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ABSTRACT: The aim of this work is to propose a model of forward-backward fuzzy stochastic doubly differ-
ential equations with delay coefficients, highlighting the existence theory and the uniqueness of the solution
to this system under a set of appropriate conditions through which the monotonically of the solution was
discussed, then proving and discussing the maximum solution to this system of equations.
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1. Introduction

Suppose that (2, F, P) is a complete probability space with the natural filtration F(¢),t > 0. Consider
the following forward-backward stochastic differential equation (FBSDE):

A (1) = f(t,T(1), W)d(1) + g(t, T())dB(t) — (6)dIV (1)

)
AX (1) = f(t, X (1), T(8)) + §(t, X (£)dW (1) ~ T ( )dB( ) (1.1)
T(0) = n, X(T) = {(X(T),

where W(t),) <t < T and B(t),) <t < T, are two mutually independent standard Brownian motions
defined on (€2, F, P) with the processes T, X, ¥ and I are defined on R, R*, R**# and R**# respectively,
and F fOT [|Y(¢)]|dt < oo Also, the continuous function f, f,9,6" and [ are defined on R®, R*, R®*S R <8
and R“, respectively. From system (1.1), we notice that the forward equation is forward with respect to
a standard stochastic integral driven by Brownian motion W (t),0 < ¢ < T, and backward with respect to
a backward stochastic integral driven by Brownian motion B(t),0 < ¢ < T. Also, the backward equation
is forward under the backward stochastic integral B(t),0 < ¢t < T and backward under the forward one.
By using Euclidean norm, we define |Y| = {tr(TT”"w)}%, where Y!"%¢ denotes the transpose. Therefore,
the space R**? is a Hilbert space.

Fabio [1] proved in this research the existence and uniqueness of the solution to the backward stochastic
differential equation after assuming a model of the differential equation in light of the theory of finance.
In addition, he expanded the study to include the model of backward-forward equations, while proving
the existence and uniqueness of the solution to this model of equations under appropriate assumptions.
Jin et al. [2] proposed a general formula for forward-backward differential equations with the possibility
of studying the numerical convergence of solving this type of equations. Moreover, Peng et al. [3] studied
the strength of the convergence of the solution to these equations with standard coefficients. Feng et
al. [4] proposed a model for the double forward-backward equations and studied the numerical solutions
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with some applications of this model. Qingfen et al. [5] studied the existence and uniqueness of the
solution to the same model of double forward-backward equations with random jumps. Evelyn’s paper
deals with the study of numerical solutions to delay differential equations [6]. Xuerong [7] also proposed
a model for stochastic deceleration equations and highlighted numerical solutions for this type. Marek
and Mariusz [8,9] studied the fuzzy theory and its application to stochastic differential equations, as well
as studying the strong of the solution with some applications. Bernt [10] presented a different model
for forward-backward stochastic differential equations and the possibility of studying the control of the
optimal solution under the principle of maximum solution to minimize risks with some applications.
Mohammed and Falah [11,12] expanded the study of the forward-backward fuzzy stochastic differential
equation model under delayed coefficients. In this paper, we present another different model for the system
of forward-backward fuzzy double stochastic differential equations with delayed coefficients. We study
the monotonicity of the solution of this proposed model, with the possibility of studying the existence
and uniqueness of the solution, in addition to shedding light on the maximum solution.

2. Basic Hypothesis

For all finite time horizon T' < oo, Assume that W (t),0 < ¢ < T and B(t),0 <t < T, are two mutually
independent standard Brownian motions defined on the complete probability spaces (1, Fy, P1) and
(Qq, Fy, Py) respectively. Suppose that N is the class of P-null sets of F(¢),t € [0,T]. Let Q = Q1 x Qa,
F=F xFyand P= P, x P,. For any t € [0,7T], we define F; = F}V v FtBT V N, for any process X;

then F{¥ = F§&, F,X, = 0{X, — X3;a < b < t}. It is clear that that the family of o—fields F(t),¢ € [0,T],
is neither increasing nor decreasing. Let L?(0,T; H) be the set of jointly measurable processes Y(t),t €
[0, T, taking value from Euclidean space H. Therefore, the process Y(t),t € [0, T], is F;—measurable such

that E fOT |Y(¢)|2dt < co. Let us consider the following spaces:

i) Let G*(2, F, P, R*) be the continuous space {F), }+<,<r—adapted process Y : Q x [t,T] — R such
that [|T][%. = E[sup,;<,<7 |T|*] < cc.

ii) Let S?(Q2, F, P, R***) be the Space of {F, }+<v<r—progressively measurable process ¥ : Qx [t,T] —
R*A such that [|¥||%, = ft |¥(v)[?dv] < oco.

iii) Let H?(Q, F, P, R*) be the space of {F} }o<t<7—measurable variable Y : Q x [0,T] — R“ such that
E[|T]?] < oo,t €10, 7).

iv) Let Q% (R*) be the space of measurable function T : @ x [=T,0] — R such that sup_;<,<o | Y| <
0.

v) Let Q2 7(R***) be the space of measurable function ¥ : Qx [~T,0] — R*** such that fET |W(t)]? <
00.

