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A Class of Modified Pathway-Type Integral Transforms

Neeti Ghiya, Vidya Patil and Ravi Shanker Dubey

ABSTRACT: Pathway integral transforms were studied and introduced by Kumar in 2011, which is obtained
in the sense of the pathway model given by Mathai in 2005. This paper introduces and presents the study of
a class of modified pathway integral transforms. It is a generalization of the pathway model given by Mathai.
The Mellin and Laplace transforms of the modified pathway transforms and the composition formulae for the
various fractional operators with the modified pathway transform are provided. The presented results related
to the modified pathway transforms are generalizations of pathway transform given by Kumar and many other
existing results in the literature.
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1. Introduction

The pathway model was established by Mathai ([6], [7]) in a systematic way to understand complex
systems characterized by random variations and evolving states, particularly in the field of mathematics,
physics, and economics. Tsallis ([9], [10]), Beck and Coben ( [8]) and many other researchers have used
this model in statistics and super-statistics models. In the theory of thermonuclear reaction rate theory,
Kumar, Haubold, and Kilbas have applied the pathway model in the following research articles ([14],
[1], [11], [13], [15], [16]). Srivastava [17] has presented the relation between the Riemann-Liouville FC
operators and the Pathway FC operators.

Definition 1.1 Kumar [12] presented the pathway transform as a trans-formative extension of the path-
way model, building upon Mathai’s basic work, and defined the pathway integral transform in the following
manner:

(Pofmam ) (y) :/0 Doy (yt) f(t)dt,y > 0, (1.1)

where DZ’;’%’; (y) denotes the kernel function.

e I S
DI (y) = / 2™ — a1 — )z | Tm e v " dr,y > 0, (1.2)
0
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formp € C,Bn >0,an >0,a > 0,v, < 1.
In view of the kernel (1.2), (1.1) is the type-1 P-transform. If

an,Bn

D (y) = / 2"+ aly — Da ] T e v " e,y > 0, (1.3)
0

f07”77h EC,O&hGR, O‘h%oa Bha O—GRaa>07’7h > 1;

then (1.1) is known as the type-2 P-transform in the case of kernel (1.3). Pathway transforms with
different composition formulae are mentioned in Kumar [12], Kumar and Kilbas [13], Ghiya [19] and
Ghiya and Patil [20]. Pathway transforms can be seen in many domains, including biology, engineering,
finance, and more. Because of its adaptability and effectiveness, it has established itself as a useful tool
for scholars attempting to understand the complexities of contemporary science and technology.

In this paper we provide the modified pathway integral transforms involving the Mittag-Leffler function
since in recent years researchers are interested in the Mittag-Leffler function as a model in various applied
fields for multiple reasons; one is, it yields a thicker tail in the pathway model compared to the exponential
model. Mittag-Leffler function and its generalized functions occur as solutions of fractional differential
equations, particularly when solving fractional equations in the context of reaction-diffusion problems.
Several instances of this kind are described by Kilbas, Srivastava, Trujillo [2] and Kumar, Haubold [14].
For more details about the fractional calculus see [23]-[25].

2. Modified Pathway Integral Transforms

Definition 2.1 The modified pathway integral transforms are defined in the following form:

(P o) () = [ DR ) (0 y >0 (2.1)
0
where

an,Bn

¢ [a(lfl“m)]q 1 1
DSk () = / ™71 — a(l — )z ] T Egh(—yx_B’L)d$7y >0, (2.2)
0

with np € C, B > 0,ap > 0,&, > 0,a > 0,v, < 1.
In the case of (2.2), (2.1) is the type-1 modified pathway transform. If the kernel of transform is defined
by

QhyPh

o0 -1
D (y) = / 2™ UL+ a(yn — x| B, (—ya~ ) dz,y > 0, (2.3)
0

with np € C, By, >0, ap, € Ryap #0, &, >0, a >0, v, > 1,
then (2.1) is type-2 modified pathway integral transform and both types of pathway transforms are described
in space Ly, $(0,00). These consist Lebesgue measurable type of complex valued functions for that

