Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) 2 : 1-6.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.79002

A Trek on the Nonic Surface 22 — 4zy* = 2y° — 3®

S. Devibala 1*, J. Shanthi 2, N. Thiruniraiselvi 3, M. A. Gopalan 4, SharadhaKumar 3

ABSTRACT: The non-homogeneous polynomial equation of degree nine with two unknowns given by z? —
4xy* = 2y — 8 is studied to determine its distinct integer solutions. Some connections between the solutions
are presented.
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1. Introduction

The theory of Diophantine equations is an ancient subject that typically involves solving, polynomial
equation in two or more variables or a system of polynomial equations with the number of unknowns
greater than the number of equations, in integers and occupies a pivotal role in the region of mathematics.
The subject of Diophantine equations has fascinated and inspired both amateurs and mathematicians alike
and so they merit special recognition. Solving higher degree Diophantine equations can be challenging
as they involve finding integer solutions that satisfy the given polynomial equation. Learning about
the various techniques to solve these higher power Diophantine equation in successfully deriving their
solutions help us understand how numbers work and their significance in different areas of mathematics
and science. For the sake of clear understanding by the readers, one may refer the varieties of Cubic,
Quintic and Heptic Diophantine equations with multi variables [1-30] It seems that much work has not
been done regarding polynomial Diophantine equations of degree nine with two unknowns. This paper
aims at determining many integer solutions to non-homogeneous polynomial equation of degree nine with
two unknowns given by 22 — 4zy* = 2y° — 38, A few relations between the solutions are presented.
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2. Method of Analysis

The non-homogeneous nonic equation with two unknowns under consideration is
2?2 — dzyt = 2% — o8

Treating (2.1) as a quadratic in « and solving for the same, we have
x=y[2++/2y + 3]

2.1. Method

Consider the positive sign before the square-root in (2.2).
After some calculations, it is seen that the square-root in (2.2) is removed when

y=y(k) =2k +2k -1

and correspondingly we have from (2.2)

x = (k) = (2k + 3)(y(k))*

(2.3)

(2.4)

Observe that (2.3) & (2.4) satisfy (2.1). A few numerical solutions to (2.1) are presented in Table 2.1

below:

Table 1: Numerical solutions

k | y=yk) | x=x(k)
1 3 5%(3)%

2 11 7 (11)

3 23 9*(23)%
4 39 11%(39)*
5 59 13*(59)*
6 83 15*(83)*

2.2. Relations observed

Cylk+2) —2y(k + 1) + y(k) = 2

—_

2. 3y(k) =[Sk — 4]

3. y(k) +1 =4tz

4 [y(B)*[y(k +1) = y(k)] + 22(k) = 0

5. [y(k+1) — y(k) + 1] = Th, when k = 3.2"72

2.3. Note

Taking the negative sign before the square-root in (2.2) and repeating the process as above, the

corresponding integer solutions to (2.1) are given below:

y=y(s) = (2k2 + 2k — 1)
x=x(s) = (1 - 2k)(y(k)".

A few numerical solutions to (2.1) are presented in Table 2.2 below:
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Table 2: Numerical solutions

k | y=yk) | x=x(k)
1 3 —1*(3)%
2 i1 3 (11)3
3 23 —5%(23)%
4 39 —7%(39)%
5 59 —9*(59)%
6 83 —11%(83)*
2.4. Method
To remove the square-root in (2.2), let
a?=2y+3 (2.5)
which, after some algebra , is satisfied by
vo= (2k*+2k —1) ,a9 =2k + 1 (2.6)
Assume the second solution to (2.5) as
ar=h—ao,y1 =h+yo (2.7)

where h is an unknown to be determined. Substituting (2.7) in (2.5) and simplifying, we have
h=2a9+2
and in view of (2.7), it is seen that
ar=ap+2x1,y; :y0+2a0+2*12
Assume the third solution to (2.5) as
oy =h—-a,y2=h+y (2.8)
where h is an unknown to be determined. Substituting (2.8) in (2.5) and simplifying, we have
h =201 +2
and in view of (2.8) , it is seen that
Qo =g+ 2%2,ys :y0+4a0+2*22

The repetition of the above process leads to the general solution to (2.5) as

an=0ap+2n=2k+1+2n

Yo = ¥u(k) = yo + 2nag + 2n° = [2(k + n)* + 2k + 2n — 1] (2.9)

Taking the positive sign before the square-root in (2.2), we get

Tn = 2 (k) = (yn (k) [5 + an] = (2n+ 2k + 3) (yn(k)* (2.10)

Thus, the integer solutions to (2.1) are represented by (2.9) & (2.10).
Some numerical solutions to yy(k),,x,(k) are given in the Table-2.3 and Table-2.4 below:
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(k)
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Table 3: Values of y, (k)

R ERERE

n

0 3 [11]23]39]59

1 11[23]39]59]83

2 23 139 |59 | 83 | 111

Table 4: Values of x,, (k)
1 2 3 4 5

n
0 5(3)F | (DT [ 97(23)F | 117(39)* | 13*(59)*
1 7(11)* ] 9%(23)F | 11%(39)* | 13%(59)* | 15*(83)*
2 9*(23)* | 117(39)* | 13*(59)* | 15*(83)* | 17*(111)*

Relations observed

— 3 =4t3, when k = n?

=S, when k =3n2+4+2n—1

— 4 == Th, when k=321 —n

— 2) represents area of Pythagorean triangle

Taking the negative sign before the square-root in (2.2), we get

Thus, the integer solutions to (2.1) are represented by (2.9) & (2.11)

The polynomial equation of degree nine with two unknowns given by z2 — 4xy? = 2y° — y® has been
studied to obtain non-zero integer solutions .The process of eliminating the square-root will be beneficial
for the researchers. As nonic equations are plenty, one may attempt to determine the solutions in integers
for other choices of nonic Diophantine equations.

Xn = (yn(k)>4 [2 - an]

= (yn(k))" 2 — @ — 2n]
= (yn(k)* [1 — 2k — 2n]

3. Conclusion
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