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A Computational Study of Time Fractional Phytoplankton Nutrient Model Arising in the
Biological System
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ABSTRACT: Microorganisms from the ocean are known as phytoplankton. We discuss an example of the
nitrogen-limited plankton in the oceans. There are two types of plankton: zooplankton, or animal plankton,
which feeds on phytoplankton, and phytoplankton, or plant plankton, which photosynthesises and requires
essential nutrients to thrive. Here, we used the Shehu Adomian decomposition method to find the approximate
solutions of the time fractional phytoplankton nutrient model (TFPNM). Fractional-order derivatives are
considered in the Caputo, Atangana-Baleanu-Caputo (ABC), and Caputo-Fabrizio (CF) sense. The biological
system emphasises the dynamics of phytoplankton-nutrient interaction in the recycling of nutrients. Existence
and uniqueness of TFPNM are provided. Rapidly convergent series solutions are provided by the proposed
technique. Various graphical representations are used to present the findings of the study.

Keywords: Phytoplankton nutrient model, Caputo, Caputo-Fabrizio, Atangana-Baleanu-Caputo,
Shehu Adomian decomposition method.
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1. Introduction

Microorganisms from the ocean are known as phytoplankton. By utilising external solar energy, they
transform mineral nutrients into basic biotic material. Assuming that the system is nitrogen-closed,
discuss an example of the nitrogen-limited plankton in the oceans. There are two types of plankton:
zooplankton, or animal plankton, which feeds on phytoplankton, and phytoplankton, or plant plankton,
which photosynthesises and requires essential nutrients to thrive. The model further assumes that the
activity takes place on a surface of the ocean that is well-mixed. Phytoplankton consumes nitrogen that
has been absorbed from the ocean as a dissolved gas or as an element of compounds. Through the
consumption of phytoplankton, zooplankton absorbs nitrogen. It is transferred to the ocean by plankton
mortality and excretion.The mathematical model for these processes is given by Gonzalez-Parra et al.
1,

D ®(t) = aw(t) + bO(t) — c®(t)w(t),
Dyw(t) = c®(t)P(t) — dw(t)O(t) — aw(t), (1.1)
D,O(t) = dw(t)O(t) — bO(1).
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Where ®(¢) indicates the concentration of nitrogen at the time ¢, w(t) indicates the concentration of
phytoplankton at the time ¢, and O(t) indicates the concentration of zooplankton at the time ¢, they
are all given in terms of the same unit of measurement, which is the nitrogen mass assimilated into the
plankton per unit ocean surface area [2]. Britton investigated the dynamic of a phytoplankton group and
nutrients that are one of the key ideas in mathematical biology [2]. Ruan investigated the dynamics of the
interactions between phytoplankton and zooplankton, as well as the conditions under which they cohabit
[3]. As a result of positive periodic bifurcation, zooplankton and phytoplankton may coexist. They are
specifically included in plankton models because of how nutrients affect plankton growth investigated by
Pada Das et al. [4]. Consider the time fractional phytoplankton nutrient model [5] of the form:

DP®(t) = aw(t) + bO(t) — c®(t)w(t),
DPw(t) = e®(t)P(t) — dw(t)O(t) — aw(t), (1.2)
DPO(t) = dw(t)O(t) — bO(t).

with initial conditions ®(0) = hy,w(0) = he and O(0) = hs.

Jena et al. [5] studied the approximate solutions of TFPNM using homotopy perturbation Elzaki
transform method (HPETM) by considering the fractional deriative Atangana-Baleanu-Caputo (ABC)
sense. The fractional calculus (FC)[6,7,8,9,10,11,12,13] provides an extensive use of inherited features,
memory and dissipative effects to solve problems in the real world. Through the use of power-law
distribution, several mathematicians have applied the concepts of fractional differential and integral
operators to the fields of science and engineering [14,15]. Nevertheless, this power-law distribution is not
statistically significant when the fractional order is smaller than 1. Certain fundamental requirements,
such as classical mechanical law, index law, and singular kernels, are satisfied by the class of fractional
differential operators based on the power-law kernel. It implies that the power-law-based operators are
weak physically and are unable to handle more complicated phenomena.