1
s

e d
b = ([ lemsne ) < o

In(2.2) and (2.3), Eg, (—yz~Pr) is Mittag-Leffler function and is defined as:

B, () = 5 [ HEU ) () eas, (2.0

we can observe that for £, = 1, both types of modified pathway transforms reduce to type-1 and type-2
Pathway transform respectively. It is a versatile operator bridging classical transforms with fractional
and generalized systems. Its applications span fractional kinetic equations, special functions, probability
distributions, and computational modeling in physics and energy systems.
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3. Mellin Transform (MT) of Modified Pathway Transforms (MPT)

Theorem 3.1 If f € L,, s (0,00), s, 5, € C, B >0, y > 0 and oy, > 0 then the image of the modified
type-1 pathway transform under the Mellin transform is:

L(s)I'(1 — s)F(w)r(% 1)
np+Bps e T Mf(l — 3)’ (3.1)
anla(l — )] o D= &us)D(1+ L + mthus)

ap

(MP;:thﬂhv'YhaEh,f) (s) =

where R(1E2ns) > ),

p

If fe Ly (0,00),s n €C, >0 9y>0and ap € R, ap, # 0, then the image of the modified
type-2 pathway transform under the Mellin transform is:

T'(s)'(1 — s\ nn+Bns T 1 _ nutBrs
(M P f) (s) = SRS el S )Mf(1_5>, (3.2)

Np+Bps

anla(yn — D] = T(1 = &)l (557)

IntBns 1 natfns
where R(M7222) > 0 and R(1—, — /=) > 0.

ap

Proof: For (3.1) use the definition of Mellin transform from [5], modified type-1 pathway transform (2.1)
and (2.2), then interchanging the integrals, we have

1

00 [ﬁ] ap
(MP%;HB}“’W“Ehf) (S) :/0 f(t)/o Th x"?h—l[l _ a(l _ ’Yh)xah}ﬁ
X / y* LBy, (—yta P dydzdt,
0
using Mellin transform (MT) of Mittag-Leffler function(MLF), we get

F(S)F(l - S) / e /[a(llwh)] o ) _ J
= —_ t=°f(t 2 tBrs=1r1 _ g1 — M= dx | dt,
F(l - §h5) 0 f( ) 0 [ ( %) ]

solving the inner integral, we obtain

T(s)T(1 = s)T(2Ee) (- + 1)

(Mpﬁlh,,ﬁh,’)/hygh,f) (s) =

np+Bps

apla(l—n)]" o T(1 = &us)T(1 4 = + 2tis)
s £\
x /O £ f(t)dt

D(s)I(1 — s)[(2EBe0)P (2 4 1)

1—vn
- npt+Bps & 1 s Mf(l - S)
apla(l —p)] or T(1—E&s)I(1 + =+ Intlns)
The result (3.2) can be proved on similar lines of the proof given for the result (3.1). O

Corollary 3.1 : Let ap, € R, ap, #0, a > 0, B > 0, v, > 1 and n, € C,R(s) > 0 then the Mellin
transform(MT) of DZZ’%’;’&‘ (y) presented in (2.2) is given by:
[(s)I(1 - s)T(2tes)p( L 41
(M2 ) () = e M t) (33)
apla(l — )] #n D1 — &xs)D(1 + —— + 2uthns)

1=vn ap
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where ap, > 0 and R(ny + Brs) > 0.
If D"’“A”“gh( ) is defined as mentioned in (2.3), then

an,Bh

_ Nh+Bhs 1 _ nntBhs
(MDVHLNB}L Eh) ( ) _ F(S)F(l S)F( }O;h} )F('yh—l }Oéh} ) (3 4)
&hPh np+Bps ) .
apla(y, — 1] T = &s)(55)
where ay, < 0, R(np + Brs) > 0. and R(%Fl 77h+,3h5) - 0.