Suppose that MO = MO([0,T],G?*(2, F, P,R®)) is the class of all mean continuous second order
with defined the norm of stochastic process as: ||Y||po = sup0<t<T = sup0<t<T(E(T)2)l Let us define

the norms ||Y[[%. = Elsup,<, <7 |T?] and [|T||Z. = j; | (v)|?dv],t < v < T. Her, we consider the
forward-backward stochastic doubly delay differential equation:

FY (), U(8), Yo, ©)d(E) + g(t, T(E), T)dB(E) — U)W (1),0 <t < T
0),—t <86 <0

= F(t, X(£),D(), Xy, T)d(t) + §(t, X (£), X,)dV (v) dB(t)

1(67),~T <5 <0,

dY(t) =
_(’)7( (2.1)

where f: 2% [0, T] x R x R**# x Q2 ,(R*) x Q% 1(R**P) — R*, f : @x [0, T] x R* x R**# x Q2 ,,(R*) x
Q% (RMP) — R g: Qx[0,T] x R* x Q?> ;(R*) — R¥F, §:Qx[0,T] x R* x Q%> ,(R) — RN
and [ : Q x [0,T] x R* — R® are product measurable depend on the past values such that Y, =
(Yo+d),-T<6<0,X,=Xw+9)),-T<6<0and ¥, = (¥(v+90)),-T <§ <0. Her, by
taking the measure T as dirac measure with finitely valued measure § supported on [—T',0] and for every
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v € [0,T], (T, L), (Y2,¥2) € R* x R**P and (Y}, ¥}), (Y2, 02) € Q% (RY) x Q% (R**?), we consider
the following hypotheses:

Hypl: V(Y,X,¥) € R* x R* x R**8 and for all constants Cy, Cy, Cs, Cy, Ry, Ro, R3, Ry > 0 such that:
D) fEYH (), OH(E), Ty, ) — (5, T3(t), $3(1), T%,\PQ)P < Ci(|TH(E) = T2() ) + [wh(t) — 2(1)%) +
Ry(J27 0t + 0) = Y2(t + 0)2yds + [ |XL(t + 6) — X2(t + 0)|*7dd).

i) |f(t, X1(1), DHE), XL T — f(t, X2(1),T2(1), X2, TP < Co(IX1(t) — X2(1)2 + [TL(t) — T2(1)?) +
Ro([* 1 | XMt +06) — X2(t + 6)[27ds + [ [T (¢ + 8) — T2(t + 8)|>ydd).

iii) [g(t, Y1 (£), TF) — g(t, Y2(£), T3)|> < Cs(IT(t) = Y2(6)) + Rs([ 0 |1 (t + 8) — T2(t + 8)[2do).

iv) [g(t, X1 (), X}) — g(t, X2(t), XP)? < Ca(1X (1) — X2(O)?) + Ra( [0 [ X (t+ 8) — X2(t+ 8)|7do).
Hyp2. For all Cs, Cg, C7, Cg, Cy, Rs, Rg, R7, Rg > 0 such that

i) [F(0(), @ (1), Tr, W) 2 < Cs(1+ [T+ [E)[2) + Rs(J2 [T(E + 0)[2vdd + 2 [ W (t + 6)|>7dd).
if) | £(t, X (1), T(), X0, T)[? < Co(1+ [X ()2 + [T(#)[2) + Re( 27 [X (¢t + 0)[>vdd + [ [T (t + 6)|>7d6),
iii) [g(t, Y(£), T1)|? < Cr(1+ [L(1)[?) + Re ([, [ (t + 6)[2~dd).

iv) [g(t, X (), Xo)? < Cs(1+ [ X ()?) + Rs (S0, |X (¢ + 0)[2~dd).

v) For all —v < § < t < 0 such that E(|n(t) — n(8)|?) < Co(t — &) and [I(Y(2))|?> < C1o(1 +|T()|?) +
Ro([%, | (t + 8)[>~db.

Hyp3. E(f, |f(1,0,0,0,0)]%dv) < oo, E([f) |f(v,0,0,0,0)]2dv) < oo, E(f; |g(v,0,0)[2dv) < oo,
E([ 1§(v,0,0)2dv) < oc.

Hypd. f(t,----) =0, f(t,~,-,-,-) =0, g(t,-,-) = 0 and §(¢,-,-) = 0 for ¢ > 0.

Hyp5. For any C4;1, C12, C13, Ch4, R10, R11, R12, R13 such that

i) [F(0(8), @ (1), Tr, W) < Cro(1+ |Y(0)] + [C(B)]) + Ruo(fOr | T(t+ 6)lvdd + [° [W(t + 6)|7ds).

i) [ (£, X (1), D(t), X, To)| < Cra(1+ [X(@&)] + D)) + Rua (05 [X (¢ + 0)ydd + [, [D(¢ + 6)|ydd).

iii) [g(t, Y(£), Yo)| < Cus(1+ [T (@)]) + Ruz ([ [Tt + 8)7do).

iv) [g(t, X (), Xe)| < Cra(1 + [X(@)]) + Ras (% [X (¢ + 8)|ydd).

Hyp6. For any n > 1 such that

) F(6 (), (), To, ) < f7FLE (), U(E), Ty, B) < (8 T (1), B(E), Ty, ).

i) f(t, X(t),T(t), X, Ty) < [, X (1), T(2), X, Ty) < (¢, X(2),T(t), Xy, Ty).

3. Preliminaries and Basic Definitions

Assume that [[(R*) is a family of all convex, compact and nonempty subsets R* and E(R®) is a
fuzzy set space of R®. Therefore, we define the set of functions A : R* — [0, 1] such that [A]" € [](R%)
for every r € [0,1] and [A]" = {2z € R* : A(z) > r,r € [0,1]} = [A],A];], where AT = inf,cra{z € [A]"}
and A, = sup,cpa{z € [A]"} and [A]° = cl{z € R*: A(z) > 0}.