Another issue is singularity, which prevents objects from being mathematically characterised; as a
result, it is difficult to characterise many natural phenomena with singularity. Due to the recent ad-
vancement of the fractional calculus, two significant fractional derivatives, namely Caputo-Fabrizio and
Atangana-Baleanu, have developed. Although they feature non-singular kernels; their current derivatives
do not operate under a power distribution. When modelling complicated problems, choosing a kernel
is quite important. If we look at the experimental results from the real-world model, we can see that
many physical issues don’t always follow the power law based on the function x~?, which is right now
the most popular kernel in the literature. Therefore, it will be appropriate to depict the advanced ver-
sion of fractional derivatives with Mittag-Leffler and exponential kernels, namely Atangana-Baleanu and
Caputo-Fabrizio derivates, to formulate a complex model such as the phytoplankton nutrient model. In
certain instances, it may be difficult to determine analytic solutions to fractional differential equations.
Consequently, acquiring numerical solutions to these equations is essential. Numerous approaches and
methodologies for solving FDEs have been reported in the literature, including the Homotopy Pertur-
bation Elzaki Transform Method [5], the natural transform decomposition method [10,11], variationl
iteration transform method [14], and Laplace Adomian decomposition method [16], among others.

This study’s primary objective is to study a TFPNM with Caputo (C), Caputo-Fabrizio (CF), and
ABC derivatives; we use SADM to approximate the solitons in this case. ST and ADM are combined
in SADM. It is simpler to estimate the series terms because the proposed approach, in contrast to the
traditional Adomian process, excludes the computation of the derivatives of fractions or integrals with
fractions into the recurrent process. With SADM, round-off errors are avoided, and it is not necessary to
linearize, prescribe assumptions, perturbation, or discretize. SADM is used to solve various FDEs, includ-
ing the Zakharov-Kuznetsov equation [17], the KdV equations [18], the system of nonlinear equations
for unsteady flow of a polytropic gas [19], Korteweg—de Vries Equations [20], Kundu—Eckhaus equation
and massive thirring system [21]and so on.

The article has been organised as follows: Section 2 provides a brief overview of the basic definitions
of fractional calculus, as well as the Shehu transform (ST) of Caputo, CF, and ABC derivatives. We
provided the procedure of SADM to solve TFPNM in Section 3. We discussed the uniqueness and
convergence of SADM in Section 4. TFPNM solutions are provided in Section 5 to examine the current
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technique. The results and discussions are presented in Section 6. Conclusions are mentioned in Section
7.

2. Basic Definitions
This section will highlight the fundamental fractional calculus definitions.

Definition 1 [22] The fractional differential operator Caputo of order p is given as
1 t
DBf(t)=1""PD™f(t :7/ t—p)™ AL (p)dp, t >0,
(t) (t) F(m—ﬁ)o( P) (p)dp
where m —1 < <m, meN.
Definition 2 /23] Let f € H!(c,d), d > ¢, then the CF of order B € (0,1) is given as

o) = T [ ean( 552 oy

Definition 3 [2/] Let f € H!(c,d), d > ¢, then the ABC of order 3 € (0,1) is given as

t _ )8
25 i(0) = 125 [ B~ 8572) o)

1-p
Where Eg indicates Mittag-Leffler function [25] and B(B) represents a normalization function.
Definition 4 [26] The ST of w(t) for all t > 0 is regarded as

S[w(t)] :/0 e Fw(t) dt 9> 0, 550,

Where, S represents ST operator.
Definition 5 [27] The ST of C is expressed as

sIDflt)] = 2 (sl(t)] - Luv). (21)
Definition 6 [15] The ST of CF is expressed as
SIDY0)] = = (S0~ o). (22)
Definition 7 [25] The ST of ABC is expressed as
SR = 12 P (1] = ) (2.3