Proof: These results can be derived from the similar lines of the proofs (3.1) and (3.2) given in Theorem
3.1. O

Theorem 3.2 Fornp,z€C,a>0, ap >0, By >0 and v, < 1,
L1+

17})

T/ Bh
M€ ( 2,1 /3;; (= ot arak),(01)
= — " , 3.5
an,Bh ah[a(l B ’Yh)} (y}i 2,3 Z[ (1 'Yh)] “1(0,1),(0,61), (a'i’s';l) ( )

where D" £n(2) is mentioned as (2.2).

Proof: This result can be derived applying the inverse Mellin transform on (3.3 ) in Corollary (3.1.A).0

Theorem 3.3 Forap € R, n, € C,a>0, B, >0 and v, > 1,

1 By (1= g +2k 22 (0,1)
DZh/Yh;fh(Z) _ : 22 |: 1 iy itk 7 (3.6)
hBh anla(yn — 1)}7;;11(%1_1) 2,3 | zla(yn )] en ’(0,1) (0,6n), (Z’;’i’;)
when oy, > 0.
-1 (0,1),(0,6n), (52 + 2, 2n)
D YhoEn — H22 |: _ T ap ay :| , 3.7
an,Bn (Z) ah[a(’}’h — 1)]F(ﬁ) 2,3 Z[ (’Yh 1)] |(0 1),(0,n), (22752) ( )

when oy, < 0.
D YRER o given in (23)

ap,Bh

Proof: These results can be derived applying the inverse Mellin transform on (3.4) in Corollary (3.1A).0

4. Laplace Transform(LT) of Modified Pathway Transforms(MPT)

Theorem 4.1 If f € L,, (0,00), 0y, n, € C and B, > 0, then the image of the modified type-1 pathway
transform under Laplace transform is:

1+ =)
apby [a(l — ’yh)] "‘};L

L (PT‘;(hh,Bh,'thgh f) (0,) =

o0 (1 — )] = eon |(1+ + 2, (0,1), (0,1) Y
« g2 | T )W 5 A ar) (0,1, 0, f(wp)dwy,,
‘/O 3,3 9h (0 1) (075}7,)7 (2’;5%) ( )
for ap >0,
and the image of the type-2 pathway transform under (LT) is
1
L (P;]lhh,ﬁhﬁh,ﬁhf) (Qh) — o ;
anbpla(yn — 1] D(5=)
. (4.2)
0 — D]y [(1— 22 + 22,80 (0,1),(0,1)
% 23 M =1 " an’ an f(wn)dwp,
/0 3,3 gh (Oa 1)7 (O7§h)a (%a %)
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for ap, >0, and
-1
Nh
apdpla(y, —1)]* T(5)

. N
« / B2 a(yn — 1)) *nwy
0 ’ O

L (P%h7ﬂh:7h;§h f) (0,) =

(1—2,—5),(0,1), (0,1)

ap’

(0,1), (0, &), (=g — 2, — 2y | |

(wh)dwh,

for ay, < 0.

Proof: For (4.1), using the basic definition of Laplace Transform (LT) on Modified type-1 pathway
transform (2.1) and (2.2), then applying the inverse Mellin transform of (3.3), we get

L (p%h,ﬂhrymfhf) (gh) — /0 e—aht/o DZZ’yZ;’,‘l’g’Lf(wht)dwhdt (4.4)

anfa1 - mﬁ*ﬁ 2

_ S)F( h+,8h ) fn .
/ / R Ehs it mﬁ-Bn ) [a(l —vp)]on (wpt) ~*dsf(wp)dwpdt,

1 o
T+ ) 1/ Ot

on interchanging the integrals and then applylng Laplace transform, the following expression occurs