Definition 3.1. Suppose that (Q, F, P) is a complete probability space, we define Z : Q — Z(R%) is a
fuzzy random variable, if for any r € [0,1], [Z]" : Q@ = [[(R?%) is an F—measurable multifunction.

Definition 3.2. Suppose that (Q, F, P) is a complete probability space, we define Z : [0,T] x Q — Z(R%)
is a fuzzy stochastic process if Z(t,-) = Z(t) : Q@ — Z(R*),t € [0,T], is a fuzzy random variable.

Definition 3.3. Fuzzy stochastic process Z is boo— continuous, if the mappings Z(-, W) : [0,T] — Z(R%)
are boo—continuous functions.

Definition 3.4. Let T (v) be a solution of stochastic differential equation. Y (v) is a mazimal solution if
every solution ©(v) such that E(0%(v)) < E(T?%(v)).

Definition 3.5. Let O(v), Y(v) € G*([0,T], R*),v € [0,T], such that ||©()|]> < [|T(v)||*. A function
D G[QO,T](Q, F,R*) — G’[QO,T] (Q, F, RY) is stochastically increasing if ||®(v, O(v))||> < ||®(v, T(v))]]*.

Definition 3.6. Let O(v), Y(v) € G*([0,T], R*),v € [0,T], such that ||©()|]* < [|T(v)||*. A function
o G[QO’T](Q,F, R%) — G[207T] (Q, F, R®) is stochastically decreasing if ||®(v, ©(v))||? > ||@(v, T(v))]|*.
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Let’s know the forward-backward fuzzy stochastic doubly delay differential equation (FBFSDDDE)
in the following form:

IS

T(t) = f(t, L(t), (), Yo, Wy )d(t) + g(t, (¢ ) ¢)dB(t) — (i dW
X(8) = £, X(8), T(8), X0, To)d(t) + §(t, X (1), X0)dW (v) — (’5) (3.1)
0), §(5<0XT—Z(6T)7—T§6_

=
|

3

—
(=)

where the processes Y, X, ¥ and T are defined on R*, R*, R“*# and R**8, respectively and 7(d) is a
given I} —measurable random variable with E|n|? < oo as well as the functions f : Qx [0, T] x RY x R** x
Q2 ;1 (R*) x Q% [ (R**P)x E(R*) = E(R%), f : Qx [0, T]x R*x R*F % Q2 (RN x Q2 1n(RF) x E(R*) —
E(RN), g: Qx[0,T] x R* x Q% 1(R*) xZE(R®) — R**P §:Qx[0,T] x R* x Q? ,(R") x Z(R") — R
and [: Q x [0,7] x R* x Z(R*) — E(R%). Her, we introduce numerical formula let0=vg<vg <---<

v, = T,n > 1 be a partition on interval [0,T7], let 7 = Avj11 = vj41 — L AW,. i = Wy = W,
ABy,;,, = By,,, — By, and Av = max Avj;q, for j =0,1,---;n—1,n > 1 Let S know the FBFSDDDEs

on the small interval [v;,v;41] in the following form:

T(op) =0+ [ L), W0, T )de+ [ gt Y (1), Y)B(E) — [0 W (1)diV (1)
X(v;) = X(vj1) + [7 f(8, X (), T(¢), X4, Te) dt+fUJ“ i(t, X (1), Xt)dW( v) = [, F( )dB(t)
(3.2)
Her, we consider approximation formula as follows:

{T(v =T(0) +f0 S5, 95 (8), 7, U )dt + [ g(t, T3 (8), T} ,)dB(t) — [§ ¥ t)dfd_/(t)

X(w)=X(T)+ [ f axjn(t),]ry( £), X7, T2 )dt+ [ g(t,X;(t),th)dW(v) [IT(t)dB(t)
(3.3)
where t € [0, 7], =1,2,---,n

Lemma 3.7. Under hypotheses (Hyp1-Hyp6), the FBFSDDDE system (3.3) has an unique solution
(Y™, U™ X" T™), and there exists a constant M > 0 such that

1T = + (19" ]]s2 + [[X™[[g2 + [[T7][s2 < M.
Proof. For any v € [0,T], we take the forward of FBFSDDDE (3.3):

+/O ST (E), W), )dt+/ o1, Y1), X7 )dB(t) / Wdv (@) (3.4)

0
Her, we define the mapping: J(¢",y") = (Y",¥") and (Tom winy = J(gb",y%"),i = 1,2. Let
(Yn,¥n) = (YLr — 27 ghn — ¢2n) By applying Ito’s formula to | Y7 (v)|?,v € [O T, we have

[T @) + B / "It (n)Pt) + E| / |G (1) Pat] = 2] / () f(tyde) + B / P, (3.5)

where
F(&) = F@&0007 (), Whm (1), 0", 0™ = f(5, Y20 (8), W2 (1), Y7, W),
g(t) = g(t, Y1 (8), T™) — g(t, L2 (1), Y7™).
Applying inequality 2zy < m2 + by2 b > 0, we have

2E([y T () f(t)dt] < 2BE[[y [T f(1)]dt] < 3B fo 7 (t)|dt] + b2E| fo If )[Pdt]
< By @) Pdl] + bELf5 [CL(la ()P + |y () )+R1(f I(q" (t+6)\27d6+f_ y"(t + 0)[*ydo]dt]
< FE[f; |X7(8)|2dt] + bCLE[ [y [q™(t)|dt] +b01 fo g7 (t)[2dt] + bR EL[Y (2, g7 (t + 6)[2vdd)dt] +
le Uy (2, 1 (t + 6)|>vda) ],
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By changing of integration order argument, we have

