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Asymptotic Profiles of Global Solutions for a PDE Including a Singular Nonlinearity

Zahia Daoui, Arij Bouzelmate and Said El Aboudi

ABSTRACT: We examine solutions of global nature to the following elliptic equation with singular nonlinearity
ApU 4+ MU + Xo|z|"|U|19 U =0, in RV,

such that p >2,¢>1, N > 1, A1 >0, A2 >0, and v < 0.
We prove the global existence of radial solutions and examine conditions ensuring their strict positivity.
Furthermore, we describe the asymptotic profile of positive solutions in the limit near infinity.
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1. Introduction

This work addresses the elliptic equation
AU+ MU + Xo|2["|UP'U =0, in RY, (1.1)
such that p >2,¢>1, N>1, A\ >0, Ay >0 and v <0.

Throughout the paper, the analysis is confined to radial solutions satisfying v(x) = v(|z|), which
reduce the original PDE to an ordinary differential equation where the study is restricted to continuous
functions at the origin.

It is worth noting that several works in the literature have investigated various cases related to
equation (1.1) while considering the previously stated restriction. For instance, when p > 2, prior work
in [3] investigated singularities occurring at isolated points and their asymptotics near infinity , to the
equation

Apv+ |v]i v =0, (1.2)

The authors also provided a classification of solutions, with no restriction on their sign, for all values of
g. A related situation is studied in [5], where the parameters A1, 3, and + are negative and the equation
is

Apv + Mv + Bro’ + 7|9 e = 0. (1.3)

The case p = 2 is studied in [7], where the focus is on establishing the nonexistence of radial solutions
of positive sign related to the next equation

A
AU—TU-I-Uq_l:O, A,v>0and g > 2. (1.4)
T
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Moreover, [10] focuses on the study of solutions that decrease rapidly with a predetermined number
of zeros by establishing their existence and unicity, and also how they vary with respect to parameters
concerning the equation

1
Av + fv’—i—

5 p_lv+\v|p_11):0. (1.5)

Various other cases of (1.1) were previously considered in [1,2,4,6,8,9,11,12,13]. In this paper, the problem
considered takes the form

_ r N-—-1 _
Q) <|U'|p 2 v’) + — [v'|P 20+ Mo+ Xor|v]4= v =0, r >0, (1.6)
b(0) = (0)=0

where p>2, ¢>1, N>1, -p<v<0, =N <vy<0,A\; >0, Ay >0 and { € R*.
Owing to the symmetry v(.,(, A\, A\a) = —v(., =, A1, A2), it is sufficient to consider the case ¢ > 0.

We aim to study the global solutions of problem (Q) defined on [0, +00), called entire solutions and
satisfying v € C°([0, +oo[) N C*([0, +o0[), |v'[P720" € C1(]0, +o0]).

Thus, Section 2 investigates the existence of global solutions. Section 3 proves that, all solutions
remain strictly positive for a convenient initial data. We also analyse the long time profiles of the global
solutions.

2. Global Solutions

This part focuses on establishing the existence results for global and local solutions to problem (Q).
We state two main theorems: the first ensures local existence via a fixed-point argument, while the second
establishes global existence.

Theorem 2.1 The problem (Q) admits a unique solution v over the mazimal interval [0, max)-
Proof: Denote by v a solution to problem (Q). Then, for all r € [0, 7y,45[ it holds that
!
(erl /[P U’) (r) = =MV Lo(r) = Ao TN o9 Lo (r). (2.1)

An integration over the interval (0,7) of equation (2.1) leads to

o(r) = ¢ - / " A (5))ds, (2.2)

where .
A(s) = |s|>-1s, sER, (2.3)
and ¥ is a function defined by
Uv](s) = sl_N/ oV AL+ X007 (o) do. (2.4)
0

Take p > 0 and ¢ > A > 0. Our setting involves the complete metric space
Eenp={weC(0.0): [w—cl <A} (2.5)
We denote by C([0, p]) the complete space consisting of continuous real functions on [0, p], equipped with

the uniform norm || - ||o.
Let us consider the operator Il on E¢ y ,, defined as

Mfu)(r) = ¢ - / " A (W] (5)) ds.
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We show first that II is a self-mapping on F¢  , for small p.
Let w € E¢ » ,. Thus,
MECHN) ., A+
< v y+1
Ulw](s) < < NS + Nty s

We choose p < (%) , then for each s €]0, p|, the next inequality is satisfied

2=

Ulw](s) < ws’y+l.