— nhr""ﬁhs
L (P()(}uBh»"/hy&hf) (eh) F( + 1= ’Yh / / 1 S)F( )
Mh 27” 1 _ ghs

Nn+Bns
[ (l_vh :h ( + hahh ) (46)
h
x [a(1 —yn)]*r (wn)™ S/ et =3 dtds f (wp,)dwp,
T+ =) / / r(1 _s)r(i’wﬁm
- apla(l — ’Yh Qh% 2ri NG §hs 1+ =+ nﬁﬁhs) (4.7)
x a1 — )] % (wn) ~*ds f (wn)deon,

provided R(s) > 0, R(1 —s) > 0 and R(%}?hs) > 0. -

By interpretation, it gives the result mentioned in (4.1). Similarly, the same steps are used to find the
results (4.2) and (4.3).

5. Modified Pathway Transform and Fractional Integral Operator

Definition 5.1 Saigo fractional integral operator is described by Saigo [18] for R(A) > 0 with A\,n,v € C
in the following form:

—Aa—1naA Y
() =Yg [ 0N RO it - Droa. )
and ) -
(I()Af’nA’yAf) (y) = m/ (t =y oF(Aa +na, —vasda; 1 — %)f(t)dt (5.2)
Yy

where o Fy (B, 01; Aa; 2) represents the Gauss hypergeometric function which is defined for By,o1,Aa €
Coda #0,—-1,-2,--- in ([4], 2.1(2)) as:

oo

O’l nZ
F; P 5.3
2 1(/8k70l; AR T;) )\A nn' ) ( )
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where (Br)n, (01)n and (Aa)n represent the Pochhammer symbol. For Aa € C by (Aa)o = 1, (Aa)n =
AaAa+1)---Aa+n—-1) = F(FA(‘;\':)"), n=1,2,3,---, 4 # 0 whenever I'(\4) exists. The series given
in (5.3) is absolutely convergent for |z| <1 and R(Aa — fr — o1) > 0,

and

LAa)L(Aa — Bk — o1)
F()\A - ﬂk)F(AA - 0’1)’
When na = —Aa, the operators (5.1) and (5.2) reduce to the Liowville fractional integrals [21] as:

o P (Br, o5 Aa51) = R(Aa — Br —oy) > 0. (5.4)

Aa,—Aa,va _ A _ 1 Y A—
(127 21) ) = (121) ) = 5y [ 0= 0P~ 0y, RA) >0 (55)
and ) -
Aa,—Aa,va _ A _ A~
(r )= (1)) =55 / (t =)™ F (W, RO) > 0. (5.6)
When na =0, (5.1) and (5.2) convert to Erdelyi-Kober fractional operators in the following form:
(R0 7)) = (o d) ) = Y [t = it jwan y < 1 (57)
04+ Yy) = va, A Yy) = F()\A) o Y Y + .

and

(P20 1) ) = (Kronf) 0 = (P40,0) O gl
o (5.8)
X / (t —y)*a~ = ra—vaf(t)dt, y € R,

The composition formulae of generalized fractional integral operators with first kind of Bessel function
were studied by Kilbas and Sebastian [3]. The theory of generalized fractional integrals and differential
operators, special cases, and properties are mentioned in Kiryakova [22].

The Power function under the left hand side Saigo integrals is:

IS\AJ]A,VA (y¢A) _ F(¢A + I)F(¢A +va—na+ 1) ¢A*7]A7 (59)
+ D(dpa —na+ DI'(pa+Aa+va+1)

for Aa,ma,va, ¢4 € C and R()\A) >0, R((bA + 1) >0 and R((bA +Vv4 —N4a+ 1) > 0.

when 4 = 0, in (5.9) then the image of the power function under the left hand side Erdelyi-Kober

fractional integral operator is

(pa+va+1l) 4,
da+dat+va+1)”

If na = —Aa, in (5.9) then the composition of the Riemann-Liouville fractional integral and power
function is:

12" ()

= UA,)\Ay(bA = F( (5.10)

- I(¢a+1)
IpA A (yPay = [pAyPa = $atia 5.11
04 (y ) 04 Y F((bA + )\A + 1) ( )
Results (5.9), (5.10) and (5.11) are useful to obtain the results of the next theorem.