Jo U2\t + 8)2yds)dt = [°,(fy 1a(t + 0)2ydd)dt = [ (f; " |qn(8)[2ydd)dt < p [y |q"(t) dt

and
v = v+9
Jo U2, 1+ 0)Pydsydt = [°(fy ly™(t + 0)[2ydd)dt = [, (fo™ [y (D) Prdd)dt < p fy |y ()]t
where = va ~d§. Therefore, we have

E[f, Tn(t) f(t)dt] < B[y [T(t)|2dt] + bCLE[ [y |q(t)|*dt] + bCrRypE[ [, [y (t)[*dt] +
- bCl fO ‘C] |2dt —l—bClRl/.LE fO |y” th]
SELfy 1T (@) Pdt] + (bCy + bRyp) B[ [y 1q™ (1)*dt] + (bCy + bRip) E[ [y [y (t)[*dt]

and

E[fy la(t )IZdt] < E[fy [Cs(1+ |g"(1)[*) +Re<ffv g™ (t + 0)|*vdd)]dt] <
E[fy la™(t)*dt] + ReE[ [, ( f L a(t+6)|?ydé)dt].

Therefore, we deduce
Elfy 1g(t)2dt] < CeE[ [, |X7(t)*dt] + ReuEL [, | Y™ (t)|?dt]
Consequently by (3.5), we have

BT (v)[?] + E[ [, |7 (t)[*dt] +Ef0 |Un(t)|2dt] < LE[fy [T7(t)[dt] + (bCy —i:leu [y la™(t)|*dt] +
(bCy +bR1u o 1y (0)Pde] + Co B[ fy [T (1) th] + RopB[fy | (1)[2d) =
(% + Cs + Rﬁ,u fO |’I‘n |2dﬂ (bCl + leM fO |q th (bCl + leu fO |y th

Therefore, we have

(1= —Cs — Rep)E[ [ |X7(t)|2dt] + E[f, [®"(t) Pdt]
(bCy + bRyp) E[fy 1q7(8)2dt] + (bCy + bRyp)E[ [ |y™ (t)[2d].

From contraction mapping theorem, we conclude the existence of a unique fixed point (Y",¥") €
G*(Q, F, P, R*) x S?(Q, F, P, R**#) such that J(T™, ¥") = (T™, ¥"). There is a unique solution (Y, ¥")
for the equation (3.4). Moreover, from a classical result for backward of FBFSDDDES, then the existence
and unique of solution (X™,I'™) are fulfilled.

Part 1, we must prove that there exists a constant M; > 0 such that

1T lg= + [0 |s2 < My

Taking Ito’s formula for [Y"(t)|?, we deduce

{IT”(v)I2+fO”IT" )[2dt + 7197 (t) Pdt*\nl2+2f”T”(t)f(tﬁ”(t),\If”(t),T?,\If?)dt 50

+2 [ X () g(t, Y (E), Y)dB(t) — 2 [ YT () dW (t) + [ [g(t, T™(t), Y1) [2dt.
Applying inequality 2zy < x2 +by?,b > 0, we have

2 g TU(O£(6 T (0, 00, TF WP < [ TPt +b [ (0, 900, T W) Pt <
Jo 1T @)Rde + b [F[Ca(1+ X)) + [97()) + Ra([2, [Tt + 0)Prds + [°, |97 (t + 5)[2yds)]dt <
3 Jo X" ()Pdt + bCy [) | £(¢,0,0,0,0)[2dt + bCy [; | X (t)|2dt + bCy [ [9™(t)[*dt + bRy [f_U|T"(t+

8)|2~dé)dt + bRy [ ([0, 19" (¢ + 6)[2ydo]dt
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Again By changing of integration order argument, we have

2 3 X () f(8, L (), U (), T, Up)dt < § f5 |X7(8)|2dt + bCy [, | £(2,0,0,0,0)|dt
+bCy fO |’rn |2dt—|—b04 fO ‘\I/n 2dt+ubR4 fO |Tn |2dt—|—ubR4 fO |\IJn | dt (37)
= (§ +bCy + pbRy) [y | Y™ (t)|2dt + (bCy + pbRy) [y W™ (t)|2dt + bCy [, |£(£,0,0,0,0)[%dt,

also

Jo X (0)g(t, T (1), Y)dB(t) < + [ IT"(t)I2%it + by lg(t, (), Ty)[*dt

3 o 10 (@)t + b [ [Co(1+ [T 2) + Re ([, [ X" (t + 6)[>ydb)]dt

3 Jo X" (t)[2dt + bCs [ 19(t,0,0)|2dt + bCg [ |X™()[*dt + bRg [,| f_o X" (t + 0)|>vdd)dt  (3.8)
3 Jo X (8)[2dt + bCs [, |g(t,0,0)|2dt + bC fo Y™ ()[2dt + bRep [, | Y™ (t)|dt