It results that
[I[w](r) — ¢] <

p—1 <2)\2((+)\)q>Pllrw+p
P+ N +7 '

Hence, for p small enough, we get
H[w](r) —¢| <A forwe E¢ .

Next, we establish that II is a contraction mapping from FE¢  , into F¢ x ,.
Given r € [0, p| and wy,wy € E¢ y ,, this yields

[Tws ](r) = Mwe](r)] < /0 A (W[wi](s)) = A (W[ws](s)) |ds,

such that A and U are respectively given by (2.3) and (2.4) .
Note p(s) = min (¥lwq](s), Tlws](s)) . We use (2.4) to get

ME=N) L M= N
wlul(s) > (e 2EZ ) o,

then,

Wlul(s) > 2L

)

and
2—p

[T[ws](r) = Mws](r)] < /OT(M(S))P1 [W[un](s) — Ulws](s)|ds.
By using (2.4) and (2.5) , we derive

ﬁ AQQ(C + A)q71 Pean

(n)(e) = Wlunl(e) < (Frs+ 2210 s = wnlo

Due to (2.10), we have
— 24
(s) = 22(C = VT
N+~
Therefore,

] (r) — Tws](r)] < (W—W) o /0 TG G () — Wlws](s)] ds.

N+~
Then by (2.12), we get

y(2—p)+p J+p

[T [w:](r) — ws](r)| < [Clr [ Czrﬁ} |wi — wal|o,

where

C =

M(p—1) <A2<<—A>q)i—’f
N(©®2-p)+p) N+~ '

(2.7)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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and

2-p
_ eg(p — (N </\2(C = A)‘I) o

(y+p)(v+N) N+~
Consequently, II defines a contraction on E¢ » ,.

Accordingly, for r > 0 sufficiently close to 0, the existence of a unique solution v to problem (Q) follows
from Banach’s fixed-point. O

Cs

Theorem 2.2 The solution to Problem (Q) can be extended on [0, +00].

Proof: Consider v a solution established on [0, 7] to problem (@). Assuming for contradiction, that
Tmaz < +00, thus
lim |o(r)|= lim [V'(r)] = +oo. (2.16)

T >Tmax T—=>Tmazx

For each r € [0, rmax[, introduce the function E such that

-1
B(r) = ()P + R+ ().

Given that p > 2, ¢ > 1, v <0, and A\; > 0 and Ay > 0, we deduce that

lim E(r) = +o0.

T—>Tmax
Considering (1.6), it can be seen that

N -1 A
B(r) = ———/ ()P + q%”lw*wu(r)w“. (2.17)

In addition, combining (2.16) with the conditions N > 1, p > 2, As > 0, and v < 0, it yields that

lim E'(r) = —o0,

T—>Tmax

which is impossible. O

3. Main Results

This section is concerned with establishing conditions that guarantee the strict positivity of solutions
to problem (Q). We also analyze the limit of v and r°v near infinity with ¢ > 0.

—p(N —1)
p—1
Problem (Q) stays strictly positive throughout (0,400).

Theorem 3.1 Assume that ¢ > 1 and v > . For suitably small initial data, the solution of

To prove the preceding theorem, we begin with a preliminary proposition.
Proposition 3.1 Let v be a solution of problem (Q). Then
i) If ro > 0 represents the first zero of v, then v'(rg) < 0.

ii) V'(r) <0 forallre S, ={r>0:v(r) >0}

Proof: i) Consider 79 > 0 such that v(rg) = 0 and v(r) > 0 on (0,79). Thus, v'(r9) < 0 and by continuity
of v, the interval (ro — ¢, rg) forms a left neighborhood where v > 0 and v' < 0, for some ¢ > 0.
Assume for contradiction that the derivative v'(rg) = 0. Introduce now the function V' such that

