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A Leslie-Gower Model for Prey Harvesting with Predator Cooperation and Fear
Responses

Mustak Euchuf, Ankur Jyoti Kashyap∗, Anuradha Devi

abstract: This study proposes and analyzes a prey-predator harvesting model with a Michaelis-Menten
type prey harvesting function. It incorporates the effects of fear induced by predation risk and predator
hunting cooperation on prey growth. The model’s biological feasibility is verified by ensuring the positivity and
boundedness of its solutions. Equilibrium points are determined and their stability analyzed, with transcritical
and saddle-node bifurcations examined using the Sotomayor approach. Numerical simulations show that
increasing the catchability coefficient q or hunting cooperation rate α destabilizes the interior equilibrium,
leading to prey-free states. Similarly, a decrease in the conversion coefficient b results in prey extinction. Key
parameters affecting the emergence of prey-free states are also identified.
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1. Introduction

Biodiversity on Earth is greatly influenced by complex ecological interactions, with predation playing
a pivotal role in regulating species populations, shaping community structures, and driving evolutionary
adaptations [4,5]. The classical theory of predation suggests that the primary influence of predators
on prey populations stems from direct killing, with mortality viewed as the central mechanism shaping
prey dynamics [6,7]. Recent studies have revealed that, in addition to direct killing, ecosystems are
profoundly influenced by antipredator responses, such as fear-induced behaviors, which can alter prey
distribution, behavior, and community dynamics. Prey species exhibit a variety of antipredator strate-
gies, including changes in habitat use, foraging patterns, vigilance, and physiological responses. These
adaptive behaviors can have lasting effects on the life history of prey, driving long-term morphological,
behavioral, and physiological changes [8,9,10,11]. The impact of perceived predation risk on prey behav-
ior has gained increasing attention in recent ecological research. A notable study by Zanette et al. [12]
demonstrated that fear alone independent of actual predation led to a significant reduction of nearly 40%
in the reproductive output of song sparrow parents. Based on their works, several models have explored
predator-prey interactions where the fear of predation is critical in influencing prey growth and survival
[11,13,14,2]. Among the various strategies employed by predators, cooperative hunting is a particularly
influential tactic that intensifies fear among prey species. Predators often tailor their hunting strategies
based on their nutritional needs; for instance, carnivores such as wolves, lions, and wild dogs frequently
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rely on group-based hunting to improve efficiency and success [15,16]. Similar cooperative behavior has
also been observed in certain bird species, as well as arthropods like spiders and ants, which coordinate
their efforts to enhance predation success. For such cooperation to be evolutionarily viable, the benefits
to each participating individual must outweigh the physical effort invested in the hunt [17,18]. Cooper-
ative hunting offers predators several advantages, such as reducing individual energy expenditure, while
simultaneously exerting indirect effects on prey populations. One significant consequence for prey is a
decline in fertility rates, which can, in turn, alter the demographic structure of entire ecosystems. For
example, wolves are known to influence prey species such as elk not only through direct predation but
also through the stress and fear induced by their cooperative hunting behavior [19,20]. In the presence
of wolves, elk adopt various antipredator adaptations including changes in group size, habitat preference,
vigilance, grazing behavior, and responsiveness to environmental cues to mitigate risk [21,22]. These
sustained behavioral changes can culminate in chronic stress and reduced reproductive success, thereby
reinforcing the ecological significance of fear as a non-consumptive effect of predation. Harvesting natural
resources is a fundamental component of both ecological sustainability and economic management. From
an ecological and socioeconomic perspective, it plays a crucial role in ensuring the long-term viability of
biological resources. Harvesting strategies are commonly categorized into two main types: constant-yield
harvesting, where a fixed quantity is removed regardless of population size, and constant-effort (or propor-
tional) harvesting, where the harvested amount is proportional to the existing population density. Among
these, constant-effort harvesting is frequently adopted in ecological modeling due to its analytical simplic-
ity and practical relevance. However, traditional proportional harvesting models may not fully capture
real-world constraints, particularly the saturation effects that emerge when stock density or harvesting
effort becomes large. To address these limitations, researchers have proposed a Michaelis-Menten-type
harvesting function, which introduces saturation dynamics similar to those observed in enzyme kinetics
[23,24].