Theorem 5.1 Let f € Ly, 5(0,00), Aa,nn,va € C and R(Aa) > 0, then the image of modified type-1
pathway transform under the left hand side Saigo operator is:
1
(IAAWA,VAPah,ﬁh,ﬁh,éh,f) (y) = F(l—’Yh +1)
0+ Nh Y Db
oy [a(l — yp)]>n
(1+ 1—1%, +2TZ7§7Z)7 (=va+mna,1), (0,1), (0,1) (5.12)

(07 1)7 (Oagh)a (M /Bih)’ (_nA7 1)7 (_/\A —Va, 1)

ap? ap

e B
<[ w3 [{a(l — ] eny
0

X f(wh)dwh,
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where ap, > 0 and the image of modified pathway type-2 transform under Saigo-operator is:

(IS\AWA;VA Pglmﬁh,vm&h f) (y) = 1
+ h
ahy’“[ (v — DI* T (1)
3 BL
% /oo HZ,;L [a(’)’h _ 1)]%0-)}13/ (1 ’Yh 1 + Z}h ’ 072)76(77/14 + na, 1)7 (Oa 1)’ (07 1) (513)
0 ’ (0 1) (O gh)a (%a ﬁ)7 (nAal)a (_>\A - VA>1)
X f(wh)dwh,
-1
IS\A:"]AJJA P;]Xhﬂh ,’wufhf (y) — -
(5: h ) cny la(n — D] 5 T(=1r)
/ Hfgl a 1—%)]52(&}13} (1_ 27};7_1,%1% (_VA+77A7 ) (071)7 (011) (514)
(071)7 (ngh)’ (’Yh—l - Z}; _7) (771471>7 (_>\A - I/A,l)
X f(wh)dwh,
for ay, < 0.

Proof: Using the Saigo operator (5.1) and the modified pathway transform (2.1) with (2.2), then making
use of the inverse Mellin transform of (3.3), we obtain

IAAﬂ?A VApOéh BhsvhEn _Y T Aa=1_ oy A4l t
04 )W) “Tow (y—1) 2F1(Aa +na, —va; Aa; —5)

00 (5.15)
« / D ,’Ymin f(wht)dwhdt
0

Qh, h

“Aammap(14 L) v

Yy = t

= - L / (y— )1 oF1(Aa+na, —va;da; 1 — —)
ahF()\A)[ (1- %)] an J0 Y

X/ / —S)F(""’LB“) (5.16)
2mi 1—§h8 (1+ L +nh+ﬂh9)

x [a(l — )] *w “h (wpt)™ sdsf(wh)dwhdt,

for R(s) > 0 and R(%fhs) > 0.
Now, interchanging the integrals and using the result (5.9), we get

+ 1= 'Yh / / - S)F(thr'Bhs)
]_ — 'Yh D‘h 0 27” 1 - §h5 1 + 1—~, + thrﬁhs) (517)

[(1—7@1 Fw )6f<wh>dwh(Ismf”f*t-s)(y)ds

B P+ = 'm / / _ )F(nh+ﬂh5)
anpy™afa(l —1)] 2mi r'(1- §h5 (14 2 L+ nh+6h5)

(5.18)
F(l—s) (=s+va—ma+1) s
[(=s—na+1) F( s+Aa+tva+1) a1 - ’YA)] (whx) Flwn)deon ds,
for R(s) > 0,R(1 —s) >0, R(nn, + Brs) > 0 and R(1+va —s—n4) > 0. O

This leads to the result (5.12).