3. Existence and Uniqueness of Solution

Theorem 1 [16] Let

21 = fi(z1, 22,23, . . . Zm, 1), 21 (to) = 210
Z; = f2(21,22, 23y Zm,t),ZQ(to) = 220
2y = fa(21,22, 23, . 2m, 1), 23(t0) = 230 (3.1)

Z;n = f’ﬂl(zlaz27z3a e Zm7t))zm(t0) = ZmO'

If the partial derivatives %, are continuous in R where j = 1,2,...m and R = {(z,t) : [t — to] <
J

a,|z — zg| < b} then their constant A > 0 such that there exist a unique continuous vector solution
z = [z1(t), 22(t), ..., zm(t)] in the interval |t — to| < A.
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4. The Procedure of SADM

The SADM technique is provided in this section and is then employed to the following nonlinear fractional
differential equation (NFDE):

DP®(t) = Ry (®,w,0) + Ny (®,w,0) + Wy (t),
Djw(t) = Ry(®,w,0) + Nao(®,w, 0) + Ws(t), (4.1)
DPO(t) = Ry(®,w,0) + N3(®,w,0) + Ws(t),

with the initial conditions (I.Cs)
@(0) = hl, UJ(O) = hg, O(O) = h3.

Here, Ry, Ry and Rj are the linear differential operators and N7, Ny and N3 are the nonlinear differential
operators. Whereas Uy, ¥y and W3 are the non-homogeneous terms ®,w and O are unknown functions.
Now, we employ ST on Eq. (4.1) by taking C, CF, and ABC operators.

SADMg: Taking ST to Eq. (4.1) and using (2.1), we get

S(@(1)) = ? + ﬁ—S[Rl@ ©,0) + Ni(®,w,0) + T, (1)),

S(w(t)) hﬂ + ﬁ—S[RQ(fb w, 0) + Na(®,w,0) + Wy(t)], (4.2)

B
S(O(1)) :hgg + f—ﬁsmg(cp, w, 0) + N3(®,w,0) + Uy (1)].
By taking inverse ST on Eq. (4.2), we obtain
98
(1) =Hi (1) + 57 [ S5S[R1(2,w,0) + Ni(@,w, 0)]].
w(t) =Hy(t) +S~! [f—gS[Rg(Qw, 0) + No(®, w, 0)]}, (4.3)
B
O(t) =Hy(t) + S~ [f—BS[Rg(CD,w, 0) + N3(®,w, 0)]}.

Here Hq, Hy, H3 indicate the terms acquired from the known functions ¥y, Wo, W3 and 1.Cs. through the
use of inverse ST. The nonlinear terms Ny, No, N3 can be written as

Ni(®,w,0) = > By, Ny(®,w,0)= Z(Cn, N3(®,w,0) ZEn, (4.4)

n=0 n=0

where B, , C,, E, indicate the Adomian polynomials [29].

D(t) = ifbn(t), w(t) = iwn(t)7 o(t) = iOn(t). (4.5)
n=0 n=0 n=0
Now, put Eq. (4.4) and (4.5) into Eq.(4.3) to get
S0 55 Sl (St 00) + S0
n=0 n=0
S oy (1) (1) + 871 [ifgg[}zg(i@WW, 0,) + icnﬂ (4.6)
n=0 n=0 n=0

i O, (t) =Hs(t) + S~ [f—jS{Rg(i(d)n,wn, 0y)) + i]EnH.
n=0 n=0 n=0
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From Eq. (4.6), we obtain
OF (1) =H\(t), wg (t) = Ha(t), OF (t) = Hs(t),
o7 (1) =S [%S{Rl(q’o,wo, Oo) + Bo”»
WC (1) =S LS| Ro (@0, w0, 00) + COH7