In this study, we propose a novel prey–predator interaction model that incorporates the combined
effects of fear-induced responses and cooperative hunting behavior. Additionally, prey harvesting is
modeled using a Michaelis-Menten-type functional response to reflect realistic saturation effects. The
structure of the paper is as follows: Section 2 outlines the model formulation along with the underlying
assumptions. Section 3 establishes the model’s feasibility by proving the positivity and boundedness of
its solutions. In Section 4, we analyze the biologically relevant equilibrium points and investigate their
stability. Section 5 presents a bifurcation analysis centered on the interior equilibrium. Section 6 offers
numerical simulations to support the analytical results, while Section 7 concludes with a discussion of
the findings and their ecological implications.

2. Model formulation

Let us consider a Leslie–Gower prey–predator model, where S(t) and P (t) present the prey and
predator biomass at any instant t. We assume the logistic growth rate of the prey to be r at any instant t
with carrying capacity K, in the absence of predator P . The predator consumes the prey according to a
Holling type II functional response and grows logistically with growth rate τ and carrying capacity n2+S

b
proportional to the population size of the prey (or prey abundance). The parameter b is a measure of the
food quantity that the prey provides and converted to predator birth. The term P/S is the Leslie–Gower
term which measures the loss in the predator population due to rarity (per capita P/S) of its favorite
food. Based on the preceding assumptions, the system’s basic equations are Then we have the following
model:

dS

dt
= rS

(
1− S

k

)
− aSP

n1 + h1S

dP

dt
= τP

(
1− bP

n2 + S

)
.

(2.1)
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Since fear due to predation risk indirectly reduces the reproduction rate, we modify (2.1) by multiplying
the reproduction rate of the prey r by a factor g(f, P ) as follows:

dS

dt
= rS

(
1− S

k

)
g(f, P )− aSP

n1 + h1S

dP

dt
= τP

(
1− bP

n2 + S

) (2.2)

where P denotes predator biomass and parameter f depicts the intensity of fear which drives anti-predator
behaviors of the prey. In biological aspects of f , P , g(f, P ), it is appropriate to assume:

g(0, P ) = 1, g(f, 0) = 1, lim
f→∞

g(f, P ) = 0

lim
P→∞

g(f, P ) = 0,
∂g(f, P )

∂f
< 0,

∂g(f, P )

∂P
< 0

(2.3)

Here we consider g(f, P ) = (1 + fP )−1 which satisfies condition (2.3). Then from system (2.2) we get,

dS

dt
= rS

(
1− S

k

)
1

(1 + fP )
− aSP

n1 + h1S

dP

dt
= τP

(
1− bP

n2 + S

)
.

(2.4)

We assume that cooperative hunting provides a benefit to predators, leading to increased success in
capturing prey as predator density rises. In recent years, considerable attention has been given to the
phenomenon of cooperative hunting among predators [1]. Notably, Alves and Hilker [1] introduced
predator-dependent functional responses to model this behavior, drawing from extensions of the classical
Holling type II and type IV functional responses.

ϕ1(S, P ) =
(a+ αP )SP

1 + h1(a+ αP )S
,

ϕ2(S, P ) =
(a+ αP )SP

1 + h2(a+ αP )S + h3(a+ αP )S2
.

where h1, h2 represents handling time and h3 represents how handling time increases with prey density
due to group defence. a is the search rate of the predator towards the prey. We assume that the prey
population does not possess the capacity to engage in group defence strategies against the predators.
Furthermore, we generalize the functional response by incorporating n1, which represents environmental
protection to prey. Thus model (2.4) becomes:

dS

dt
= rS

(
1− S

k

)
1

(1 + fαP )
− (a+ αP )SP

(n1 + h1S(a+ αP ))
,

dP

dt
= τP

(
1− bP

n2 + S

)
.

(2.5)

Next, non-linear harvesting is applied to the prey population following Michaelis–Menten type harvesting
function

H(S, ξ) =
qξS

m1ξ +m2S
,

where q is the catchability coefficient of the species, ξ is the harvesting effort. The parameter m1 is
proportional to the ratio of the stock level to the harvesting rate (catch-rate) at higher levels of effort,
and m2 is proportional to the ratio of the effort level to the harvesting rate (catch-rate) at higher stock
levels. With the above harvesting function, the system (2.5) becomes,

dS

dt
= rS

(
1− S

k

)
1

(1 + fαP )
− (a+ αP )SP

(n1 + h1S(a+ αP ))
− qξS

m1ξ +m2S
,

dP

dt
= τP

(
1− bP

n2 + S

)
.

(2.6)
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subject to positive initial conditions S(0) > 0 and P (0) > 0.

