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Laplacian Minimum Independent Dominating Energy of Graphs

Prema M., Ruby Salestina M. and Purushothama S.*

ABSTRACT: If every vertex v € V — S is adjacent to at least one vertex in S, then the set S C V is a
dominating set. An independent set of G is a set S C V(@) in which no two of its vertices are adjacent. An
independent dominating set is a dominating set that is also an independent set. A minimum independent
dominating set is an independent dominating set with the least amount of cardinality. The Laplacian minimum
independent dominating energy of a graph, denoted as LEp,(G), is introduced in this article, along with
methods for calculating it for various types of graphs. Additionally, the upper and lower bounds of LEp, (G)
are established.

Key Words: Dominating set, independent dominating set, minimum independent dominating en-
ergy, Laplacian minimum independent dominating energy.
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1. Introduction

Let G = (V, E) be a graph with n vertices and m edges, and let A = (a; ;) denote its adjacency matrix.
The eigenvalues of the graph G are defined as the eigenvalues of its adjacency matrix A(G), and are
denoted by Ay > Ay > -+ > X,. A graph G is said to be singular if at least one of its eigenvalues is
zero, which implies that det(A) = 0. Conversely, if none of the eigenvalues are zero, the graph is called
nonsingular, in which case det(A) > 0.

A graph G is called k-regular if every vertex in G has degree k. A bull graph is a planar and undirected
graph consisting of five vertices and five edges, formed by a triangle with two disjoint pendant edges
attached to two of its vertices. A complete graph, denoted by K, is a simple graph in which every pair
of distinct vertices is connected by an edge. A star graph, denoted by K ,_1, also referred to as a claw
or cherry, is a tree with a single central vertex joined to all other vertices.

A subset D C V is called a dominating set of G if every vertex in V'\ D is adjacent to at least one vertex
in D. A dominating set D is called minimal if no proper subset of D is also a dominating set. The
smallest possible size of a minimal dominating set in G is termed the domination number, denoted by
Y(G).

Let G = (V,E) be a graph. A subset S C V(G) is called an independent dominating set if for every
vertex v € V' \ S, there exists a vertex u € S such that the distance between u and v in G, denoted
by dg(u,v), is equal to 2. The minimum cardinality of such a set is called the independent domination
number of G, denoted by 7;(G). For a more detailed treatment of independent domination, see [4]. In
this work, we initiate a study on the Laplacian minimum independent domination energy of a graph.
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The notion of graph energy was introduced by I. Gutman [7]. Although it initially received limited
attention, it has since gained widespread interest and has become a topic of active research. Over time,
analogous energy concepts have also been developed for matrices other than the adjacency matrix. The
energy E(G) of a graph G is defined as the sum of the absolute values of its eigenvalues:

=> |l
i=1

I.Gutman and B.Zhou [8] defined the Laplacian energy of a graph G in the year 2006. Let G be a graph
with n vertices and m edges. The Laplacian matrix of the graph G, denoted by L = (L;;), is a square
matrix of order n. The elements of the Laplacian matrix are defined as

-1, if v;andv;areadjacent,
Li; = 0, if v; andv; arenot adjacent,
d;, if i=j.
where d; is the degree of the vertex v;.
Let A1, A9, ..., A, be the eigen values of Laplacian matrix GG. Laplacian energy of G is defined as

n

/\_7

The basic properties Laplacian energy including various upper and lower bounds have been established
in [13],[14],[16],[17] and it has found that remarkable chemical application, high resolution satellite
image classification and segmentation using Laplacian graph energy and finding semantic structures in
image hierarchies using Laplacian graph energy. The Laplacian energy provides a measure of the overall
connectivity and robustness of a network. A low Laplacian energy typically indicates a highly connected
network (less fragmentation), where as high Laplacian energy might indicate a more fragmented or
less connected network. The Laplacian matrix is used to model molecular structures where atoms are
represented as vertices and bonds as edges. In this context, Laplacian energy can be used to estimate
the stability and reactivity of molecules. A molecule with a high Laplacian energy might be less stable
or more reactive, while lower energy could suggest a more stable structure.