(3 4+ bC6 + bRap) [y [ X" (t)|2dt + bCs [, |9(t,0,0)[2dt,

I/\ I/\ IN N
=

consequently,
2/ (0)div () / \T”()|2dt+b/ o (1) 2dt, (3.9)
0 0

and
Jo g (&0 (), TP Pdt < [ [Co(1+ T ()[2) + Re( [, [T (¢ + 6)[2dd))dt
< Cs [y 19(t,0,0)[2dt + Cg [, |X™(t)[2dt + Rep [, | X" (t)|*dt (3.10)
= (Cs + Rop) [y 1T (t)|?dt + Cs [ |g(t,0,0)[*dt

Combining (3.7), (3.8), (3.9) and (3.10) with (3.6), we have
|T" )2+ [ (X ()2dt + [y [0 (8)2dt < [n]* + (% 4+ bCy + pbRy + 3 + bCo + 1bRg

3+ Ca+ pRy) [ |X"(t)|2dt + (bCy + pbRy — b) [ [W™(t)|?dt + bCy [, |f(t,0,0,0,0)[>dt  (3.11)
(bCG + Cs) [ 1g(t,0,0)|?dt.

By taking the expectation, we have

B[ (0)]"] + D1 E[fy [T (t)[*dt] + Do B[ fy [97(t)[2dt] <
E[|n|2} + bC4E[f0v |f(t7 07 Oa Oa 0)|2dt] + (bcﬁ + Cﬁ)E[fov ‘g(ta Oa O)|2dt]7

where Dy = b1t Capb Ra W Coub® Ro—bCo—ibRs o D, — 1—bCy — pbRy+b. For choosing Dy, Dy > 0.
Therefore, there exists a constant N > 0 depending on D; and Ds such that

E[Y™(0)P] + E[fy [T™(t)[dt] + E[ [ 9™ (t)]?dt] <
NIE[n|*] + E[fy 1£(t,0,0,0,0)[2dt] + E[[; |g(t,0,0)|%dt],

Applying the Burkholder-Davis-Gundy inequality and Young’s inequality, then there exists a constant
My > 0 such that

E[supgc,c, X" (0) 2]+ E[f, [9"(t)[2dt] < N[E[ln|*]+E[[y |f(£,0,0,0,0)|2dt]+E[ [, lg(t,0,0)[*dt]] < M.

Thus
X"z + [[9"]|s2 < M. (3.12)

Part 2, we prove the backward of FBFSDDDE (3.3):

X(v) = X(T) + [T f6, X2 (), T0(), X7, T2 )t + [T §(t, X2(t), X2 )dW (0) ()dB(t)

Jt’ Jt

has an unique solution (X™,IT'), and for My > 0 we have

X g2 + 17|52 < M.
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From existence and uniqueness of the solution of the forward of FBFSDDDE (3.3). The backward of
FBFSDDDE (3.3) becomes a classical equation terminal condition X(T') and coefficients
ft, X™(t), T (t), X, T7) and §(t, X"(t), X*). Therefore, we conclude that the backward of FBFSD-
DDE (3.3) has a unique solution. Therefore, we can use the same technique of forward of FBFSDDDE
(3.3), we have

1X™ g2 +[IT"[[s2 < M, (3.13)
where My > 0. Let M = M; + M> and by combining (3.12) and (3.13), we have

1T le= + [0 |2 + [ X" [[2 + [T [|52 < M.

4. Main Results

Lemma 4.1. Suppose that (Y1, W) and (Y2, 9?) are two solutions of the forward equation of FBFSD-
DDE system (3.3) with data (n*, f*,g) and (0%, f2,9). Then, if f1 < f2, it holds that also Y1 < Y2,

Proof. Let n = n' —n?, (T, ¥) = (T! — Y2 ¥! - ¥?), Because n' < n?, then 77 = 0. From Ito’s formula
and inequality 2zy < 322 + by?,b > 0, we deduce

E(IT”(v)I2>+E[fo”IT”(t)Pdt]=E(*)2+2E[ o TO(FH(E,THE), UH(E), T3, W) —
£, r?() (1), T%,\W»dtHE[fo“ lg(t. T (1), T}) — g(t, T2(8), T7)Pdt] < LE[f; [T (1) dt] +
ELfy |(/1(ETH0), W0, T 1) — f2(6 T2(0), 92(0), T3 W) + Bl lg(t. T(0), T})

g(t, T2(t), T2)|2dt B[y 17" (t)|?dt] +bEf0 (PR ), W), Ty, Wy ) — f1(2, T2(1), U2(8), Y7, 9F) +
P02, W2 (0), X2, ) 2 T2<> 2(0), 72, W)2)dt] + BLJ o (r, T (1), 03) — gt T2(0), T2) ] <
FE[[5 1T (0)|2dt] + bCLE[ [y [ (t)[*dt] + bCLE[ [ |9 ()|dt] +
bRipE[[) [T (1) 2dt| Ry B[ [y |97 (£)[2dt] + Cs B fOU\T”(t)Pdt]JnguE OIS
(3 +bC1 + bR+ Cs + pR3)E[ [y |X™(t)[2dt] + (bCy + Rip)E[ [ |9 ()|dt)].

From Gronwall’s inequality, E(Y(v))? = 0,v € [0,T], ie., T!(v) < Y2(v),v € [0,T]. Hence YT* < Y2, O

Lemma 4.2. Suppose that (X*,T1) and (X?,T?) are two solutions of the backward equation of FBFSD-
DDE system (3.3) with data (I, f*,4) and (I, f2,4). Then, if f* < f2, it holds that also X* < X2.