3. Positivity and Boundedness

In this section, we have demonstrated the feasibility of the model (2.6) by verifying the positivity and
boundedness of the solutions. Integrating Eq. (2.6) we get∫

dS

S
=

∫ t

0

[
r

(
1− S

k

)
1

(1 + fαp)
− P (a+ αp)

(n1 + h1S(a+ αP ))
− qE

m1E +m2S

]
dt

=⇒
[
logS

]t
0

=

∫ t

0

[
r

(
1− S

k

)
1

(1 + fαP )
− p(a+ αp)

(n1 + h1S(a+ αP ))
− qE

m1E +m2S

]
dt

=⇒ log

(
S(t)

S(0)

)
=

∫ t

0

[
r

(
1− S

k

)
1

(1 + fαp)
− (p(a+ αp)

(n1 + h1S(a+ αP ))
− qE

m1E +m2S

]
dt

=⇒ s(t) = s(0) exp

[ ∫ t

0

{
rs(1− s

k
)

1

(1 + fαp)
− (sp(a+ αp)

(n1 + h1S(a+ αP ))
− qES

m1E +m2S

}]
dt (3.1)

Similarly, ∫
dp

P
=

∫ t

0

{
τ

(
1− bP

n2 + S

)}
dt

=⇒
[
logP

]t
0

=

∫ t

0

{
τ

(
1− bP

n2 + S

)}
dt

=⇒ log

(
P (t)

P (0)

)
=

∫ t

0

τ

(
1− bP

n2 + S

)
dt

=⇒ P (t) = P (0) exp

[ ∫ t

0

τ

(
1− bP

n2 + S

)
dt

]
(3.2)

From equations (3.1) and (3), it is clear that S(t) ≥ 0 and P (t) ≥ 0 whenever S(0) > 0 and P (0) > 0.
Hence all solutions remain within the first quadrant of the xy-plane starting from an interior point of
it. Further, we can easily establish that solution trajectories starting from (S0, 0) with S0 > 0, remain
within the positive x-axis at all future times and a similar result holds for trajectories starting from a
point on the positive P -axis. Hence, R2

+ = {(S, P ) : S, P ≥ 0} is an invariant set.

Boundedness: Consider (S(t), P (t)) be an arbitrary positive solution of the system (2.6) subject to a
positive initial condition.Using the positivity of variables S, P and the first quation.of the system(2.6),
we can write.

dS

dt
= rS

(
1− S

k

)
1

(1 + fαP )
− SP (a+ αP )

(n1 + h1S(a+ αP ))
− qES

m1E +m2S

≤ rS

(
1− S

k

)
1

(1 + fαP )
≤ rS

(
1− S

k

)
=⇒ S(t) ≤ max{S(0), k} = M1, ∀ t ≥ 0.

Now,

S ≤ M1 =⇒ n2 + S ≤ n2 +M1

=⇒ 1

n2 + S
≥ 1

n2 +M1

=⇒ − 1

n2 + S
≤ − 1

n2 +M1

Therefore, from the second equation of the system (2.6), we have
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dP

dt
= τP

(
1− bP

n2 + S

)
≤ τP

(
1− bP

n2 +M1

)
dP

dt
≤ τP

(
1− P

n2+M1

b

)

Therefore, P (t) ≤ max
{
P (0), n2+M1

b

}
= M2, ∀t ≥ 0. This completes the proof of the boundedness of

solutions and hence the system under consideration is dissipative.

4. Equilibrium points

The system (2.6) has following trivial equilibrium points

1. Trivial or origin E0(0, 0).

2. Prey-free equilibrium E1

(
0, n2

b

)
, which always exists.

3. Predator-extinction equilibrium points are EL(SL, 0) and EH(SH , 0), where SL and SH are positive
roots, the following quadratic equation

m2rS
3 + (m1ξr − km2r)S

2 + (kξq − km1ξr)S = 0.

4. The interior equilibrium point E∗(S∗, P ∗) the points of intersection of the following two non-trivial
nullclines,

bτP 2

n2 + S
− τP = 0.

A0SP
3 +A1SP

2 +A2SP + SA3 = 0.

(4.1)

where

A0 = α2fkm1ξ + α2fkm2S,

A1 = aαfkm1ξ + aαfkm2S + α2fh1kξqS + αkm1ξ + αkm2S,

A2 = aαfh1kξqS + akm1ξ + akm2S + αfkξn1q − αh1km2rS
2 − αh1km1ξrS

+ αh1kξqS + αh1m2rS
3 + αh1m1ξrS

2,

A3 = −ah1km2rS
2 − ah1km1ξrS + ah1kξqS + ah1m2rS

3 + ah1m1ξrS
2 − km1ξn1r

− km2n1rS + kξn1q +m2n1rS
2 +m1ξn1rS.