V(r) = rN 7o [PT20 (). (3.1)
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From equation (1.6), we derive
V'(r) = =MV o(r) = AV TN Lo(r) |97 (3.2)

Since A1 > 0, Ay > 0, and v > 0 on (0, 7¢), it yields that V' (r) < 0 on (0, rg). Hence, for all r € (rg—e, o),
one obtains

0= V(?”Q) < V(T‘),

which yields o'(r) > 0 for every r € (rg — €,79). However, this yields a contradiction with v/(r) < 0 on
(ro — €,79). Thus, we must have v'(rg) < 0.
ii) Applying (1.6), it results that

=2 7\ —A2(? ~
(WPv) o) =5
then, v’(r) < 0 for r close to 0.
Suppose v’ has a first zero at 1. It follows that (|v’|P=20")(r1) > 0. However, from equation (1.6), we
have

(|v'|P~20"Y (r1) = =Av(r1) — Ao [u|9 o(ry) <0,

yielding an absurdity. Thus, v'(r) <0 for all r € S,,. O

Theorem 3.1 will now be proved.

Proof: For a contradiction argument, suppose that v fails to remain strictly positive. Let ro > 0 such
that v(rg) = 0 and v(r) > 0 on (0,7¢) . Define G as
A2

p—1 ﬂQ

Glr) = P =W + o) = ()l
= o) | 22 4 Ay e 2Ly et o (3.3)

q+1 2 P

Then, by using (1.6), we have
N -1
G'(r)=— W ()P — 22ar ()| () (r) — 22 () o4, (3.4)
r q+1
_)\2§q+1

Observing that lirr(l) r7G(r) = 1w deduce G(r) < 0 when r is small enough.
r— q

As v(rg) =0, it yields from Proposition 3.1 that v/(r9) < 0. Then G (rg) > 0.
We infer that there exists 6 € (0,rg) for which G(6) = 0, denoting the first zero of G such that G'(6) > 0.
Considering equation (3.4) together with the condition G(6) = 0, we deduce that

dwpﬁ%wﬁ%mhjjGgﬁfkm>+ﬁﬁﬁ5”mwkﬂw+mﬁ%$;. (3.5)

We show that G'(6) < 0 when the parameter ( is sufficiently small.
In fact, observing that G(6) = 0,]v’(#)[” > 0 and due to (3.3), we deduce

A Ao
—Z202(0) + =07 |v|7t1 (0 .
2v()+q+1 [v]9T2(0) > 0

Then,
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Hence, lim 0(¢) = 0. Together with lim »~70'~%(r) = 0 and lim rv'(r) = 0, this yields
¢—0 r—0 r—0

lim =70 "9(9) = 0,

¢—0
!
im 79 [V ()] =0.
¢—0 U(L‘))
Then, by combining these results with (3.5) and the positivity of (% —|—’y> (by hypothesis), we

conclude that for sufficiently small ¢, we have G’(6) < 0, which contradicts the inequality G'(9) > 0. O

We now give asymptotic properties of strictly positive solutions v to problem (Q).

Theorem 3.2 The following holds

lim v(r) =0 and lim o'(r) =0. (3.6)

r—>+00 r—+00

Proof: As v(r) > 0 and v'(r) < 0 for all r > 0, it follows that lirf v(r) = £ € [0,+00], and it must
r—+00
also hold that lim o'(r) = 0. If £ > 0, then from (1.6)

—+o0

!
lim (|v'|pi2 v’) (r)=-\£<0,

r——4o00

it results in  lim v’(r) = —oo, standing in contradiction with lim o'(r) = 0. Then, lim wv(r)=0. O
r—+00 r—+00 r—+00

Theorem 3.3 Suppose that one of the following conditions holds
i) N<pandqg>p—1.

O+N)p-1)

o
i) p=1<q< T

Then,
lim raios v(r) =K, where K > 0. (3.7)

r——4o0

Proof: Step 1: Py v(r) is bounded.
By equation (2.1), the following inequality holds for any r > 0.

