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A Space-Fractional Stefan Problem for Advection-Dispersion: Analytical and
Computational Approaches

Habeeb Abed Kadhim Aal Rkhais and Haneen Hussein Oliwe

ABSTRACT: This article presents an investigation of the space-fractional Stefan problem, a mathematical
model formulated to describe phase transition phenomena in materials where heat transfer exhibits anomalous
diffusion governed by spatial fractional derivatives of the Caputo type. The proposed formulation effectively
captures nonlocal interactions and memory effects commonly observed in media with complex thermal prop-
erties, features that classical differential equations fail to accurately represent. The fractional Stefan problem
finds broad applicability in modeling heat conduction in heterogeneous materials, solidification of alloys, cry-
opreservation of biological tissues, moisture transport in porous structures, and thermal evolution in geological
formations. To facilitate the analysis, a similarity transformation is employed to reduce the governing space-
fractional partial differential equation (PDE) to an equivalent fractional ordinary differential equation (ODE),
preserving the essential characteristics of the anomalous diffusion process. The resulting fractional ODE is
then solved using the Laplace Adomian Decomposition Method (LADM), which provides an efficient analytical
approach for obtaining a series solution while satisfying the imposed initial and boundary conditions. The
solution is expressed in terms of the three-parameter Mittag-Leffler function, thereby reflecting the inherent
nonlocality of fractional diffusion. Furthermore, the derived solutions are shown to converge to their classical
counterparts in the appropriate limiting cases, confirming the validity of the proposed approach. Numerical
results are presented to verify the effectiveness and applicability of the proposed method.

Keywords: Fractional Stefan problem, explicit solution, self-similarity, Laplace transform, Rescaling
techneque.
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1. Introduction

This paper presents an analytical study for fractional space Stefan problem that represents a complex
concept in mathematics, addressing the dynamics of phase transitions and thermal conduction in mate-
rials. A comprehensive understanding of this problem necessitates a solid foundation in thermodynamics
and mathematical modeling. To formulate a fractional diffusion equation, we study a phase-change
problem where heat flow is represented by fractional integrals. As the fractional order approaches unity,
fractional diffusion equations—theoretical extensions of the classical dispersion-convection model—reduce
to the classical case. In its simplest one-dimensional form, it can be expressed as:

wi(z,t) = wea (2, t) + we(x,t) + G(z,t), (2,t) € Qx(0,T); QCR, (1.1)
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To engage the following fractional diffusion equation, it is presented for consideration., which incorporates
a Caputo derivative concerning The Spatial Variable.

wi(x,t) = %g@i‘w(x,t) + Ocai‘w(:c,t), A€ (0,1); (z,t) € Qx(0,T), (1.2)

It is important to note that the fractional Caputo derivative is a math idea that allows us to use derivatives
with non-whole numbers. It helps in modeling different things in areas like physics and engineering.
Specified order with respect to the spatial variable is represented by the notation § 97

c A — TN o) e 1 © wa(p,t)
s020(@,t) = oI 0] (0 = 5y [ ke (13)

and oI'~* The Riemann-Liouville fractional integral of a function § with order 1 — \ is a fundamental
concept in fractional calculus, providing a generalization of the traditional integral. This integral plays
a crucial role in various applications across mathematics, physics, and engineering, enabling the analysis
of systems with memory and hereditary properties. Is defined

Moy t) — 1 T wp,t)
oltw(x,t) F(N)/o (x_p)liﬂdp,ue(o,l) (1.4)

Hereafter, the fractional order A is assumed to lie within the interval (0,1).

