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Properties on Cyclotomic Polynomials and The Möbius Function

Enagandula Prasad

abstract: If n is a natural number, then the nth cyclotomic polynomial denoted by Φn(x) and defined as
the unique monic polynomial having exactly the primitive nth roots of unity as its zeros. In this article we
are going to derive properties related to cyclotomic polynomials using Mobious Inversion Formula.
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1. Introduction

Polynomials appearing in such factorizations are called cyclotomic polynomials. The first few cyclo-
tomic polynomials are

Φ1(x) = x− 1 Φ2(x) = x+ 1 Φ2(x) = x2 + x+ 1

Φ4(x) = x2 + 1 Φ5(x) = x4 + x3 + x2 + x+ 1

Definition 1.1 The n-th cyclotomic polynomial is defined as

Φn(x) =
∏

1≤k≤n
gcd(k,n)=1

(
x− e2πik/n

)
(1.1)

Definition 1.2 The cyclotomic polynomial, n-th root of unity is a primitive d-th root of unity for a
unique d dividing n

xn − 1 =
∏
d|n

Φn(x) (1.2)

Definition 1.3 Suppose n is a positive integer. Then the function is Mobius function defined as
µ : N → {−1, 1, 0} then

µ(n) =


1 if n = 1 for all values of k

(−1)n if n = p1.p2.p3...pk for distrinct primes

0 Otherwise

(1.3)

is called the M¨obius function

Definition 1.4 The Möbius inversion formula allows Φn(x) to be expressed as an explicit rational frac-
tion

Φn(x) =
∏
d|n

(
(xd − 1)µ(n/d)

)
(1.4)
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2. Results

Theorem 2.1 Let p1, p2, . . . , pn are distinct primes, and a1, a2, . . . , an are natural numbers then,

Φp
a1
1 p

a2
2 ...pan

n
(x) = Φp1p2...pn

(xa1.a2.....an) (2.1)

Proof: To prove the current theorem, it suffices to prove that Φp
a1
1 p

a2
2
(x) = Φp1p2

(xa1a2)

we know that by (4)

LHS = Φp
a1
1 p

a2
2
(x) =

∏
d|(pa1

1 p
a2
2 )

(xd − 1)µ((p
a1
1 p

a2
2 )/d)

=
∏

d|(pa1
1 p

a2
2 )

(xd − 1)µ((p
a1
1 p

a2
2 )/d)

=
∏

d|(pa1
1 p

a2
2 )

(x((p
a1
1 .p

a2
2 )/d) − 1)µ(d)

=
∏

d|(pa1
1 p

a2
2 )

(x(p
a1
1 .p

a2
2 a1.a2d/a1a2.d

2) − 1)µ(d)

=
∏

d|(pa1
1 p

a2
2 )

(x(a1a2.d) − 1)µ((p
a1
1 p

a2
2 )/a1.a2.d

2)

=
∏

(a1a2.d)|(p
a1
1 p

a2
2 )

(x(a1a2.d) − 1)µ((p
a1
1 p

a2
2 )/a1.a2.d)

∏
(a1.a2.d)̸|(p

a1
1 p

a2
2 )

(x(a1.a2))d − 1)µ(p
a1
1 p

a2
2 /a1.a2.d)

=
∏

(a1a2.d)|(p
a1
1 p

a2
2 )

(x(a1a2.d) − 1)µ((p
a1
1 p

a2
2 )/a1.a2.d)

= Φp1p2 (x
a1.a2) = RHS

In general Φp
a1
1 p

a2
2 ...pan

n
(x) = Φp1p2(x

a1.a2....an) 2

Example 2.1 Φ2231(x) = Φ2.3(x
2.1

Example 2.2 Φ2232(x) = Φ2.3(x
2.2)

Proof: 2.1. We need to prove that Φ12(x) = Φ6(x
2)

L.H.S =Φ12(x)

= (x1 − 1)µ(2
2.3/1).(x2 − 1)µ(2

2.3/2).(x3 − 1)µ(2
2.3/3).(x4 − 1)µ(2

2.3/4)

(x6 − 1)µ(2
2.3/6).(x12 − 1)µ(2

2.3/12)

= (x1 − 1)µ(2
2.3/1).(x2 − 1)µ(2

2.3/2).(x3 − 1)µ(2
2.3/3).(x4 − 1)µ(2

2.3/4)

