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A New Theorem Generalization on Absolute Matrix Summability of Fourier Series

Sebnem YILDIZ YAR* and Caglayan BULUR

ABSTRACT: We generalize a main theorem dealing with weighted mean summability of Fourier series to the
|A, ©n; 0|, summability factors of Fourier series. Also, some new and known results are obtained.
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1. Introduction

Let Y a, be a given infinite series with partial sums (s,). By u2 and t& we denote the nth Cesaro
means of order «, with o > —1, of the sequences (s,,) and (na,,), respectively, that is (see [7])

1 & o 1 iy
upy = Ao ZA%_;—sj and t = Ao ZA%_JI-]GJ‘,

where

o = 0(n®), A%, =0 for n>0.

The series ) a,, is said to be summable |C, a|, ,k > 1, if (see [9], [11])

an_l lug — uf_, | :ZE|tg|k < 0.
n=1 n=1

If we take o = 1, then |C, a|,, summability reduces to |C, 1|, summability.
Let (p,) be a sequence of positive real numbers such that

Pn:ij—M)o as n—oo, (P_,=p_;=0, i>1).
§=0

The sequence-to-sequence transformation

1 n
tn = F ijSj
n =0
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defines the sequence (t,,) of the weighted mean or simply the (N , pn) mean of the sequence (s,,), generated

by the sequence of coefficients (p,) (see [10]).
The series Y a, is said to be summable | N, p, |k, k > 1, if (see [1])

o] k—1
P,
> (") ltn — tn_1|" < 0.

n=1 n
In the special case when p,, = 1 for all values of n, |V, p,,|, summability is the same as |C, 1|;, summability.

Let A = (an;) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A
defines the sequence-to-sequence transformation, mapping the sequence s = (s,,) to As = (A,(s)), where

= Zanjsj (n=0,1,...).
3=0
The series Y ay, is said to be summable |A|g, & > 1, if (see [18])

nFHAAL(s)|F < oo,

HM8

and it is said to be summable |4, p, |k, k > 1, if (see [17])

oo Pn k—1 B
> (p) A4, (s)]F < oo,

and it is said to be summable |A, p,;d|k, k > 1 and 6 > 0, if (see [13])

') Sk+k—1

P, _
3 () Adu(s)]* < oo,
el Pn

and also, (p,) be a sequence of positive numbers. Then _ a, is said to be summable |A, p,; 0|, £ > 1
and ¢ > 0, if (see [12], [16])

W) A A (s)F < oo,

ot

where AA,(s) = A, (s) — A,_1(s).
In the special case for ¢,, = %, the |A, pn; d|r summability reduces to |A, p,; d|; summability. If we
take d = 0 and ,, = P" , then |A, p,; 8|, summability reduces to |A, pp |k summability If we take § =0

and ¢, = n, then |A, <pn, d|r summability reduces to |A[; summability. If we take ¢, = -2 and an; = 3,

P,
Pn

then | A, ¢,; 8| summability reduces to | N, p,; 6|, summability (see [3]). Also if we take 5= 0, pn =
and an; = B-, then |A, ¢,; 0| summability reduces to |N, pn|s summability.

2. Known Result

The following theorem is dealing with | N, p,|; summability factors of infinite series.

Theorem 2.1 ([5]) Let (p,) be a sequence of positive numbers such that

P, =0(np,) as n— oc. (2.1)
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Let (X,,) be a positive monotonic nondecreasing sequence. If the sequences (X,), (A\n) and (pn) satisfy
the conditions

AnXm =0(1) as m — oo, (2.2)
Z nX,|A%\,| =O0(1) as m — oo, (2.3)
n=1
~ P [tn]*
P, ;{k| :=0(X;m) as m— oo, (2.4)

then the series Y. an\y, is summable [N, py|r, k > 1.

For any sequence (\,), we write A%\, = A\, — A\,11 and A\, = )\, — A\y11. A sequence ()\,)
is said to be of bounded variation, denoted by (A,) € BV, if > 2 |AX,| < co. Let f(t) be a periodic
function with period 27 and Lebesgue integrable over (—m, 7). Write

flz) ~ %ao + Z(an cosnx + by, sinnx) = Z C
n=1 n=0
o) = 3@+ 0+ flx—0)} and da(t) = & [5(t —w) " o(u)du (o> 0).

It is well known that if ¢(t) € BV(0, 7r) then tn(x ) O( ), where t,(x) is the (C,1) mean of the
sequence (nCyp(z)) (see [8]).

Many works have been done dealing with absolute summability factors of Fourier series (see [4]-[6],
[14],[15],[20],[21]). Among them, in [5], Bor has proved the following theorem.