2. Minimum Independent Dominating Energy of a Graph

Let G be a simple graph of order n with the vertex set V' = {v1,vs,...,v,} and edge set FE. Let D; be
the minimum independent dominating set of a graph G. The minimum independent dominating matrix
of G is the n x n matrix defined by Ap,(G) = (a;;), where

if vv; € E and either v; orv; € D;

, if wvwv; € E and neither v; nor ,v; € D;
, if i=jandv; € D;

, otherwise.

|
O = = N

The characteristic polynomial of Ap,(G) is denoted by f,(G, ) and is defined by f,(G,\) = det(A —
Ap,(G)). The minimum independent dominating eigenvalues of the graph G are the eigenvalues of the
matrix Ap,(G). We note that these eigenvalues are real numbers since Ap,(G) is real and symmetric. So,
we can label them in the non-increasing order Ay > Ay > --- > \,;. The minimum independent dominating
energy of G is defined to be the sum of the absolute eigenvalues of Ap,(G). For more information about
minimum independent dominating energy of a graph refer [9]. In symbols, we write

G) =Z|)\z‘|-
i=1
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3. The Laplacian Minimum Independent Dominating Energy of a Graph

Let D(G) be the diagonal matrix of vertex degrees of the graph G. Then the Laplacian minimum
independent dominating matrix of G is denoted by LEp,(G) and is defined as follows LEp, = D(G) —
Ap,(G). Let A1, Az,..., A\, be the eigen values LEp, (G) arranged in non increasing order. These eigen
values are called Laplacian minimum independent dominating eigen values of G. The Laplacian minimum
independent dominating energy of a graph G is defined as
)\'L - 27m )

n

i=1

To prove our results we make use of the Cauchy’s - Schwarz inequality

n 2 n n
(o eite) = (oat) (o00)
i=1 i=1 i=1
Example 3.1 Let G be a graph on 6 vertices as showm in the Figure 1. The possible minimum inde-
pendent dominating sets are D} = {vy,v3}, D? = {v3,v6}
The minimum independent dominating matrices of G with respect to above minimum independent dom-
inating sets are

U1 ]
> « U3
Vs V4

Figure 1. A Simple Graph with six vertices

the independent dominating set is Dy = {v1,v3}, then

1200 2 2 300000
20210 1 040000
02120 0 002000
Apt@) =149 1 9 91 1 [2DPE=]0 004 0 0
2001 0 1 0000 30
2101 1 0 0000 0 4

29 2 0 0 -2 -2

-2 4 -2 -1 0 -1
0o -2 1 -2 0 O

o -1 -2 4 -1 -1
-2 0 0 -1 3 -1
-2 -1 0 -1 -1 4
The characteristic polynomial is given by

Fn(G X)) = A5 — 18M° + 106A* — 158X3 — 491\% + 1296\ — 52 = 0.

LEp:(G) = D(G) — Ap: (G) =

If



4 PrREMA M., RUBY SALESTINA M. AND PURUSHOTHAMA S.

Spec(G) = —2.2125 0.0408 3.400 4.5635 5.7905 6.4178
peats) = 1 1 1 1 1 1)
Average degree of the graph =27 = 2x10 — 10
Hence, Laplacian minimum mdependent dominating energy, LE 1 (G) &~ 11.2505.

If the independent dominating set is D? = {v3, v}, then

0100 1 2 300000
10210 2 040000
02120 0 002000

Ap @)= o 1 9 91 2 |DGE=] 04 004 0 0
10010 2 0000 30
22 02 2 1 0000 0 4

3 -1 0 0o -1 =2
-1 4 -2 -1 0 =2
o -2 1 -2 0 0
LED? (G> = D(G) - AD? (G) = 0 1 -9 4 -1 -9
-1 0 0o -1 3 2
-2 -2 0 -2 -2 3

The characteristic polynomial is given by
Fn(G,A) = A8 — 18M° + 1120% — 242)3 — 162\% + 1216\ — 1083 = 0.