(x6 − 1)µ(2
2.3/6).(x12 − 1)µ(2

2.3/12)

= (x1 − 1)µ(2
2.3/1).(x2 − 1)µ(2

2.3/2).(x3 − 1)µ(2
2.3/3).(x4 − 1)µ(2

2.3/4)

(x6 − 1)µ(2
2.3/6).(x12 − 1)µ(2

2.3/12)

= (x1 − 1)µ(2
2.3).(x2 − 1)µ(2.3).(x3 − 1)µ(2.2).(x4 − 1)µ(1.3)

(x6 − 1)µ(1.2).(x12 − 1)µ(1.1)

= (x1 − 1)µ(12).(x2 − 1)µ(6).(x3 − 1)µ(4).(x4 − 1)µ(3)

(x6 − 1)µ(2).(x12 − 1)µ(1)

= x4 +−x2 + 1 = 0 = Φ6(x
2) = R.H.S
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Lemma 2.1 Let m ∈ N with m ≥ 1, and let Φ2m(x) be the 2m-th cyclotomic polynomial. Then for any
prime p,then Φ2m(p) is even.

Proof: Let us assume that for all integers m ≥ 1, the cyclotomic polynomial of the form Φ2m(p) is
odd,then ∃ an integer k such that

Φ2m(p) = 2k + 1.

k =
Φ2m(p)− 1

2

Then as we have taken Φ2m(p) odd then k must be a rational number. Contradiction to Φn(x) is never
be a rational number for any n natural number 2

Example 2.3 Φ23(3) = 82

Lemma 2.2 Let n ∈ N with n ≥ 1, and let Φ2n(x) be the 2n-th cyclotomic polynomial,then

Φ2n(x) = Φ2n(−x) (2.2)

for all n ∈ N,n ≥ 2.

Proof: We know that by (1.4) LHS=Φ2n(x)

=
∏
d|2n

(xd − 1)µ(2
n/d)

=
∏
d|2n

(x(2n/d) − 1)µ(d)

=
∏
d|2n

((−x)(2
n/d) − 1)µ(d)

=
∏
d|2n

((−x)d − 1)µ(2
n/d)

= Φ2n(−x) = R.H.S

2

Example 2.4

Φ22(3) = Φ22(−3) = 10

Lemma 2.3 Let p and q are primes and p, q ∈ N with p, q ≥ 1 ,let Φn(x) be the n-th cyclotomic
polynomial,then

Φp(x)Φq(x) =
(xp − 1)(xq − 1)

(x− 1)2
(2.3)

Proof: We know that by (1.1)
LHS =Φp(x)Φq(x)

=
∏
d|p

(xd − 1)µ(p/d)
∏
d|q

(xd − 1)µ(q/d)
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Since p and q are prime only values of d =1,p and q and gcd(p,q)=1

= (x1 − 1)µ(p)(xp − 1)µ(1)(x1 − 1)µ(q)(xq − 1)µ(1)

Since p and q are prime only values of d =1,p and q and µ(p) = −1, µ(q) = −1, µ(p) = 1

= (x1 − 1)µ(p)(xp − 1)µ(1)(x1 − 1)µ(q)(xq − 1)µ(1)

= (x1 − 1)µ(p)(xp − 1)µ(1)(x1 − 1)µ(q)(xq − 1)µ(1)

= (x1 − 1)−1(xp − 1)1(x1 − 1)−1(xq − 1)1

=
(xp − 1)(xq − 1)

(x− 1)2
= RHS

Therefore

∴ Φp(x)Φq(x) =
(xp − 1)(xq − 1)

(x− 1)2

general

Φp1(x)Φp2(x) . . . ,Φpn(x) =
(xp1 − 1)(xp2 − 1) . . . , (xpn − 1)

(x− 1)n

2

Example 2.5

Φ2(x)Φ3(2) =
(x2 − 1)(23 − 1)

(2− 1)2
= 21

Theorem 2.2 Proved: For any prime p and m ∈ N

Φpm(x) =

p−1∑
k=1

xkpm−1

Lemma 2.4 Let p is prime and m ∈ N with p,m ≥ 1 ,let Φn(x) be the n-th cyclotomic polynomial,then