Furthermore, we will omit the subscript x in fractional integrals and derivatives when addressing one-
variable functions, as previously indicated. Equation (1.2) provides a reliable mathematical framework
for modeling anomalous diffusion, capturing memory and nonlocal effects. Moreover, it has been sub-
stantiated in reference [4] that this equation holds validity.

wi(z,t) = 08;\“0.)(96, t)

We propose an appropriate model for describing atypical diffusion, see [15]. Various fractional Stefan
models have been proposed, as discussed in references [10,16,23], and [5]. The behavior of asymptotically
solution and the interface has been clearly studied in [1,3,8]. A detailed study on self-similar solutions
was conducted in [2], while explicit solutions were found in [17,18,19], and other related references.
Space-fractional Stefan problems were introduced in [21], and research on this topic is still developing,.
Recently, K. Ryszewska analyzed a free boundary problem related to a space-fractional diffusion equation
in [20]. It demonstrates that is possible to find a pair {w,n} that meets the required conditions.

wul, 1) = LER (e 1) + § Dol ) € (0,0(1)), 1 € (0,7) (1.52)
w(x,0) = pox € (0,1(0)) (1.5b)
wg(z,0) = oz € (0,7(0)) (1.5¢)

w(n(t),t) =0t € (0,T) (1.5d)
n(t) = — hr(%_ Sorw(x, t)t € (0,7) (1.5¢)

The problem (1.5) has a unique solution if the initial conditions ¢q and v are regular and n(0) =b €
R*. Consider the parabolic domain.

Qv ={(x0):0 <z <n(t),0<t<T)

This document presents an analysis of two melting problems within the context of fractional space. The
first problem is discussed in detail.
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2. Physical Meaning and Zero-Time Phase Problem

Examine the phenomenon of rapid phase transition occurring when a semi-infinite slab undergoes
melting. (0 < x < oo) The material begins to melt at a specific temperature. It can effectively analyze
heat flow at the fixed phase x = 0. The thermal properties are assumed to be constant. The symbols
associated with heat transfer, along with their respective physical dimensions, are presented in [15]. Let
w = w(x,t) Avoid mentioning the highlighted text. Instead, focus on improving the overall quality of
the writing F = F(x,t) The heat flow of the material at a certain point  The content of the document
pertains to the concept of time t .Let us define a function that represents the (unknown) position of the
free boundary, also known as the phase change interface = n(t), at time t.In our model, the heat flux
at a particular location is represented as a generalized weighted sum of all classical fluxes from the initial
point to the current position. Here, nearby fluxes contribute more strongly than distant ones. Based on
this weighting principle, we formulate the heat flux within the slab as follows.

F(z,t) = _5>\ﬁ fow kws(p,t)(x — p)i/\dp (2.1)
= —6xkol}Pwy(z,t)

Equation (2.1) can be reformulated using Caputo derivatives as follows.
Fla,1) = w,(p,1)(z — p) dp (2.2)

The symbol k represents thermal conductivity. This parameter is incorporated to ensure consistency in
units with those presented in equation (2.1).

lim 5, = 1. (2.3)
From [2, Eq.(8)] we get
F = m/t37 (2.4)
then
_ _ T kwg (x,t)
I (ko (,1)) = 0 (i S o) (2.5)
= (SA%ml_/\

Assume that  §y, = m*~! and let us simplify the problem’s two main equations. According to the first
law of thermodynamics, we are aware that.

ocw, = —kF, — F (2.6)

By using equation (2.2) in the equation (2.6) where the flux function F' = F(z,t), we create the main
equation that includes all important physical forces.

ocw(z,t) = (5,\165%82w(x,t) + OxkO2w(x, 1) (2.7)
The fractional diffusivity constant is defined as
px =0, p=k/(oc)
The highlighted section of the document is elaborated upon as follows.

9 _ 9 A
aw(m,t) =[x axﬁxw(%t) + Ojw(x,t) (2.8)

We are looking at a model where the solid part stays at a steady temperature. Based on the Rankine-
Hugoniot conditions, there are certain rules that need to be followed.