The image of the modified type-2 pathway transform can also be found by applying the inversion formula
of the Melllin transform on (5.12) and using the H-function.
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Corollary 5.1 Under the same conditions given for theorem 5.1 with na = 0, the composition formula
for the left-sided Erdélyi-Kober operator with the modified type-1 pathway transform is:

r +1
(Ié\f,o,uApna’:L,Bhrm,éh f) (y) = (](’)’f AAPah,ﬁh,Vh Ehf) — (17—;)7”
apla(l = ~p)]*n
0 Bn 1+ —+ Wh’ Bn —ua, 1), (0,1 (519)
% / H??,’i [a(l - 'Yh)] “h WRY ( _’Yh ahﬂhahﬁ)h ( ), (0,1)
0 (0,1), (0,&n), (2=, 52), (=Xa —va, 1)

X f(wh)dwh,

and the composition formula for the left-sided Erdélyi-Kober operator with modified type-2 pathway trans-
form are:

v e 14 «Q 1
(1 0vapgrtnomn ) (y) = (I paminonén ) = i
anla(y — 1] D(=17)
o b |0 2 ) (—ua,1), (0,1) (5.20)
X H23 | [a(yn — )]0 wpy T o U
J, l[ = D1y 1) e T3, e v
X f(wh)dwh,
forap >0
(Ig\f,o,lm P;]J;mﬁhﬁh,&h f) (y) = (Igf7AA P%hﬂh,’wuih f) _ -1
anla(l — 3] T(=Lg)
oo Bn 1— Mo _ B , (=va, 1), (0,1 (5.21)
<J, [[ o0 =0y 1) (60, T . (e 1>]
0 ) gh Yh—1 an’  ap’’ A — VA,
X f(wh)dwh,
for ay, < 0.
Corollary 5.2 Under the same conditions of theorem 5.1 with na = —\4, the composition formula for
the left hand sided Riemann-Liouville fractional operator with modified type-1 pathway transform is:
y T +1
(Ié\f,—)\A,DAP%Zz,BhWh,,Ehf) (y) — (Igfpﬁfuﬁh-,'}/h,afh,f) _ (1 —Yn mL)

anpla(l —p)] o

o By (0,1), <o,1>] >:22)
f(wr)dwp,

Bn

i 1+ ,
[a(l_'}/h)}ahwhy ( 1=, 'Yh ap’ ap

X OOH2’2
/o o (0,1), (0,€n), (2=, 22), (= A4, 1)

and the composition formula for the left hand sided Riemann-Liouville fractional operator with modified
type-2 pathway transform are:

Aa
(Ig\r, /\A,VAP;;;:nﬁh/Yhﬁhf)( ) (IAAPah,ﬂh,yh,ghf) Yy
anla(n — DI T (1) .
(= Sl + e 2, (0,1), (0,1) '
H23 — 1)]en Yh—1 ap’ ap d
R o 00 T 0 ) | S
for ap >0 and
Aa
Aa,—Aa,v ap,Bh,Yh e’ - -y
(Iof A Apnh; Br 'yhéhf)( )= (Io)‘fpnhhﬁh"/) Ehf) el — )]"hI‘( Ly
Tk Yh—1
1- I KL)( 1), (0,1) (5.24)
H23 a(y, —1 O‘hwhy ( ap’ ap
< i W] 0,0), (0,600, (1 — e, =) (~2,1)

X f(wh)dwm
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for ap < 0.

6. Conclusion

The main purpose of this research is to study a class of Modified Pathway Transform taking the
Mittag-Leffler function in the kernel. We have discussed some intriguing results and corollaries related to
the composition of the modified pathway transform with Mellin and Laplace transform. We explored the
behaviour of the modified transform under fractional integral operators. Modified Pathway transform
employing Mittag-Leffler function is the most prevalent type. Thus, the results of our work are expected
to have some potential applications in a variety of domains, including engineering, astrophysics, and
thermonuclear integrals.
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