~1.9662 1.4927 3 3.3820 6.4735 5.6180
Spec(G) = 1 101 1 1 1 :

2m _ 2x10 _ 10
Average degree of the graph =22 = X 3

6
Hence, Laplacian minimum 1ndependent domlnatmg energy, LEp:(G) ~ 12.6664.
Note that the Laplacian minimum independent dominating energy of the graph G depends on its minimum
independent dominating set.

4. Laplacian Minimum Independent Dominating Energy of Some Standard Graphs

Theorem 4.1 For n > 2, the Laplacian minimum independent dominating energy of a complete graph

K, is (n—2)+vn?+10n —T.

Proof: Let K, be the complete graph with the vertex set V.= {vy,v9,...,v,}. For each 1 < r < n;
{v,} is minimum independent dominating set, hence without loss of generality take D; = {v1}. Then the
minimmum independent dominating matrix Ap, (K, ) and its characteristics polynomial are as follows.

1 2 2 ... 2 2

2 01 ... 1 1

2 1 0 ... 1 1
ADz(KTL) =

2 1 1 0 1

2 1 1 1 0

and
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n—1 0 0 0 0
0 n—1 0 0 0
0 0 n—1 .. 0 0
D(Kn) =
0 0 0 n—1 0
0 0 0 0 n—1
n—2 —2 -2 -2 —2
-2 n-1 -1 -1 -1
-1 -1 n—1 .. -1 -1

-2 —1 -1 ... n-1 -1
-2 —1 -1 .. -1 n-1
The characteristic polynomial of LEp, (K,,) is given by,

A=n)"2(AN - (n—1)X—(Bn—-2)) =0.

The Laplacian minimum independent dominating eigen values are:

(n—1)+vn?2+10n—7 (n—1)—vn2+10n—7 )
2 .

S K,) = n 2
pec(Kn) (n—? 1 1

n(n—1)
Average degree of K,,= 27’” =2—2—=n-1.
Hence, the Laplacian minimum independent dominating energy of K, is

LEDl (Kn) — |TL _ (TL _ 1)|(n _ 2) + (n—1)+\/;2+10n—7 _ (TL _ 1)‘ + ’(n—l)—\/;2+10n—7 _ (’I’L _ 1)‘

Therefore, LEp, (K,) = (n — 2) + vn2 4+ 10n — 7. O

Theorem 4.2 For n > 4, the Laplacian minimum independent dominating energy of a star graph is

%—l—\/nQ—i—lOn—?.

Proof: Let K; ,-1 be a star graph with the vertex set V = {vg, v1,v2,...,v,_1} having the vertex v
at the center then D; = {vo} is the minimum independent dominating set. The minimum independent
dominating matrix Ap,(K1,,—1) and its characteristic polynomial are as follows:

1 2 2 2 2
2 00 0 0
2 00 0 0

AD,i (Kl,n—l) -
2 00 0 0
2 00 0 0

and
n—1 0 0 0 0
0 1 0 0
0 0 1 0 0
D(Kl,nfl) =

0 0 0 1 0
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n—2 -2 -2 .. =2 =2
-2 1 o .. O 0
—2 0 1 ... 0 0
LEp, (K1 n-1) = D(Kin-1) — Ap,(K1n-1) =
-2 0 0 1 0
-2 0 0 0 1

The characteristic polynomial of LEp,(K; ,—1) is given by,
foi(Kip-1,0) = (A= 1)"2(W = (n = DA — (3n — 2))
The Laplacian minimum independent dominating eigen values are:

1 (n—1)+vn24+10n—7  (n—1)—+/n2+10n—7
Spec(Kq p—1) = 2 2 .
’ n—2 1 1

_ 2(n—1)

Average degree of Ky 5,1

Hence, the Laplacian minimum independent dominating energy is

2(n 1 N VRETIn =7 2(n-1
LEp, (Kyn1) =1 = 202D gy 4 |24 VR2+ 100 -7 2An )‘
: - ’ -
R R Lk A e
2 n
—(n”)‘( ~2)+ ("25n+4>+\/m‘+
n 2n
(n? —5n+4) —VnZ + 100 -7
2n :
,22
k) VSTV
n
Therefore, LEDi(Kl,nfl):%-‘r\/m_ .