(4.2)

Local stability analysis:

In this section, we investigated the local stability of the feasible equilibrium points using Harmann-
Grobman’s theorem. Routh-Hurwitz theorem is utilised to discuss the local stability for those equilibrium
points where the theoretical eigenvalues are hard to determine. The Jacobian matrix of the system (2.6)
is given by

J =

(
J11 J12
J21 J22

)
(4.3)

where

J11 = − n1P (a+ αP )

(h1S(a+ αP ) + n1) 2
+

r(k − 2S)

αfkP + k
− m1ξ

2q

(m1ξ +m2S) 2
,

J12 = S

(
αfr(S − k)

k(αfP + 1)2
− h1S(a+ αP )2 + n1(a+ 2αP )

(h1S(a+ αP ) + n1) 2

)
,

J21 =
bP 2τ

(n2 + S) 2
, J22 = τ − 2bPτ

n2 + S
.
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(i) At the trivial equilibrium E0, the Jacobian matrix (4.3) has the eigenvalues λ01 = τ , and λ02 =
m1r−q

m1
. Since one of the eigenvalues is non-negative, therefore E0 is always unstable. If λ02 < 0,i.e.,

if m1r < q, the trivial equilibrium E0 is a saddle point.

(ii) At the prey-free equilibrium E1, the Jacobian matrix (4.3) has the eigenvalues λ11 = −τ and

λ12 = −n2(ab+αn2)
b2n1

+ br
b+αfn2

− q
m1

. Therefore, E1 is locally asymptotically stable if λ12 < 0, i.e.,
br

b+αfn2
< n2(ab+αn2)

b2n1
+ q

m1
.

(iii) At the predator-free equilibra EL and EH , the Jacobian matrix (4.3) has the eigenvalues λ21 = τ

and λ22 = − 2rSL

k − m1ξ
2q

(m2SL+m1ξ)2
+ r. Since one of the eigenvalues is non-negative, therefore EL is

always unstable. Similarly, EH is always unstable.

(iv) To study the behaviour of the system near the interior equilibrium E∗, we utilise the Routh-Hurwitz
theorem. Because of the complexity of the model, the calculation of theoretical eigenvalues is not
possible. The characteristic equation of the Jacobian matrix (4.3) at E∗(S∗, P ∗) is given by

X2 −A1(S
∗, P ∗)X +A2(S

∗, P ∗) = 0 (4.4)

The above characteristic equation will have at least one zero with a positive real part if (a) A2 < 0
or (b) A2 > 0 and A2 > 0. Thus the equilibrium state E∗ is unstable under these conditions. On
the other hand, if A2 > 0, A1 < 0, then both the zeros of the characteristic equation of the Jacobian
matrix (4.3) are negative or have a negative real part, and hence the equilibrium state is locally
asymptotically stable.

5. Bifurcation analysis

Theorem 5.1 At the critical parameter b = bBP , the system (2.6) at the prey-free equilibrium E1 un-
dergoes a transcritical bifurcation if

v1

(
2h1n2

(
abBP + αn2

)
2

(bBP )3n2
1

+
2m2q

m2
1ξ

− 2bBP r

bk + αfkn2

)
− v2

bBP

(
abBP + 2αn2

n1
+

α(bBP )3fr

(bBP + αfn2) 2

)
̸= 0,

where bBP is the positive root of the equation

b3 (n1q −m1n1r) + b2 (am1n2 + αfn1n2q) + b
(
aαfm1n

2
2 + αm1n

2
2

)
+ α2fm1n

3
2 = 0.

Proof:
The Jacobian matrix of the system (2.6) at the prey-free equilibrium E1 has an eigenvalue zero at the

critical parameter b = bBP . So the eigenvalue analysis method fails to predict the nature of the equilibrium
point at the critical value bBP . Therefore we use Sotomayor’s theorem [3] to investigate the nature of the
equilibrium E1 at b = bBP . Rewrite the system (2.6) as follows:

dX

dt
= g(X, b) = [g1(X, b), g2(X, b)]T ,

where X =

(
S
P

)
, g1(X, b) = dS

dt , and g2(X, b) = dP
dt .