[F]} = —oln(t) (2.9)
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The double-bracket notation [.] quantifies the flux discontinuity across solid-liquid interfaces, where [
denotes the specific latent heat of fusion, see [7]. This fractional Stefan condition emerges naturally from
the analysis of equations (2.2) and (2.9), leading to this expression:

oln(t) = —6xk  lim  d}w (z,t). (2.10)

z—n(t)~
To keep it simple, this will be stated as.
oln(t) = —6xkoprw(n(t),t). (2.11)

In the quasi-stationary regime, the pair of solutions {w,n} were shown to approach:

A 1
T T
w(z,t) =1~ ;o n(t) =02+ N (2.12)
[D(2 + \)] ¢ | |
represent solutions to the following problem
%g&‘;\w(x,t) =0, x€(0,b),te(0,7T) (2.13a)
w(z,0) =0, =z€(0,b) (2.13Db)
w(n(t),t) =0, te(0,T) (2.13¢)
i(t) = =5 pw(n(t),t), t€(0,T) (2.13d)

05 04

08
05 0.6 05 06
02 04 02 04

Figure 1: the approximate solution w(x,t) for A = 0.1,0.4,0.7, 1;

Lemma 2.1 The pair {w,n} from the formula (2.12) is satisfied the Stefan problem(2.13).

Proof: First, we should consider the quasi-stationary case where w; = 0 and Eq. (2.12) satisfies (2.13a)
as follows: I 0

Cor i _ M+ Y

00 —F(/\—u+1)x )
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Figure 2: the interface n(t) for A = 0.1,0.4,0.7, 1;

where 0 <z < n(t),0 <t < T. If = A, then §9)z* = T'(A + 1). Now, let us consider
§ Opw(x,t) =0,

1] = §0 (AT + X))~ Hx )
= —[[(24 \)] Tt~ 59

= —[[(2 4 \)| T ¢ Tx .

C

Therefore, from above we get that%o Orw(z,t) = 0, and clearly the (2.13b) is satisfied. For part (2.13c),
the function w at the interface n(t) has zero value (w(n(t),t) = 0). Finally, since

cOMw(m,t) = —T(A + 1)[T(2 + \)] " Tix ¢~ Tox
And since n(t) = [['(2 + A)] T3¢ then, 7/(t) = -

(2.14)
t) = 15 [0(2 + N trer,
I'(m+1) =mI'(m), then T'(2+ X) = (1 + )T'(1 4+ A),
Therefore,

Let m = 1+ X and since
7 () =T\ + 1D)[[(2 + \)] Tt T (2.15)
by combining both (2.14) and (2.15), the Stefan condition (2.13d) is done.

O
3. Fundamental Aspects of Fractional Transforms

Equation (1.4) provided the definition of the fractional Riemann-Liouville (FRL) integral, whereas

equation (1.3) provided the definition of the Fractional Caputo (FC) derivative. It’s crucial to keep in
mind that the Riemann-Liouville derivative of order A occurs for each

RLOA(z) = Lo 1129

- (z) (3.1)
e LR R (32)

Lemma 3.1 [22] The fractional integrals and derivatives with order A € (0,1) have some features:
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1. The FRL derivative is a left inverse operator of the FRL integral of the same order A € RT. If
0 € L*(0,1), then

RLYA 1M0(2) = O(z)  a.e. in (a,b)
2. The FRL integral is generally not considered a left inverse operator for the FRL derivative.
al=*g(at

Particularly, ,J* (}+0*0) (x) = 6(x) — ﬁ, for every x € [a,b].

3. If there exist some function ¢ € L1(0,1) such that § = ,1*¢, then I EX0(x) = 6(z),Vz € [a, b

4. If 6 € ACJa,b], then

0(a)
(11—
5. For every 6 € AC|a,b] such that ,]*=*0" € AC[a,b] it holds that

RLYAO(z) = (x —a) ™ +90M(z) a.e. in (a,b)

digé”‘@(:c) = RLYA (@) (), a. e. in (a,b)
T

Lemma 3.2 [9] The following limits are applicable:
1. If we consider the identity operator ,I1° = Id, then V8 € L(0,1),
lii% 0(z) = . 1%(z) = 0(x), a.e. in (a,b)

2. V6 € ACJa;b] the limits
RL
liir% 20M0(x) = 0'(x), hgi RLo (x) = 0'(x)  and lig Cor(x) =0 (x)
hold a.e. in (a,b). If additionally, there exists 8’ (0T), The statement is very important.