Proof. Let us define (X,T') = (X*—X?2,I''=I'?). From Ito’s formula and inequality 2zy < $x2+by?,b > 0,
we deduce

E(|X(v)?) + E[f, IT(t)|dt] = 2E[ [ X( fl(t X'(t), T (1), X/, 1) — f2(t X2( ), T2(t), X/}, T7))dt] +
E[fy 19(t, X1 (t), X}) — g(t, X(t), X2>I2dt E[[y [ X™(®)[2dt] + bE[ [y [(f1 (¢, X (8), T (t), X}, T}) —
F2(t, X2(1),T2(t), XE,F2))I2dt +Efo g(t, X (1), X}') — (tXQ( ), X7)Pdt] <
1E| fO | X7 () [2dt] + bE[ [y [(f1 (¢, X (1), T (t), X}, T}) — fH(t, X2(t), T2(t), X7, T7) +
fre x> >, 2(0), X2,T7) = f2(t, X2(1), T2(¢), X2, 1)) Pdt] + B[ [y (8, X (1), X}) - g(t, X2(1), X7)[2dt] <
FElo |X(@)12dt] + bCLE[ [y | X (t)]2dt] + bCL E[ [ |T(1)[*dt] + bfzzuE[fo” | X (8)]dt] +
bRopE[ [y |T(t)|2dt] + CsE[ [, | X (t)|2dt] + RspE[f, [L(t)|dt] =
(3 4+ bCo + bR+ C3)E[ [y | X (t)|2dt] + (bCo + bRop + Rsp) E[ [ |T(t)|2dt].

From Gronwall’s inequality, E(X (v))? = 0,v € [0,7], ie., X*(v) < X2(v),v € [0,T]. Hence X' < X2. O

Theorem 4.3. Suppose that f, f,g and § are stochastically increasing functions. Under the hypotheses
(Hyp 1- Hyp 6), the FBFSDDDEs system (3.3) has a maximal solution (T, ¥, X,T).



8 FaLan H. SARHAN

Proof. We will prove that (Y™, ™ X™ I'") is monotonic and its limit verifies system (3.3). Firstly, we
construct the start point of FBFSDDDESs system. The following it is the two general forward equations
of FBFSDDDESs system:

1) =+ | C P TOw), BO(r), T, B0)dr + / " (6, T0(0), T0)dB(1) - / Cmdve, (@)
o 0 0

To(v)=n+/v fz(t,TO(v),\IJO(t),T?,\I!?)dt+/vg(t, To(v),T?)dB(t)—/v \Ifo(t)dW(t). (4.2)
o 0 0

From lemma (3.7), the equations (4.1) and (4.2) have unique solutions (T9,W0) and (Y0, ¥), respectively,
which satisfy [|Y]|qz + ||¥°|s2 < M7 and ||Y°]|g2 + ||¥°]|s2 < M;. By lemma (4.1), we have T < 9.
Also, we consider the following two general backward equations of FBFSDDESs system:

XOw) = 1(YT / A, XO0®), T0(t), X?,Fo)dt+/T g(t, XO(t), X?) dW / (t)dB(t), (4.3)

XO(v) = 1(YO(T / £, X0(1), TO(¢), X?,Fo)dt+/T 3(t, XO(t), XO)dW (v) / (1)dB(t). (4.4)

From lemma (3.7), the equations (4.3) and (4.4) have unique solutions (X, T°) and (X°,T°), respectively,

which satisfy || X°||q2 +||T9)|g2 < M and || X°||g2 +||T°||g2 < My. By lemma (4.2), we have X0 < X©.
Her, we will prove that the following backward of FBFSDDDEs system has a solution (X*,T'):

X(0) = 1(YO(T / £t X (),Xg,ri)dtJr/T (6, X1 (1), XD (v) / ()dB(1). (4.5)

By using Lemma (3.7), we deduce the backward of FBFSDDDEs system has an unique solution
(Xtn Thm) n > 1.

T T T
X () = I(TO(T)) + / FEn X B (), TV (), X2 Tt + / 4t X1 (), XY (v) - / I (1)dB(t).
v ) v v (4.6)
From lemma (4.2), it follows that X°(v) < X' (v) < X1 (v) < XO(v),v € [0,T]. Apply Ito’s formula
to | X1 (v)|?, we have

-2 fUTXl’"(t)Fl’"( t)dB(t +f Xtn t)’(t,len(t),th’")df/I_/(v) +ff lg(t, X1 (), X)) 2dt.
(4.7)

{|X1’“<v>|2 + [T e ()Pt = UTT)P + 2 [1 X () for (e, X (), TV (), X" T dt

By taking expectations and applying inequality 2xy < le +by?,b > 0, we have

E[ X' (0)214+E[[ [T (8)2dt] = E[U(CO(T))|A+2E]f] X () for(t, X1n(t), The (), X", Thm)dt]) —

2B[f] X'n t>F1”() B(t)] + E[[] X ()4, X1 (), X, ™)d W( N+ ELf] g, Xt ) X,)™)2dt] <

E[1(C(T))[?]+ [f IXl’”(t)IQHbE[fvT\fl’”( £, X1 (), DL (), X" Ty Pdt]— SB[ 1 X0 (4) 2dt] —

bLE[f, |r1”<t>u LELS, X012+ bELSf, 19t X (), X 2de) + E[f [g(t, X2(8), X" [2dt] <