The eigenvectors of JE1 and [JE1 ]
T corresponding to the zero eigenvalue at b = bBP are V = [v1, v2]

T

and W = [w1, w2]
T Then we have

WT gb(X, bBP )E1 = 0,

WTDgb(X, bBP )(V )E1

τw2

(
v1 − 2bBP v2

)
(bBP )2

̸= 0.
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Therefore, the first two conditions of the transcritical bifurcation are met while saddle-node and pitchfork
bifurcation cannot occur. Now

WTD2g(X, bBP )(V, V )E1

= v1

(
2h1n2

(
abBP + αn2

)
2

(bBP )3n2
1

+
2m2q

m2
1ξ

− 2bBP r

bk + αfkn2

)
− v2

bBP

(
abBP + 2αn2

n1
+

α(bBP )3fr

(bBP + αfn2) 2

)
̸= 0.

Thus the system satisfies all the conditions of Sotomayor’s theorem for transcritical bifurcation. There-
fore the system (2.6) undergoes a transcritical bifurcation at the parameter b = bBP at the predator-free
equilibrium E1.

2

Theorem 5.2 At the critical parameter q = qBP = m1

(
br

b+αfn2
− n2(ab+αn2)

b2n1

)
, the system (2.6) at the

prey-free equilibrium E1 undergoes a transcritical bifurcation if

w1

[
v1

(
2h1n2 (ab+ αn2)

2

b3n2
1

− 2m2

m1ξ

(
n2 (ab+ αn2)

b2n1
− br

b+ αfn2

)
− 2br

bk + αfkn2

)

+
v2

(
−ab+2αn2

n1
− αb3fr

(b+αfn2)2

)
b

]
+

2τw2 (v1 − bv2)

n2
̸= 0.

Proof:
The Jacobian matrix of the system (2.6) at the prey-free equilibrium E1 has an eigenvalue zero at the

critical parameter q = qBP . So the eigenvalue analysis method fails to predict the nature of the equilibrium
point at the critical value qBP . Therefore we use Sotomayor’s theorem [3] to investigate the nature of
the equilibrium E1 at q = qBP . Rewrite the system (2.6) as follows:

dX

dt
= g(X, q) = [g1(X, q), g2(X, q)]T ,

where X =

(
S
P

)
, g1(X, q) = dS

dt , and g2(X, q) = dP
dt .

The eigenvectors of JE1 and [JE1 ]
T corresponding to the zero eigenvalue at q = qBP are V = [v1, v2]

T

and W = [w1, w2]
T Then we have

WT gq(X, qBP )E1 = 0,

WTDgq(X, qBP )(V )E1 = −v1w1

m1
̸= 0.

Therefore, the first two conditions of the transcritical bifurcation are met while saddle-node and pitchfork
bifurcation cannot occur. Now

WTD2g(X, qBP )(V, V )E1
=

w1

[
v1

(
2h1n2 (ab+ αn2)

2

b3n2
1

− 2m2

m1ξ

(
n2 (ab+ αn2)

b2n1
− br

b+ αfn2

)
− 2br

bk + αfkn2

)
+

v2
b

(
−ab+ 2αn2

n1
− αb3fr

(b+ αfn2) 2

)]
+

2τw2 (v1 − bv2)

n2
̸= 0.

Thus the system satisfies all the conditions of Sotomayor’s theorem for transcritical bifurcation. There-
fore the system (2.6) undergoes a transcritical bifurcation at the parameter q = qBP at the predator-free
equilibrium E1.

2
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Theorem 5.3 At the critical parameter α = αBP , the system (2.6) at the prey-free equilibrium E1

undergoes a transcritical bifurcation if

w1

[
v1

(
2h1n2

(
ab+ αBPn2

)
2

b3n2
1

− 2m2

m1ξ

(
n2 (ab+ αn2)

b2n1
− br

b+ αBP fn2

)
− 2br

bk + αBP fkn2

)

+
v2
b

(
−ab+ 2αBPn2

n1
− αBP b3fr

(b+ αBP fn2) 2

)]
+

2τw2 (v1 − bv2)

n2
̸= 0.

where αBP is the positive root of the equation

fm1n
3
2α

2 + α
(
abfm1n

2
2 + b2fn1n2q + bm1n

2
2

)
+ (ab2m1n2 − b3m1n1r + b3n1q) = 0.