Theorem 4.3 For the bull graph G, LEp,(G) = 12.1514
Proof: Let G be the bull graph and let V(G) = {v1,v2,v3,v4,v5} be the vertex set of G. Then D =

{va,v5} is a minimum independent dominating set of G. Therefore

Ap, = and D(G) =

SO O N
O = NN
O = O N O
N O == O
OO OO
SO OO
S OO Wwo
SO N OO
SO WO oo
_— oo oo

0o -2 0 0 O
-2 2 -2 -1 0
LEp,(G)=D(G) — Ap,(G) = 0o -2 2 -1 0
0o -1 -1 3 =2
o 0 o0 -2 1
The characteristic polynomial is given by
FalGoA) = A — 80 + 93 +38)2 — 32\ — 12 = 0.
The Laplacian minimum independent dominating eigen values are



LAPLACIAN MINIMUM INDEPENDENT DOMINATING ENERGY OF GRAPHS 7

Spec(G) = —1.8761 —0.2861 1.0865 4.4085 4.6672
b - 1 1 1 1 1)
Average degree of the graph :277" = % =2
Therefore, Laplacian minimum independent dominating energy of G with respect to D is LEp, = 12.1514.

O

Cancer is a disease which is caused by an uncontrolled division of abnormal cells in a part of the body.
Now a days we can find many types of cancer like, Bladder cancer Lung cancer, Brain cancer, Melanoma,
Breast cancer, Non-Hodgkin lymphoma, Cervical cancer, Ovarian cancer. Etc., Cisplatin is a medicine
which is widely used against the Cancer disease. In this paper we are calculating the Laplacian minimum
independent dominating energy of the Cisplatin which is very much useful for further research and
development in the treatment of Cancer.

Structural formula: Pt(N Hs)2Cls

Cl,  NHs
-
cl”  YNH;

The Laplacian minimum independent dominating matrix with the consideration of minimum independent
dominating set of G = {Pt(NH3)2Clz2)} is given by

12 2 2 2 4 0 0 0O
20 0 00 01 0 00
Ap,(G)=12 0 0 0 0 |[andD(G = 0 0 1 0 0
20 0 00 00010
2 0 0 00 0 00 01
3 -2 -2 -2 =2
-2 1 0 0 0
LEp,(G)=D(G) - Ap,(G)=] -2 0 1 0 O
-2 0 0 1 0
-2 0 0 0 1
Characteristic equation is A> — 7TA* + 2X3 + 2612 — 35\ + 13 = 0.
and the minimum independent dominating eigenvalues are, \; = —2.1231, s = 1, A3 = 1,y = 1, A5 =

6.1231
. 2m _ 8
The average degree of the graph G is =* = =

n

Therefore Laplacian minimum independent dominating energy is LEp, (Pt(N H3)2Cly) = 10.0462

5. Bounds on Laplacian Minimum Independent Dominating Energy of Graphs

Theorem 5.1 If D is a minimum independent dominating set of a graph G and A1, A, ..., A, are min-
imum independent dominating eigen values of Ap,(G) then

(i)Y Ni=2|E|-|D|
i=1

—_

) Zf’UlEDw

(1) Y N =2 E|+) (di —r:)*+6)  d(v) wherer; = { 0, ifvi¢ D;
=1 i=1 ’ e

veD;
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Proof: (i) By definition, the sum of the principal diagonal elements of LEp, (G) is equal to

S A D=2 |E|~|D]

i=1

Also the sum of eigen values of LEp,(G) is trace of LEp,(G).

(ii) The sum of squares. of eigen Values of LED (G) is the trace of LEp,(G)?