Of (t) =5 [ 558 Ra(@o, w0, 00) + Eo |

0.1 (8) =5 [S58[ R (@, 0, 0,) + By [0 2 0,

%

0,

wGr(8) =571 [S58[Ra(®@y, 00, 0) + C ) |11

\%

119
OF,1(t) =871 558 | Ry(@ 0, 04) + By | |1 > 0.
By putting Eq.(4.7) into Eq. (4.5), we get the solution of NFDE i.e

oY (t) =05 + &F +F + ...,
Wl (t) =w§ +wf +wl + ...,
0°(t) =0§ + 0f + 0§ +

SADMcp : Consider ((B,t,s) = (1 — 8+ B2).
Taking ST on Eq. (4.1) and using Eq. (2.2), we get

S(®(t)) :ghl +((B,t,5)S[R1(®,w,0) + N1(@,w,0) + ¥y(t)],
S(w(t)) :ghQ +((B,t,5)S[R2(®,w, 0) + Na(,w, 0) + Va(t)],
S(O(t)) :ghg +((B,t,5)S[R3(P,w, 0) + N3(®,w,0) + W3(t)].
By taking inverse ST on Eq. (4.9), we get
D(t) =Hy (1) + S [C(8,t,5)S[R1 (P, w,0) + N1(@,,0)],
w(t) =Ha(t) + 571 (8,1, 5)S[R2(®,,0) + Na(@,w,0)]]

O(t) =Hs(t) + 57" [C(8,1, 5)S[Rs (@,w, 0) + Ny(®,w,0)]].

(4.9)

(4.10)

Here Hy, Hy, Hs indicate the terms acquired from the known functions U1, Us, U5 and 1.Cs. through the

use of inverse ST.
Now, put Eq.(4.4) and (4.5) into (4.10) to get

o0

i@n(t) —Hy (1) + 87 [C(8,4,5)8 [ B (D2 (g, Oy)) + imnﬂ,
n=0 n=0 n=0
iwn(t) —Hy(t) +57 [¢(B 1, 5)S [RQ(i@n,wn,on)) +icn“,
n=0 n=0 n=0

iOn(t) —H3(t) [ (8,1,5) [R3<Z: @n,wn,On))—l-ZEnH,

(4.11)
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From (4.11) we get
G (1) =H (1), Wi (t) = Ha(t), OFT () = Hy(#),
1

).
o)

) (

)=~ [¢(8, )+B
W T () =8~ 1[<<B,ts>8[ 2(®o, w0, 00) + C
OFF (1) =87 [¢(B., )8 [ Rs (@0, w0, O0) + Bo] |

(4.12)

®CF, (t) =5~ [g(/a, t,5)S [Rl(cpmwn, 0,) + Bnﬂ 0
WCE (t) =57 [C(ﬂ,t, s)S[RQ(cpn,wn, 0,) + cnﬂ,n >0,

ngl(t) - [C(ﬂat75)S{R3(¢mwnaOn) "‘EnHﬂ?

Y

0,

v

0.
By putting Eq. (4.12) into (4.5), we get the solution of of NFDE i.e

wCF(t) =w§F + wa + wQCF +.... (4.13)
O°F(t) =0§F + OSF + O§F

SADM_ ¢ : Consider o(f, ¢, 5) = %

Taking ST to Eq. (4.1) and utilising (2.3), we obtain

S(@(1)) :ghl +0(8.t,5)S[R1(®,w,0) + N1(@,w,0) + ¥y (t)],
S(w(t)) zghg +0(8,t,5)S[Ra(®,w,0) + No(@,w,0) + Us(t)], (4.14)
S(0(1)) zghg +0(8.t,5)S[R3(®,w,0) + N3(@,w,0) + s(t)],
By applying inverse ST on Eq. (4.14), we obtain
D(t) =H (1) + 57 |o(B.1, 5)S[R1 (2, w,0) + N (@, 0],
w(t) =Ha(t) + 57 [0(8,1, 5)S[Ra(@,w,0) + Na(@,, 0], (4.15)
O(t) =Hi(t) + 57" [o(8, 1, 5)S[Ra(@,w,0) + Ny (@, 0]
Here Hy, H, Hy indicate the term acquired from the known functions U1, ¥y, U and LCs. through the