Proof:
The Jacobian matrix of the system (2.6) at the prey-free equilibrium E1 has an eigenvalue zero at

the critical parameter α = αBP . So the eigenvalue analysis method fails to predict the nature of the
equilibrium point at the critical value αBP . Therefore we use Sotomayor’s theorem [3] to investigate the
nature of the equilibrium E1 at α = αBP . Rewrite the system (2.6) as follows:

dX

dt
= g(X,α) = [g1(X,α), g2(X,α)]T ,

where X =

(
S
P

)
, g1(X,α) = dS

dt , and g2(X,α) = dP
dt .

The eigenvectors of JE1
and [JE1

]T corresponding to the zero eigenvalue at α = αBP are V = [v1, v2]
T

and W = [w1, w2]
T Then we have

WT gα(X,αBP )E1
= 0,

WTDgα(X,αBP )(V )E1
= v1w1

(
− n2

2

b2n1
− bfn2r

(b+ fn2αBP) 2

)
̸= 0.

Therefore, the first two conditions of the transcritical bifurcation are met while saddle-node and pitchfork
bifurcation cannot occur. Now

WTD2g(X,αBP )(V, V )E1

w1

[
v1

(
2h1n2

(
ab+ αBPn2

)
2

b3n2
1

− 2m2

m1ξ

(
n2 (ab+ αn2)

b2n1
− br

b+ αBP fn2

)
− 2br

bk + αBP fkn2

)

+
v2
b

(
−ab+ 2αBPn2

n1
− αBP b3fr

(b+ αBP fn2) 2

)]
+

2τw2 (v1 − bv2)

n2
̸= 0.

Thus the system satisfies all the conditions of Sotomayor’s theorem for transcritical bifurcation. There-
fore the system (2.6) undergoes a transcritical bifurcation at the parameter α = αBP at the predator-free
equilibrium E1.

2

Theorem 5.4 The interior equilibrium state E∗ of the system encounters saddle-node bifurcation with
respect to the parameter α under the following condition,

w1 (v1χ11 + v2χ12) + w2 (v1χ21 + v2χ22) ̸= 0,

where χij , i, j = 1, 2, are defined within the proof.

Proof: The Jacobian of the system (2.6) around the interior equilibrium state E∗ has an eigenvalue
equal to zero at the critical parameter qLP . Due to the occurrence of zero eigenvalue, the eigen analysis



A Leslie-Gower Model for Prey Harvesting . . . 9

method fails to predict the nature of the equilibrium state at the critical value qLP . Therefore we use
Sotomayor’s theorem [3] to investigate the nature of the equilibrium E∗ at the qLP . Rewrite the system
(2.6) as follows:

dX

dt
= ĥ(X,α) = [ĥ1(X, q), ĥ2(X, q)]T ,

where X =

(
S
P

)
, ĥ1(X, q) = dS

dt and ĥ2(X, q) = dP
dt .

Let V = [v1, v2]
T and W = [w1, w2]

T are respectively the eigenvectors of JE∗ and [JE∗ ]T corresponding
to the zero eigenvalue at q = qLP .
Here,

D2ĥ(X, qLP )(V, V )E∗ =

(
v1χ11 + v2χ12

v1χ21 + v2χ22

)
,

where

χ11 =
h1n1P

∗ (a+ αP ∗)
2

(h1S∗ (a+ αP ∗) + n1) 3
− r

αfkP ∗ + k
+

m1m2ξ
2q

(m1ξ +m2S∗) 3
,

χ12 = −n1 (ah1S
∗ (a+ αP ∗) + n1 (a+ 2αP ∗))

(h1S∗ (a+ αP ∗) + n1) 3
− αfr (k − 2S∗)

k (αfP ∗ + 1)
2 ,

χ21 =
2bτP ∗

(n2 + S∗) 2
,

χ22 = − 2bτ

n2 + S∗ .

Now,

WT ĥα(X, qBP )E∗ = 0,

WTD2ĥ(X, qBP )(V, V )E∗ ̸= 0,

if w1 (v1χ11 + v2χ12) + w2 (v1χ21 + v2χ22) ̸= 0. Thus, the system satisfies all Sotomayor’s theorem’s
saddle-node bifurcation conditions. Therefore the system (2.6) undergoes saddle-node bifurcation near
the interior equilibrium E∗ at the parameter q = qBP . 2

6. Computational results

In this section, we conduct numerical simulations using a biologically plausible set of parameters
mentioned in Table 1. We consider the initial population of the ecosystem to be S = 10 and P = 15.
For the parameters mentioned in Table 1, there exist four different equilibria E0, E1, EH and E∗. The
interior equilibrium point plays a significant role in the study of ecosystems. In an ecological sense, a
stable interior equilibrium indicates a stable population of species within the ecosystem over a certain
period of time. Due to different biotic or abiotic factors, populations of species within an ecosystem
often get disturbed, and the equilibrium state becomes unstable. For the above initial conditions, the
trajectories of the system approach to E∗(2.96, 7.93) (Figure 1, 2). From Figure 2, it is clear that the
interior equilibrium E∗ may have a large basin of attraction.