Φpm(x) ≡ 1(mod p) (2.4)

Proof: We know that by (1.1)

a ≡ b (mod n) iff n | (b− a)

It is understood that p divides Φpm(x)− 1. Assume that p does not divides Φpm(x)− 1
Then there exists a k ∈ N such that
Φpm(x)− 1 = pk + 1
⇐⇒ Φpm(x) = pk + 2

∴ k =
Φpm(x)− 2

2
2

Therefore k is even or fraction always which is contradiction the above theorem and definition of cyclo-
tomic polynomial. and therefore
= p | (Φpm(x)− 1)
Hence

Φpm(x) ≡ 1(mod p)

Example 2.6 Φ32(2) ≡ 1(mod 3)
⇐⇒ Φ9(2) ≡ 1(mod 3)
⇐⇒ 73 = 1(mod 3)
⇐⇒ 3 | 72



Properties on Cyclotomic Polynomials and The Möbius Function 5

Lemma 2.5 Let p and q are prime and p, q ∈ N ,let Φn(x) be the n-th cyclotomic polynomial,then

Φp(x)Φq(x
p) = Φq(x)Φp(x

q) (2.5)

Proof: We know that by (1.4)
LHS=Φp(x)Φq(x

p)

=
∏
d|p

(xd − 1)µ(p/d)
∏
d|q

((xp)d − 1)µ(q/d)

Since p and q are prime gcd(p,q)=1 and using the definition of µ(n)

=
∏
d|p

((xq)d − 1)µ(p/d)
∏
d|q

(xd − 1)µ(q/d)

= Φp(x
q)Φq(x)

= RHS

2

Example 2.7 Φ3(x)Φ2(x
3) = Φ2(x)Φ3(x

2) LHS=Φ3(x)Φ2(x
3)

=
∏
d|3

(xd − 1)µ(3/d)
∏
d|2

((x3)d − 1)µ(2/d)

Since p and q are prime gcd(p,q)=1 and using the definition of µ(n) for the part 1 we have d=1,3 and
second part d=1,2

= (x1 − 1)µ(3)(x3 − 1)µ(1)((x3)1 − 1)µ(2)((x3)2 − 1)µ(1)

= (x1 − 1)−1(x3 − 1)1((x3)1 − 1)−1((x3)2 − 1)1

= (x1 − 1)−1(x3 − 1)1((x3)1 − 1)−1(x6 − 1)1

= (x1 − 1)−1(x3 − 1)1((x3 − 1)−1(x6 − 1)1

= (x1 − 1)−1(x3 − 1)1((x3 − 1)−1(x6 − 1)1

= (x1 − 1)−1((x2)3 − 1)1(x3 − 1)1((x3 − 1)−1

= (x1 − 1)−1((x2)3 − 1)1

= (x1 − 1)−1((x2)3 − 1)1(x2 − 1)1((x2 − 1)−1

= ((x2 − 1)−1((x2)3 − 1)1(x1 − 1)−1((x2 − 1)−1

=
∏
d|3

((x2)d − 1)µ(3/d)
∏
d|2

(xd − 1)µ(2/d)

= Φ3(x
2)Φ2(x)

= RHS

Lemma 2.6 For a natural number n ∈ N ,let Φn(x) be the n-th cyclotomic polynomial,then

Φ2m(x) =

{
Odd if x for even

Even if x for odd
(2.6)

Proof: We know that,Power of an even number is even, Power of an odd number is odd
and we have a property

Φ2m(x) = x2(m−1)

+ 1
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Case:1For x even,
If x is even then there exists k natural number such that x=2k

Φ2n(2k) = (2k)(2)
(m−1)

+ 1

= (2k)(2)
(m−1)

+ 1

= (k)(2)
(m−1)

(2)(2)
(m−)

+ 1

= Odd

Case:2For x odd,
If x is odd then there exists k natural number such that x=2k+1

Φ2n(2k + 1) = (2k + 1)(2)
(m−1)

+ 1

= (2k + 1)(2)
(m−1)

+ 1

= Even

Hence, the lemma 2

Example 2.8

Φ23(3) = Φ8(3) = 82 and Φ23(2) = Φ8(2) = 17

3. Useful Table Values

:

Figure 1: The values of µ(n) upto 50
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Figure 2: The values of Φn(x) upto 16
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