Theorem 2.2 ([5]) If ¢1(t) € BV(0,7), (X,.) is a positive monotonic nondecreasing sequence. The
sequence (pn), (M) satisfy conditions (2.1) — (2.3) and

then the series S Cp(x)\, is summable |N,pn|s, k > 1.

k

=0(X,) as m — oo, (2.5)

w\@

The above theorem were extended for |A, p,; |, summability in the following:

Theorem 2.3 ([22]) Let A = (an;) be a positive normal matric such that

=1, n=0,1,...,
Gp—1,5 Zanj fOT n2‘7+17

_ (P
“"‘O(m)’

1 =0O(nan,),
n—1
Z |Gn jt1la;; = O(ann) as n — oo,
j=1
m+41 Sk ok
> <Pn> 1A (an;)| = O <ajj <PJ> ) as  m — oo,
n=j+1 \Pn bj

m+1 ok Sk
P, . P;
Z () |Gn j+1] = O <(]> ) as m — oo.
n—j+1 Dn Dj
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Suppose that ¢1(t) € BV(0,7) and (X,,) be a positive monotonic nondecreasing sequence. If the sequences
(pn) and (A\n) satisfy the conditions (2.2) — (2.3) of Theorem 2.1 and also the condition

m Pn 6k th k
Z () ann% =0(X,) as m— oo
Pn Xn

n=1
holds, then the series > Cp(x) A, is summable | A, pp;0lg, k> 1 and 0 < § < %

3. Main Results

We generalize Theorem 2.3 for |A, ¢,;0|r summability. Before stating the main theorem, we must
first introduce some further notations. B A

With a normal matrix A = (an;), we associate two lower semimatrices A = (@n;) and A = (Gp;) as
follows:

n
danE Ang, nvj:()v]-a"'v
—
Ggo = Qoo = G0, Gnj = Gpj — Gn-1,5, N =1,2,....

We note that A and A are the well-known matrices of series-to-sequence and series-to-series transfor-
mations, respectively. So, we have

An(s) = Zanjsj = Zdnjaj and AA,(s) = Z Anja;. (3.1)
j=0 =0

J=0

Theorem 3.1 Let (p,) be a sequence of positive numbers and A = (an;) be a positive normal matriz
such that

ao=1, n=0,1,... (3.2)
Un-1; > Gn; for n>j+1, (3.3)
Onann =0 (1), (3.4)
1= 0(nanm,), (3.5)
n—1
Z |Gn jt+1la;; = O (ann) as n — oo, (3.6)
j=1
m+1
Sk . Sk
> ()™ 185(@n) = 0 (az; (0)™) as m— oo, (3.7)
n=j+1
m—+1
Sk | - Sk
> @) Flangial =0 (()™) as m o0, (3.8)
n=j+1

Suppose that ¢1(t) € BV(0,7) and (X,,) be a positive monotonic nondecreasing sequence. If the sequences
(pn) and (A\) satisfy the conditions (2.2) — (2.3) of Theorem 2.1 and also the condition

e @)
Z(@n) Apn O(X,) as m— oo (3.9)

n=1

are satisfied, then the series 3 Cp(x) A, is summable |A, ¢n; 6k, k>1 and 0 <6 < 1.

Theorem 3.2 Let ¢1(t) € BV(0,7), (pn) be a sequence of positive numbers and (X,) be a positive
monotonic nondecreasing sequence, the sequences (pn) and (\n) satisfy the conditions (2.1) — (2.3) of
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Theorem 2.1. Let A = (an;) be a positive normal matriz by satisfying the conditions (3.2) — (3.4), (3.7)
and (3.9) as in Theorem 3.1. If we replaced the condition (3.5) — (3.6) of Theorem 3.1 with

|an,j+11 = O(j1A;(an;)),

then the series Y Cp(z)A, is summable |A, pn;0lp, k>1 and 0 <6 <

If we take § = 0 and ¢,, = ==, then we have a theorem on |4, p, | summability (see [19]). We need the
following lemma for the proof of our theorem.

Lemma 3.1 ([2]) Under the condition of Theorem 2.1 we have
nXp|AX,|=0(1) as n— oo, and ZXn|A)\n| < 0.
n=1

4. Proof of Theorem 3.1

Let (I,(z)) denote the A-transform of the series > > | Cy,(z)A,,. Then, by (3.1), we have

n=1

=D an;Cy(a)A;
j=1

Applying Abel’s transformation to this sum, we have that

Zam a:))\ = Z Aj( am ZTC’ (z) + ——= ann)\" ZrC’r(ac)

r=1 r=1

= Z A -7 + 1)t3( ) + &nn)\nitn(a:)

n+1

fZA i) At ( )

= n,l( )+ In2(z) + Ins(z )+In,4( ).

j+1 +ann)\ntn($)

tj(x)
J

To complete the proof of Theorem 3.1, by Minkowski’s inequality, it is sufficient to show that
oo
Z 6k+k ! I (2)|F <00, for r=1,234.