10 Mustak Euchuf, Ankur Jyoti Kashyap, Anuradha Devi

Figure 1: Time series of the system (2.6) for parameters in Table 1.

Figure 2: Phase Portrait of the system (2.6) for parameters in Table 1.

(a)

(b)

Figure 3: The equilibrium states of the system (2.6) for of the parameter f = 0 and q = 0.9 (keeping
other parameter values as listed in Table 1).
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Description Parameter Default value
Reproduction rate of prey r 0.5

Carrying capacity k 2000
Strength of fear f 0.2
Predation rate a 0.2

Environmental protection to prey n1 10
Catchability coefficient q 0.03

Harvesting effort ξ 1
Proportionality constant m1 0.2
Proportionality constant m2 0.1
Growth rate of predator τ 0.1
Conversion coefficient b 0.5

Environmental protection to predator n2 1
Hunting cooperation rate α 0.05

Handling time h1 1

Table 1: Parameters. Units are considered in per unit time.

Type Bifurcation point State space Lyapunov coefficient
Hopf bH = 1.097356 (10.370064, 10.361327) l1 = 2.534477× 10−04

Hopf τH = 0.095872 (2.966605, 7.933209) l1 = 9.745807× 10−04

Transcritical bBP = 0.159919 (0, 6.253171)
Transcritical qBP = 0.086039 (0, 6.253171)
Transcritical αBP = 0.549693 (0, 2)
Saddle-Node qLP = 0.098112 (0.916280, 3.832559)

GH (τ = 2.792823, f = 0.049492) (1.484081, 4.968162)
GH (τ = 0.071546, q = 0.119494) (2.204269, 6.408538)
GH (τ = 1.963376, r = 1.039781) (13.627614, 29.255228)
GH (f = 1.086663, b = 2.307382) (24.942309, 11.243181)
GH (α = 1.266175, b = 2.726527) (5.341842, 2.325978)
GH (q = 0.148650, b = 0.884325) (3.803422, 5.431738)
BT (τ = 0.098112, q = 0.110503) (0.916279, 3.832558)

Table 2: Bifurcation points obtained numerically.

We initiate from the interior equilibrium point E∗ and keep the conversion coefficient (b) as a free
variable. On increasing b, we observe that the E∗ becomes unstable through a Hopf bifurcation at
bH = 1.097356 with state space (10.370064, 10.361327). The nature of the Hopf bifurcation is subcritical
with first Lyapunov coefficient l1 = 2.534477 × 10−04. At this threshold point, one of the eigenvalues
of the Jacobian matrix at E∗ becomes 0 and both the population starts oscillating periodically for
b > bH . Figure 4 depicts the time series solution and phase portrait of the system for b = 1.2 and
other parameters as in Table 1. Again, we consider τ to be a free parameter and initiate from the
interior equilibrium E∗. On decreasing τ , the interior equilibrium E∗ becomes unstable through a Hopf
bifurcation at τH = 0.095872 with state space (2.966605, 7.933209). Below this threshold parameter τH ,
both populations start oscillation periodically. The nature of the Hopf bifurcation is subcritical with first
Lyapunov coefficient l1 = 9.745807 × 10−04. Figure 5 depicts the time series solution of the system for
τ = 0.05 and other parameters as in Table 1.
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(a)

(b)

Figure 4: Time series and Phase portrait for b = 1.2.

Figure 5: Time series for τ = 0.05

Next, we start from the Hopf bifurcation point τ = τH , and plot two dimensional projection of Hopf
bifurcation curves in the parameter spaces (f, τ),(q, τ) and (r, τ) (Figure 6). It is observed that in all
cases, the Hopf curves lead to the detection of Generalised-Hopf bifurcation points, where the nature
of the Hopf bifurcation changes from subcritical to supercritical. The plotted Hopf curves in Figure 6,
separate each region into two parts where the interior equilibrium shows two different natures; stable and
unstable. In unstable regions, both populations of the ecosystem show oscillatory behaviour, resulting in
an unstable interior equilibrium. Similar Hopf curves are plotted in Figure 7 considering the parameter
spaces (b, f), (b, α) and (b, q).
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(a) (b)

(c)

Figure 6: Two-dimensional projection of Hopf bifurcation curves.

