,t))t

Log(Nylz(r)—y(r)Dx(My (z,y,t))t
Z supte[o 1]6 x(My (z,y,t))t

= Nxla(r) —y(r)]
=min{(alz(r) —y(r)| + (1 — a)|z(r) — Hz(r)|,
(B|93(7") - Hy(r)| + (1 . ﬂ) |:17(T’) - HSC(T)|, |:L‘(T‘) - Hy(?")
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which yields
My (Hz, Hy, x(Mx(z,y,t))t) > Nx(z,y,1), (5.7)
where

Ni(z,y,t) = min{(aMx(z,y,t) + (1 — ) Mx(z, Sz, 1)), (BMx(y, Hy, t)

L (1-B) M,\(m,HJ\a;;t();;Z\;,\t()y,Hy,t))}

for all a, 8 € [0,1], z,y € Y, x € Fp. therefore, all the conditions of Theorem 3.1 are satisfied. As a
result, the mapping H has a unique fixed point = € Y, which is a solution of the differential equation
arising in electric circuit equation. O
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