11%38*9(:5) =0'(z)—0'(0)..

ab>l

There are few functions for which we can directly compute their fractional integral or derivative. The
fractional integral and derivative of power functions are defined by gamma function as follows:
L(p+1)(x —a)+?

aI)\ ((1’ - a’)u) = F(,U,+ A+ 1) —l<p (33)

and
D(ptD)(z—a)t™ pAEN—1

é%La/\ ((x—a)) = {I‘(/L—A-ﬁ-l)’ (3.4)

0; p=A—1

Besides, in (see [7]: Theorem 2 and Theorem 4) Some integral and differential properties related to special
cases of the three-parameters Mittag-Leffler function were proven.

Definition 3.3 [12] The 3-parameters Mittag-Leffler function Ex ,1(C) is defined by

Exmi(Q) = Z cnC"y (3.5)
n=0

with .
o TOGm+D)+1)
=1 n — . 9 :1727 )y
0= he HF()\(]TTL—FZ—FD—FI) (n 3ee)

§=0
where A(jm +1) #—-1,-2,-3,...5=1(0,1,2,3,...); A > 0,m > 0, and | are integers.
Example 3.4 Consider these two particular examples for 3-parametric Mittag-Leffler function

1. E110(¢) = €S and for m =1 and | = 0; then Ex 10(¢) = Ex(¢).
2. E172,1 (7(2/2) = 6742/2.
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4. Solving the Stefan Problem via the Self-Similarity Approach

This section offers a simple solution to the identified issues. To keep things simple, all thermophysical
parameters are assigned a constant value of one. To find a self-similar solution [3,6,13,14], we apply the
method of similarity variables. Starting from a solution w = w(x,t) of (1.2) (space fractional diffusion
equation), we introduce a rescaling w,, parameterized by p > 0.

Theorem 4.1 Let w(x,t) be a solution to (1.2). This solution is asymptotically equal to the solution of
the following equation

wy(z,t) = %gagw(m,t), in Q% (0,T) (4.1)

For all u* > 0,i=1,2,3 and a = 1 + \ where Q = %Q,(O,Tv) = (O, l)

e

Proof: Suppose that w,(z,t) = p®'w (u*?z, u*3t) represents the rescaling function where z = p*?x and
t = p®t then by the following calculation

0
awﬂ(‘rat) /~La1+a3wf(jv{> (4.2)

%wﬂ(xvt) Ma1+a2wj(j,{> (4'3)

To change the variable p = u®2p, the fractional derivative becimes

1 Toperterws(p )
Coa)\ t) = p\M> _a2d,
0 zw#&(x’ ) F(l 7 )\) /0 (u7a2:i' 7"[’7&2;_)))\ ['u p]
— ]‘ /w :U’alwﬁ(ﬁaﬂ dﬁ
TA—N Jo p(z—p)
1 T wp(pt)
— a1t Aaz P\F> d
. r<1—A>/o @-p> "
— per N (2, §)

C Qg Qg 8 (& =
%Oaiwu<x’t):u ++) %Oagw(‘%f) (4'4)

Now, from (4.2) and (4.4). If ag = (A + 1)ay then we get

0 0 c « @ — 0 c =
e e C OB S LY
= ua1+()‘+1)a283£‘w(a_s,f).
Since §0}w, (z,t) = p*1+r22602w(z, t), thus
60w (@, f) = p~ A5 w, (2, 1)

7]

0
&wu@j’ t) -

%gaﬁwu@aﬂ = 1250z wu(x, t).
Under the conditions a3 = ag < 0,3 = (A + 1)z and by taking

Ml;rr;ow#(x,t) = w(z,t)