use of inverse ST.
Now, put Eq.(4.4) and (4.5) into (4.15) to get

Z‘I} B+8 [(5,115,5)8[&(2@"’%’0"))+§B"H’
;wn(t) —Hy(t) + 5 [Ms[&(g(@n,wm on)) n icn“, (4.16)

iOn(t) =H;(t) +S—1[U(57IMS[R3<§% B, wy, O +ZE H
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From Eq. (4.16) we obtain

©5 P () =Hu (1), wy PO (1) = Ha(t), 0" (t) = Hs(t),

11PC(t) =571 :ms :Rl(‘I’o,wo, Oo) + BO”;
witPC(t) =871 :mg :32(‘1)0,%, Oo) + COH7
o5 (t) =s~1 :mg :1“33(‘1’0,%7 Oo) + Eo”;
(4.17)
$ABO (1) =51 :ms Bu(@,,0,,0,) +B,]] . >0
WABC (1) =51 :ms Ba(@y,0,,0,) + ] |.n > 0.
OABC (1) =5 :ms Ra(®y, 9, 0y) + By |11 > 0,

By putting Eq. (4.17) into (4.5), we get the solution of of NFDE i.e

PABC (1) =05 BC 4 @B 4 4'BC .
wABC (1) =W BC 4 WABC L tBC (4.18)

045 (1) =03P + 0P + 03P + ... .
5. Convergence Analysis

o]

Theorem 2 [30] The series solution Y, ¢, (t) converges ¥V € > 0, 3 a number n € N such that |ppmp| <
n=0

e Vm>n and p=1,2,3,....

Proof: Let us take the sequence of function {.J,,}5°_yis defined as follows:

JOZSO(%
J1 = o + o1,
Jo = o + p1 + @2,

Jm =0+ o1+ w2+ 4 pm.

It is noted that {J,,}5°_, converges uniformly on R. From Theorem, we obtain |Jpm4p — Jm| = [@mtp| <
eVm>nandp=1,2,3,....

[ee]
Hence, by Cauchy criteria, {J,,}7_, converges uniformly on R, and thus the series solution ) ¢, (t)

n=0
converges.

6. Time Fractional Phytoplankton Nutrient Model

Here, application of the SADM is tested on TFPNM with the fractional differential operators C, ABC,

and CF.Consider
D/N(t)

D} P(t)
DP Z(t)

aP(t) + bZ(t) — eN(t)P(t),
eN(#)P(t) — dP()Z(t) — aP(t), (6.1)
AP(t)Z(t) — bZ(t).
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with the I.Cs N(0) = €1, P(0) = €3 and Z(0) = €.
SADM¢: By employing the SADM¢, we obtain the following successive solutions,

NG (t) = €1, Py (t) = e2, Z5 () = e,

NE(t) = (aey + bes — CElez)F(ltiﬁ),
c t
Py (t) = (cerea — deges — aeg)m,
ZE(t) = (deyes — b€3)I‘(1tj-ﬁ)’
NQC(t) = (a[06162 — degeg — aes] + b[deses — beg] — c(er[cerea — deaes — aea)
126 (6.2)
+ ezfaey + bes — 66162])) T+ 25)
PQC (t) = (c(el [06162 — deges — aeﬂ + eo]aeg + beg — 06162]) — d(62 [deses — bes)
t28
+ e3[cerea — deges — aez]) — afcereg — deges — aeg]) m,
c 2
Zy (t) = (d(ﬁg[d€263 — bes] + es]ce1ea — deges — a62]) — bldeges — b€3]> m,

by substituting (6.2) in (4.8), we get

8
NC(t) = €, + (aey + bes — celeg)m + (a[06162 — deges — aea] + bldeaes — bes)
12
— c(er[cerea — deges — aes] + eaaey + bes — 06162])> m + ...,