Firstly, by applying Holder’s inequality with indices k& and k', where k > 1 and % + % =1, and by using
S 071 1A (éng)| < @nn, we have that

m—41 m—+1 j+1 b
Ok+k— 1 5k+k 1
> (#n) La(o)]* < § (¢n) E |12 (@ny)[ X[t ()]
n=2
k—1
m—+1

=0(1) Y (o)™ 1X:IA (@ng)| A1 It (2 ZIA iy

n=2 Jj=1
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m—+1
=0(1) > (pn) ak ZIA ni)| 12311t () [
n=2
m4+1 n—1
=0(1 Z%MZIA ) A 1* [t (2)]*
m m+1
=0 > NG @FE DT (0n) 14 (any)]
Jj=1 n=j+1
=0(1) > NN It (@) [Fags (0)
j=1
- |t (x)[* ok
—0(1) |)‘j‘ inl ( j) JJ
Jj=1 J
= L (e i ()"
=0(1) A|)‘j| Z(@r) Ay X |)‘M|Z 903 a]J Jk—l
j=1 r=1 j
m—1
=0(1) ) [AN|X; + O(1)[Am]X
Jj=1

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.1. Now, by using the condition (3.5) — (3.6)
and Holder’s inequality, we have that

m—+1 m—+1 n—1 ]_’_1 k
Ok+k—1 Sk+k—1 ~
(en)" T (@)F < Y7 (00)" Y 1=l AN [ (2)]
n=2 n=2 j=1 J
m—+1 n—1 k
Ok+k—1 ~
=0(1) ) (on)™" D lan gl [AN; [t ()]
n=2 j=1
1 k—1
Ok+k—1
=0(1) ) (o)™ Z\anml\A/\I |t()[*aj; " x Z\anmlaa;
n=2 Jj=1
m—+1 n—1
Ok+k—1 _
=0() D> ()™ apt O | 1AMt (@) Fa);
n=2 j=1
m—+1 n—1
ok ~ . X 3
=0(1) Y (0a)™" Y lan | AN *lt ()" a5 *
n=2 j=1
m m+1

WD GIANDEGIAND I @) Fag; Y fan g+l (en)™

Jj=1 n=j+1
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=0(1) Y (718 DETEGIAN D) [t (@) [Fag; (9;)°"
m k
=0y (1A S ()™
= d t(a >| t;(x)[*
=0(1) Z A(G1AN;]) Z Xk |A)\m|z ¢;)° a]] kT
j=1 r=1 r j

=0(1) ) |AGIANDIX; + OM)m[AN,| X,

<.
Il
— =

m—1
=0(1) Y XA+ 0(1) Y X|AN ]+ O(1)m| ANy, | X,
1 Jj=1

3

<.
Il

=0(1) as m — oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.1. Again, by using the condition (3.5) —

we have that

m—+1 m+1 n—1 n (1‘) k
Sk+k—1 Sk+k—1 ~ j
Z (¢n) - |In,3($)|k < Z (¢n) " Z a1y 41—
n=2 n=2 j=1 J
k
= Sh+k—1 It; ( )|
SCH S gl P 1)
n=2 j=1
k—1
m—+1 Shoh— 1n 1 k|t (
< Z (¢n) Z |an 1] [Aj41l Z |an,j+1] ajz;
n=2 7j=1 ‘7
m—+1
Sk+k—1 _
=0(1) ) (¢n) ﬁnlz Jan g1 | 18 (@) Fag; %"
n=2
m+1 n—1
ok ~
=0(1) Y ()" D lan ] N l*t5 () Fayy
n=2 j=1
m m—+1
— Ok |~
WDl Nl @) Fag; Y (0n)™" lam,jia]
Jj=1 n=j+1

- |k ok
Z J+1‘ Xk T (p;)"aj; =0(1) as m— o0,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.1. Finally, as in I,, 1, we have that
> o)
n=1

6k+k 1 n)k |)‘n|k|tn($)|k

¥ G| An ||X(k)1| =0(1) as m — oo,

i
oW e

(3'6)7

by virtue of hypotheses of the Theorem 3.1 and Lemma 3.1. This completes the proof of Theorem 3.1.
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5. Conclusion

If we take p,, = 5’" in Theorem 3.1, then we have a result on |A, p,;d|, summability factors of
Fourier series. If we take 6 = 0 and ¢,, = Lo in Theorem 3.1, then we have a result on |A, p, |, summabil-
ity factors of Fourier series. If we take § = 0 and ¢,, = n in Theorem 3.1 and Theorem 3.2, then we have
results on |A|; summability factors of Fourier series. If we take ¢,, = % and a,; = £ in Theorem 3.1,

P7L
then we have a result on | N, p,; 6|, summability factors of Fourier series. Also if we take § = 0, ¢, = b

_ Pn
% in Theorem 3.1, then we have a result on [N, p, |, summability factors of Fourier series. It is

noted that if we take ¢, = £2 in Theorem 3.2, we obtain a theorem dealing with |A, pr; 0|k summability

Pn
factors of Fourier series (see [22]). If we take 6 = 0 and ¢,, = 5—" in Theorem 3.2, we obtain a theorem

dealing with |A, p,|; summability factors of Fourier series (see [19]). If we take § = 0, ¢, = 5—: and

anj = %i in Theorem 3.2, then we have a result on | N, p,, |, summability factors of Fourier series (seé [5])-

and a,; =
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