Therefore, the equation (4.1) is satisfied. O
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Theorem 4.2 The function w is a solution of equation (4.1) if and only if a function ¥ defined by

-1
A 19(2) = w(x, 1), (4.5)
where z is similarity variable defined by )
z = xtxF T (4.6)
s a solution to the equation
9 ¢ on 1 /
%062 I(z) + o1 (z9'(2) +9(2)) =0 (4.7)

Proof: Suppose that define the function w,(z,t) = p* w (u**x, p*3t). Using the same technique in proof
of theorem 4.1, and let g = —1/((A + 1)an), a2 = az/(A+ 1)

w(x,t) =t > Tw (tk%rllx, 1) (4.8)
w(z, t) = t3F19(2). (4.9)

Thus, the variable function from (4.6) and the shape function si defined as 9(z) := w(x,t), with the

variable z = t3¥1 . By applying the Chain Rule, we transform the expression into an ordinary fractional
differential equation describing the function ¥ = 9(z).
0 1 (819 8z> 1 11171819

—w(x,t) =31 % < ot

— — X
ot A+1 0z

_ 1 ;1171 / /
=~ ) Y ()

1 =1 _1q ’ /
=t @) +Y() (4.10)

Also, by making the substitution ¢ = ptl_Tl* it follows that dp = T d¢ and doing some calculation
to get

w,(p,t) = tTF5 0/ (¢ 411
P
1 © wp(p,t)
C A _ P
et ) =5y,
1
= 26079(0) (4.12)
Then By taking the derivative of the fractional derivative (4.12), we get
0 4 (1
5eSOanlat) = o (7502(0))
— 3 lc A %
— 3¢ (0000 5
o (1 -1
— 5 (Fi20(0) 17
from above calculation we get
J . 1,0
S0 (ayt) = (7512 (009(0)) (413)

From (4.10) and (4.13), we get:

117&7 L / 2 A s
—TEx L ()\+1(C19 (C)+19(())+8C08C19(()> =0:t>0

Therefore, if 9 is a solution to (4.7), then it confirms that w is indeed a solution of (4.1). O
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5. Analytical Discussion for the Fractional ODEs by using LADM

Let us consider the fractional ordinary differential equation (4.7) with the initial conditions

3
—
S
=
Il
BS)
S
—~
(@)
—

Let integrate both sides with respect to z to eliminate the outer derivative:

cOMI(2) + (29'(2) +9(2)) dz = Const

+1

From the initial conditions(5.1)-(5.2), we get Const = 0 and ¢ > —1.
Apply the Laplace Adomian Decomposition Method (LADM) to the equation (4.7), from [2,11], then we
have

L{€029(z)} + n lﬁ{/(zﬂ’(z) +19(z))dz} =0

Using the Laplace transform of the Caputo derivative:

_ nfs/\—l—kﬁ(k)( 0) + mﬁ {/ (29 (2) +9(2)) dz} =0

k=0

sMF(s) — ARy () 4 L,C{zﬁ(z)} =
Pt A+1

Since the solution as an infinite series

z) = Z In(2)
n=0

)= Fu(s)
n=0

Now apply the decomposition:

= 1 1
1 1
Fy(s) = s/\+119(0) + e 19’(0), n=20
F,(s)= 1 L{z0,-1(2)}, n>1

SR04 1)

Taking inverse Laplace:

Yo(2) = o + oz,

th(z) = - por’ Yo
T e DI+ (a+2)!(A+ 1)
s002,204+1 w022a+2

T Rat DI 2at 2lhr 12
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Then to take general term formula

SDOZan-i_l + (_l)n wozo‘"+2
(an+ DI+ 1)n (an +2)I(A+1)»

Un(z) = (=1)"
Thus the series solution is:

1)n2an+1 o (_J)nzan+2

(z) = o Z om—|—1) PR +¢°Z(an+2)!(x+1)n

S e
MZ)Z('OOZ?;)(anJrl) A+ 1)" Z om+2'(>\+1)
The analytic solution 9¥(z) is finally approximated using the formula:
2 2
V(2) = pozEam,r (Hl) + 1%02° Eqmt1,r ( pyn 1) (5.3)
here, 0 < @ < 1, m = 2,r = 1.LFrom Eq.(5.3) and the self-similar formula (4.5), we get
Wi, t) = 5 [soozEA,m,r ( ;ﬁwil) TR T N ( a )} (5.4)

is a solution of the problem (1.5).