(a) (b)

(c)

Figure 7: Two-dimensional projection of Hopf bifurcation curves.

Starting from the interior equilibrium E∗, considering b as a free parameter, we plot the curve of
interior equilibrium for decreasing values of b. It is observed that the interior equilibrium approaches a
prey-free equilibrium at b = bBP = 0.159919, where the resulting populations are S = 0 and P = 6.253171
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(Figure 8). For the parameter b = bBP , conditions of Theorem 5.1 are satisfied,

WT gb(X, bBP )E1
= 0,

WTDgb(X, bBP )(V )E1

τw2

(
v1 − 2bBP v2

)
(bBP )2

= −0.0975063 ̸= 0.

WTD2g(X, bBP )(V, V )E1
− 0.0570662 ̸= 0.

which confirms the validity of the Theorem 5.1. Again for increasing values of α, the interior equilibrium
approaches the prey-free equilibrium E1 = (0, 2) at α = αBP = 0.549693 (Figure 9). At this bifurcation
point, WTD2g(X,αBP )(V, V )E1

= −0.168253 ̸= 0, satisfying the conditions of Theorem 5.2. Similarly, at
q = qBP = 0.086039, the interior equilibrium approaches a prey-free equilibrium where the resulting pop-
ulations are S = 0 and P = 6.253171 (Figure 10). At this pointWTD2g(X, qBP )(V, V )E1 = 0.171847 ̸= 0,
fulfilling the conditions of Theorem 5.3. Moreover, the interior equilibrium E∗ undergoes a stability ex-
change with an unstable interior equilibrium through a saddle-node bifurcation at qLP = 0.098112. At this
bifurcation, the conditions of Theorem 5.4 are satisfied, with WTD2ĥ(X, qBP )(V, V )E∗ = 2.75006 ̸= 0.

Figure 8: Variation of prey population against b.

Figure 9: Variation of prey population against α.
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Figure 10: Variation of prey population against q.

7. Results and discussion

Antipredator responses are positively correlated with the intensity of predation pressure, increasing as
the number of inducing predators rises. In particular, cooperative hunting strategies adopted by predators
during the predation process significantly amplify the fear responses triggered in prey. Motivated by these
dynamics, we formulate a new prey–predator model with nonlinear harvesting, explicitly accounting for
the fear effects driven by cooperative hunting. To demonstrate the biological feasibility of the model,
we examined the positivity and boundedness of the solutions of the proposed mathematical system.
Our model admits four biologically meaningful equilibrium points, for which the existence and local
stability are thoroughly analyzed. Furthermore, the effects of various parameters on system dynamics
are explored both analytically and numerically. Our analysis reveals that when the conversion coefficient
b exceeds a critical threshold value bH , the prey and predator populations display oscillatory behavior,
meaning that a stable population state cannot be achieved and fluctuations persist over time. A similar
oscillatory pattern is observed when the predator growth rate τ falls below its critical threshold τH .
Moreover, increasing the catchability coefficient q or the hunting cooperation rate α destabilizes the
interior equilibrium, leading to the formation of distinct prey-free equilibrium states. Likewise, a decrease
in the conversion coefficient b results in the destabilization of the interior equilibrium, with the system
transitioning to a prey-free state. By projecting the Hopf bifurcation curves, we identified regions within
the parameter spaces (f, τ), (q, τ), (r, τ), (b, f), (b, α), and (b, q) where the interior equilibrium becomes
unstable and the system exhibits periodic oscillations. Additionally, we analyzed the emergence of prey-
free states from the interior equilibrium by varying key parameters: the conversion coefficient b, the
hunting cooperation rate α, and the catchability coefficient q. The transition from the interior equilibrium
to a prey-free state was demonstrated using the Sotomayor theorem, supported by appropriate figures
that illustrate the convergence behavior. Our proposed model is novel in its incorporation of both fear
effects arising from hunting cooperation and nonlinear harvesting dynamics. In this study, we primarily
focused on determining critical threshold parameter values, providing a clear understanding of the model’s
behavior. In future work, we aim to extend this analysis by investigating optimal harvesting strategies
and developing an optimal harvesting policy based on the proposed model.
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