(TNfl‘U/|p72,U/)/(T) < 7)\2T7+N71Uq(r)' (3.8)

An integration of (3.8) over (0,r) for any r > 0, ensures
T
N PR (1) < —)\2/ sYHN=1y0(s) ds. (3.9)
0

Given that v is strictly decreasing due to Proposition 3.1, we deduce that

A2

N—1|, 1p—2,/
r v viir) < ——
o) <~ 57

NI (r). (3.10)

Hence, for every r > 0,

U'(r)<—< Az )’Hﬁ*imql(r). (3.11)
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Taking into account that ¢ > p — 1 and v is strictly positive, it results that

1
_ PN Pt
_p=1 (U”p311> (r) < _( A2 )p PIT (3.12)

p—q—1 N+~
Thus,
1
p=g—1\’ qg+1—p A2 =1 g4
v p-1 ) r) > rr=1, 3.13
( (r) p—1 <N + ( )
Integrating inequality (3.13) over (0,7) for r > 0 yields
1
p—qg— 1 - )\ pfl b
v T (r) > a+1-» 2 =3 (3.14)
vy+p \N+~vy
Hence,

N\~
1-— A p=1 ytp
v(r) < <qur+pp <N—12—'y> > P, (3.15)

+
Consequently, raics v(r) remains bounded.

Step 2: The function ris v(r) is strictly increasing for every r > 0.
Introduce the function g defined as

g(r) = % o(r)+rd'(r), r>0. (3.16)
Clearly,
_v+p ! Pty g
(7‘«1+1—P U(’l")) = rati-p g(r)’ > 0. (317)

Whether 77127 v(r) is monotone is governed by the sign of g(r). According to (1.6), we derive

=D OP2 0 = 1) (5 - S P

— Airo(r) = Xor?THo () [T o (r), (3.18)
for any r > 0 satisfying v'(r) # 0.
Proposition 3.1 allows that v/(r) < 0 for every r > 0, and consequently relation (3.18) gives

g'(r)

@_Uuu)

(p—U@+7» Mro(r) A od(r) (3.19)

=(p-N
@ TR [ ()=t ()Pt

According to i) and i), it follows that ¢'(r) < 0 for all r > 0.
Pty
g+1-p
zero of g. Thus, g(r) < g(rg) = 0 for every r > r9. Consequently, by (3.17), T%U(T) converges as

tends to +o00, while 7.Er_s{loog(r) € [—o0,0[.

Moreover, note that ¢g(0) = v(0) > 0. For a contradiction argument, assume that rq is the first

Combining TEI_PQQ’U(T) = 0 (by Theorem 3.2) with expression (3.16), it yields rEr—&{loo ' (r) € [—o0,0],

+
which contradicts the positivity of v. Then, g(r) > 0 for every r > 0 and Pt v(r) is strictly increasing.

Step 3: lim rqﬁfpv(r) =K >0.
r—+400

+
Step 1 and Step 2 ensure the boundedness and the increasing nature of raiice v(r). Thus, a positive

constant K > 0 exists for which lim rati-s v(r) =K > 0.
r—400

d
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4. Conclusion

In this work, we have investigated the qualitative properties of solutions to problem (Q). Beyond
establishing both local and global existence and uniqueness results, particular attention was given to
the positivity of solutions. In particular, we showed that when the initial datum ( is sufficiently small,
the corresponding solution remains strictly positive. This analysis provides a first step toward a deeper
understanding of how the initial conditions shape the long-term dynamics of the system.

A second aspect of our study focused on the asymptotic behavior of the solution v and its derivative

v’, we also identified an interesting asymptotic equivalence of v near infinity of the form K e with
K > 0 and qrf_p i 0 . Our results describe the manner in which the solution decays as r — +o0,
providing a crucial information to understand qualitative profiles of the solutions.

Finally, taken together, these results contribute to a more comprehensive understanding of the problem
and open the way for further investigations. In particular, the determination of the eventual asymptotic
equivalent of v when ¢ < p—1or ¢ > %
work.

remains an open question to be addressed in future
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