E[ll(r(T ))\2]+%E[f | Xt )I2}+bCG Bl +|xbn(t )I2+F1”( )IQ)dtHbRGuEUT | XL (t)[2dt] +

bRuB[[, |0V (4)[dt] — E[f | X (t)[2dt] — bE[f DLn(t)2de] + LB[[] X (t)2dt] +

BE[[] X1 (t)2dt] + buB[ [, | X1 ()| 2dt) <

EUYT)) 2]+ (: +bC6 +bRau— & + £ +b+bp) B[ | X1 (£)[2dt] + (bCs +bRep—b)ELf, [TV (1)|2dt] <

N+ E[f, [ X1 (t)]2dt]) + (bCe + bReu — b)E[f, [T1(t)[2dt],
where N depends on Cg, Rg, b and p. Therefore, for any v € [0,T], we have

E[|X"™(0)]?]+] + (1 — bCs — bRgp + b)E[fUT DL (¢)2dt] < N(1+ E[fvT | X1 (t)[2dt]).
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According to Gronwall’s inequality, we deduce

sup,ejo,r) B[ X" (v)|?] < N,

E[f, [T""(t)2dt] < N.
From (4.7), let us take the supremum and then take the expectation

n T n f1,n n n sT sn
E[supyepo.r) | X" (0) ) < BHCOT) 2]+ 2B[fy X1m () f1m (¢, X1 (), TV (), X", Ty ™) dt) —
n 1 T n 1
(Elsupyepo,r) [ X" (0)1P) 2 (Elsupyepo.r | J, TH"(0)dB(t)*])= +
1 T, n 1 T,, \n
(supyeio. ) ENX 1" (0)2)F (Blsupyepor | [ (6 X1m(0), X)W (@)2)F + [ 190t X0m (1), X1 [2dt <
C10E(L + | YOT)[2) + RoE([° [TO(t + 6)[2vdd + LE[ [, | X1 (¢)[2dt] +
T, ¢ n n T
BE(fy [f1m (8, X1 (8), T (8), X, ", Ty ) [2dt] — § E[sup,eqo ) [ X" (0)[2] = BN E[ [y [TH7(8)]2di] +
n T,, n n T,, n n
FEsup, e, X ()] +ONLE[ [y (X (8), X" Pdt] + E[fy g, X (8), X, )|dt] <

CioB(1+T(T)?) + Rope+ L[y | X" (1) d] + bBLf, | X" (1) Pde] +DELfy [P (1) ae) +

buB[ [y |X™(#)[Pdt] + buB[ [y [TV (8)]7dt] — § Elsupyepo,ry [ X" (0)[7] = bNLE[ [y [TH7(8)[%dt] +

n T,, n n T,, n n
FElsup,epo.r X" ()2 + N ELfy [g(t, X1 (1), X)) + B[J, |g(t, X1m(1), X, ™)[2dt) < Cro E(1 +
T n T n T n T n
TO(T)IQ)T+R9M+%E[IO | X1 (t)[2dt] +bE[fy | X (lt)|2clt]?bE[fO DL () Pdt) +ouE[ [y | X" (t)[Pdt] +
buBfy [TV (#)[Pdt] — § Elsupyepo 1y X" (0)]*] = bNL B[ [g [TV (2)2dt] + § Blsup,ejo,7y [ X" (0)[P] +
T T T
DNLE|[ [y [ X1 (8)[2dt] + bNypE( [y [TV () Pdt] + E[fy [TV () 2dt] + p < § Blsup,ejo 7y [ X" (0)[°] +
(L4 b4 by + BN+ BNy + D EL[) [ XV () |2dt] + (b+ b+ bNy)ELf, [TV (¢)|2dt] + Dy
Then,
n T n
Elsupyepo.ry [ X" (0)[°] < KE[ [y [XV"(t)]dt] + N.

From (4.7), we have

Elsup,ejo,r) X" (v)[*] < D1

By the monotone bounded convergence theorem, then lim,_,., X" = X' and Fatou’s theorem then
Elsup, o, |X Ln)?] < Dy Using the theorems of dominated convergence, we deduce
Elsup,co,1) | Xt (v) — X1 (v)]?] — 0,n — oo. Applying Ito’s formula to |X*¢(v) — U1 (v)|? and by
Holder’s inequality, we have
B[ XH(0) = XM (O)P] + Bfy [PV~ (0)Pd] <
2(B[fy [XVi() — X1n()2de) (B, £, X Vi), TV (1), X[, T —
SR X (), T (), X0 T d)E + ELfy 1g(6 X1, X0 = g6, X1 (1), X0 2de] <
T i n T A6 i i i pli
L[ X (r) — X0 (0)]2de] + B[] |f14 (1, X (1), TV (1), X T -

S, X0 (1), Th0 (), X1 TP 2de) + B |Gt X198, X0) — (b, X1 (8), X)) <
%E[fOT|TXM(;) — XU (1)|2dt) + bCL B[] |)§M(t? — XL (8)[2dt] + bOlE[fOTT|F17i(§) — TLn())2dt] +
bRopE[ [, [ XB(t) — X17(8)|2dt] + bRopE[ [, [T (1) — TH(8)[2dt] + CLE[f, | X1 (t) — X (t)[2dt] +
RypBL [ | X1i(t) — X1n(1)|dt] =
(L 400y + bRop + Cu + Rap)E[ [ |X1(t) — X17(8)[2dt] + (bCs + bRop) E[fy [TV(E) — Th7(¢)[2dt).