Therefore Z/\ = ZZl”lﬂ :Z i) 24+ Z ji)

i=175=1 =1
=2y (l)* + Y (1)
i<j i=1
— L 1, ifv; € D;
2|E|+Zd—rl +6Zd whererl—{o’ ifv; ¢ D

veD;

n

=2M, where M =| E | +% (Z(dZ — )2 +6 Z d(v))

=1 veED;

6. Upper and Lower Bounds

Theorem 6.1 Let G be a graph with n vertices, m edges and D is a minimum independent dominating
set of a graph G. Then

LEp,(G) < <2m+Zd—m +6>  dv ) (6.1)

veED;

Proof: Let G be a graph with n vertices and m edges and A1, Ag, ..., A, be the eigen values of G. By
using Cauchy’s - Schwarz inequality

n n n

(Z aibi)2 < (Z af) (Z bf) (6.2)

i=1 i=1 i=1
Put a; =1, b; =| A; | in equation (6.2) then,

n

500 = (50 (55 (5507

=1

:n(z:: A |2)

—n<2m+Zd —)? 6y d(v )

veD;

LEp. (G) < <2m+2dm +6Y d( )

veD;

This leads to inequality (6.1)
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Theorem 6.2 If G be a graph with n vertices, m edges and D is a minimum independent dominating
set of a graph G. Then LEp,(G) < vV2Mn + 2m.

Proof: Let G be a graph with n vertices and m edges and A1, Ag, ..., A, be the eigen values of G. By
using Cauchy’s - Schwarz inequality

(on)’ = () (37) 63

Put a; =1, b; =| A; | in equation (6.3) then,

3 (iug)g%.

By Triangle inequality [\; — 22| <| \; | +|22| Vi =1,2,..

* ’

2 2
e PR
n n

&

=2 < () + (52
<V2Mn +2m
. LEp,(G) < V2Mn +2m

d

Proposition 6.1 Let G and H be the two graphs with n vertices, D} and D? be the minimum independent
dominating sets of G and H, respectively. If Ay > o > ... > \,, are minimum independent dominating

eigenvalues of G and )\/1 > /\/2 > /\/n are minimum independent dominating eigenvalues of H, m; =
|E(G)| and my = |E(H)|, then

En:\MQIS [le—i—Zd—n +6> dv H2m2+2d—n +6> d(v }
i=1

’UeDl ’UEDQ

Proof: By using Cauchy’s - Schwarz inequality
n 2 n n
(S ranl) < (Xa)(X8) (6.4)
i=1 i=1 i=1

Put a; = \;, b; = A, in equation (6.4) then,

n n n

(1) < (007 (o 00?).

i=1 i=1 i=1
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> d@)) (2m2 + é(di 1?46 d(v))

veD; veD;

= <2m1 —+ Z(dz — ’I"i)2 +6
=1

This completes the proof. O

Theorem 6.3 Let G be a graph with n vertices and m edges and D is a minimum independent dominating
set of G. If D =| detLEp,(G) | then

LEp,(G) > \/2M 4 n(n — 1)D% — 2m.

Proof: Consider
[Z; a) = (Z; p* )(i A )
1= 1= j=
S AP I |
i=1

i#]

SN = (D) =S A (63

i#]j
Applying Arithmtic and Geometric means for n(n — 1) terms, we have

S TIX A .
i#j Doy
WZ[HIMWI}

i#i

1
i.e.,z | i H )‘j | > n(n_ 1)|:H | i H )‘j |]n(n71)

i#] i#J

Using (6.5) we get,

(§|/\1 |)2§|)\2 22n(n1)[f[1)\1_ |2(n—1):|ﬁ
<§:|Al \)2_2M2n(n—1)[ﬁ‘)\i|}

i=1

(iui |>222M+n(n—1)[ﬁ|)\i|}

i=1

3o

3o

n

.'.Z\AHZ\/ZM—I—n(n—l)D%

i=1
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We know that

10.

11.

12.

13.
14.

15.
16.

17.
18.

5 =S
Zlmfzfj:l n-
(@)
ben LEp, (G

> \/2M+n(n— )D& —2m

. LEp,(G) > \/2M+n(n— 1)D# —2m
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