6. Numerical Results and Discussion

Consider the parabolic fractional diffusion-convection equation from the Stefan problem (1.5) with
the initial conditions

w(z,0) =w,(x,0)=0;0<z <1 (6.1)

which has asymptotically solution to the Eq.(4.7) with initials that can be chosen ¥(0) = ¥/(0) =1
without loss of generality, and applying the LADM and with ¢ = 2,

Po(z) =142

A+1 A+2

z z

V1(z) = DI+ A2+ 1)

Then to take general term formula

_(_1)nzn/\+1 1 Z
i) = S G G

Thus the series solution is defined as

B > (—1)"2”)“"1 1 7
)= e [(nAH)ﬁ(nAH)J

n=0

The analytic solution 9(z) is finally approximated to Mittag-Leffler formula as follows:

2 2
V(z) = zEx 21 <£+1)+zE ((—1—1) (6.2)

where, 0 < A < 1. Therefore, the solution w(z,t) from the Eq.(5.4) should be satisfied

1 —132 2 —ZC2 2
t) =t~ |zE t X+ ) txHT 6.3
a1 B (7t ) + 2B (v )| (6.3
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The numerical solution of the Stefan problem represented by the space-fractional diffusion-advection
with the initial condition (6.1), can be described and illustrated in the above application example. The
numerical values in Figure 1 represent the approximate solution ¥(z) of the Eq.(40) in the example
through different values of z with values A = 0.4,0.6,0.8, and 1 . We observe that the approximate
solution for decreases when z increases. Then it is clear to get numerical solution w(x,t) of the Stefan
problem (1.5) through different values of ¢ and x ; with values A = 0.4,0.6,0.8, and 1 ; in Figure 2, we
observe that the approximate solution for decreases when ¢ increases for fixed values of x.

We can determine from the preceding reasoning and the numerical results that are supported to our
analytical results. The suggested LADM is very successful in providing the analytical solutions for the
space-fractional diffusion-convection problem.

Figure 3: The graph of the approximate solution ¥(z) to the Fractional ODE(4.7) among different values
of z ; for A =0.4,0.6,0.8, and 1 .
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2

S5

Figure 4: The graph of the approximate solution w(z,t) to the fractional PDE from the Stefan problem
(1.5) with (a) A =0.3; (b) A=0.6; (¢) A =0.8; (d) A = 1.0; and among different values of = and ¢.

7. Conclusion

This study has developed and analyzed a space-fractional Stefan problem to model phase-change phe-
nomena in media where heat transfer is governed by anomalous diffusion. By incorporating Caputo-type
spatial fractional derivatives of order 0 < A < 1, the model successfully captures the nonlocal interactions
and memory effects that classical formulations overlook. Through a similarity transformation, the gov-
erning fractional PDE was reduced to a fractional ODE, which was efficiently solved using the Laplace
Adomian Decomposition Method (LADM). The resulting analytical solutions, expressed via the three-
parameter Mittag—Leffler function, accurately describe the intrinsic characteristics of fractional diffusion.
Numerical simulations further validated the accuracy and applicability of the proposed approach across
different boundary conditions. Importantly, the model was shown to recover the classical Stefan problem
as a limiting case, ensuring theoretical consistency. These findings provide a comprehensive mathemati-
cal framework for studying anomalous heat conduction and phase transitions in complex materials, with
potential applications ranging from materials science to geophysics and bioengineering. Future research
may extend this work to multi-dimensional settings, multi-phase systems, and more general forms of
fractional operators.
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