Because {I'''"},,>; is a Cauchy sequence in S?(Q, F, P, R***), then
E[fy (IX1(t) = XEn(6)]? + [T1(t) — TH2(1)|2)dt] — 0 as i,n — oo,

this means lim,, o, '™ = T't. Hence, (X!,T!) is a solution of backward of FBFSDDDESs system. From
above we can prove (Y1, ¥!) is a solution of forward of FBFSDDDESs system. Therefore, the following
backward of FBFSDDEs system has a unique solution (X2, T'2") n > 1:
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X2 (0) = U(THT)) + [i 200t X20 (), T2 (1), X2, T2 dt + [T g(t, X2(8), X2™)dW (0)
fo FQ’"(t)dB( ),v € [O,T].

We kow Y1(T) < YT), we deduce [(Y1(T)) < I(TYT)). From Lemma (4.2), we have that X?"(v) <
X17(v), then X2(v) < X(v) as n — oo. Similarly, we prove that (Y2, ¥?) is the solution of forward of
FBFSDDDES system:

T2(0) =+ [7 F(E T2 (), U2 (1), T2, W2)dt + [7 g(t, T2(v), Y2)dB(t) ()W (1)

and YO(v) < T2(v) < T(v) < YO(v), for all v € [0, T]. Therefore, we deduce the existence of a sequence
(Y™, 9", X" T™) which satisfies (3.3). Therefore, for any v € [0, 7] such that

TO() < ST o) S T™(v) < - < TP (o) < THo) < 1),
X)) <+ < X"Fl(p) < X (v) < - - < X2(v) < X1 (v) < XO(v).
Therefore, we deduce T' = lim, oo Y'" and X' = lim, o X"™. Therefore, we conclude ¥' =
lim,, o, UL and rt = lim,, oo I Hence, we deduce that

(T, ¥, X,T) € G?(Q,F,P,R*) x G*(Q, F, P, R*) x S2(Q F, P, R**F) x S2(Q, F, P, R**P) is a solution
of FBFSDDDEs system (3.1). Finally, Suppose that (Y, ¥, X,T) € G*(, F, P, R*) x G*(Q, F, P, R)‘)
S2(Q, F, P,R**P) x 82(Q, F, P, R**#) is an arbitrary bolutlon of the system (3.1). From lemma (4.1), w
conclude Y0(v) < TO(v) < TO(v),v € [0,T]. From I[(T(T)) < I(Y°(T)), and then using lemma (4.2), we
deduce immediately that X°(v) < X°(v) < X(v),v € [0, T]. Therefore, we deduce X'(v) < XO(v),v €
[0,T]. Again the same procedure, we deduce

TOv) <TO(v) <o - <o) < - < T3(o) < THw) < T0(v),
X)) < X)) <--- < X"(v) <--- < X2%(v) < X1(v) < XOv).

It implies that ¥ < T and X < X, that is the system of FBFSDDDEs (3.1) has a maximal solution
(T, ¥, X,T) € G?(Q, F, P, R*) x G*(Q, F, P, R*) x §%(Q, F, P, R**8) x §%(Q, F, P, R**#). O

Theorem 4.4. Under the hypotheses (Hyp 1- Hyp 6), the FBESDDDEs system (8.1) has a unique
solution (YT, ¥, X, T).

Proof. Let (Y1, ¥! X1 T1) and (T2, %2 X2 T?) be two solution of FBFSDDDEs system (3.1). We set

(T, ¥, X,T) = (Tl T2 Ul — g2 X1 — X2 I'' —I'?). Applying Ito’s formula to T, X and by using
1nequahty zy < be2 + y?,b> 0, we have

B (T ><’ < N < ELfy X ()(f (8, T27(8), U2 (1), T2 WE™) — f(t, T (8), OL(8), TH™, ™) )] +
E[f) T (t)(g(t, Y27 (), T7™) — g(t, Y57 (t), Ty™)dt] — B[fy T (0)(f(t, X>" (), D> (1), X}, T7") —
f, Xl”( ), T (), X1 Ty ™))dt] + E[fy 0 ()(g(t, X" (¢ >7xf"> — g, XM, X)) dt] <

fo X7 () [2dt] + SELf) (1,027 (8), 2R (), T2, WE™) — f(t, TV (), @”() T w2t +
Ef ID7(6)2dt] + EELf) lg(t, Y27 (), T3™) — glt, Yo" (), T3 ™) [2dt] — & BLJy [T (¢)[2dt] -
%E[foTlf(uX?’"( . T20(8), X2 T2%) — f(t, X (1), T4 >,X3",ri”>|2dt]+2bE [ 197 ()]7dt] +
SE[f 1(4(t, X>" (), X2™) — g(t, X1 (t), X)) 2dt] <
(L + b 4 0 g bl )R fo [T (1) e + (g — 22 — a4 8Ga 4 bRa) B [T 7 (4)|2dt] + (252 +
bR VB[ [0 (0)2dt] + (& — 852 — M) B [T P (1)dt).

By Cauchy sequence, we have
E [ [Yr@))2dt+ [ X7 ()2dt + [y [0 (8)2de + [ [T7(2)[2dt] —
as n — o0o. That is mean

Blfy 100 0), W (1), X1 (£), T (1)) — (Y2(1), W2(t), X(8), T2(1))[2dt] = 0.
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Hence

(YH(E), WH(1), X1(8), TH(t)) = (Y2(2), U2(2), X2(t), T%(2)).

5. Conclusion

We noticed by placing appropriate conditions on the forward-backward system of equations that there

is a solution and a unique solution. This system of equations is also characterized by the presence of a
hierarchy in the solution, which leads to a maximum solution.
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