8
Pc(t) = 62(06162 — d€263 — GGQ)W + (C(El [06162 — d6263 — GEQ] + 62[@62 + b63 - 66162])
¢2P
— d(62 [d€263 — beg] + €3 [C€162 - d62€3 - (162]) - a[CElEQ - d62€3 — a€2]> m + ... 5

B
Zc(t) = €3+ (d€263 — bég)m + (d(€2 [d62€3 — b€3] + 63[66162 — d€263 — (IGQ]) — b[d€263 — b63])
t28
m + ...

SADMc¢r: By employing the SADMcp, we obtain the following successive solutions,

() =e1, BT (t) = €2, Z57(t) = e,
NEF(t) = (aey + bes — cere)(1 — B+ ft),
PEE(t) = (ceren — deges — aex)(1 — + Bt),
ZEE (t) = (deges — bes)(1 — B + ft),
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NSF(t) = (a[celez — deges — aeg] + bldezes — bes] — c(e1[cerea — deaes — aea] + ez[aex + bes — ce162}))
t2
2 2 2
(82— 28+ (81 ]
55y~ @ -2+ (- 1)
PSP (1) = (0(61 [cerea — deaes — aea] + eaaen + bes — cerea]) — d(ea]dezes — bes] + eslcerea — deaes — aea)

2
— afcerez — dezes — aes] [ﬁ2 Fi3) —(26° —2B8)t+ (B — 1)2}7

2 t°
I'(3)

ZQCF(t) = (d(éz[dezeg — b63] —+ 63[06162 — deges — CLEQD — b[d6263 — b63}) [B — (2[‘32 — Qﬁ)t =+ (,3 — 1)2],

(6.3)
by substituting (6.3) in (4.13), we get

NYE(t) = €1 + (aey + bes — cere2)(1 — B+ Bt) + (a[661€2 — deges — aea] + bldeses — bes)
— 6(61 [06162 — d€263 — CLGQ] + €2 [G,EQ + b63 — 66162])>
o 1 2 2
{ﬁ r ~ P 2+ (8- ] ...

PcF(t) = €3 + (cerea — deseg — aeax)(1 — B+ ft) + (c(el [06162 — deges — aeg] + ezfaes + bes — 06162])

— d(e2 [deaes — bes] + es[ce1ea — deges — aeg]) — afcerea — deges — aea)

t2
[52@ — (282 - 28)t + (B — 1)2] .
ZCF(t) = e3 + (deaes — bes)(1 — B+ ft) + (d(EQ [deoes — bes] + e3[cerea — deges — aeg]) — bldeges — bﬁg])

{52%—(252—26)75“6—1)2] o

SADM spc: By employing the SADM 4pc, we obtain the following successive solutions,

N(?Bc(t) = €1, P(fBC(t) = €2, Zééch(t) = €3,

B
NlABC(t) = (aeg + beg — cer€2) [/@F(lt—’_ 5 B4 1}7
B
PlABC(t) = (06162 — degeg — 1162) {ﬂﬁ _ ﬂ + 1:|’
B
ZABC (1) = (deses — bes) [5ﬁ ~8+1),
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0 0.05 0.1 0.15 0.2
t t

(b) SADMcr (c) SADMasgc

Figure 1: Approximate solution of N (t).

N{lBC(t) :<a[06162 — deges — aes] + bldegses — bes] — c(e1[cerea — deges — aes)

26 8
- L —1)2],
i+ 25) Rl

PQABC(t) = (6(61 [06162 — d62€3 — GEQ] + EQ[CLEQ + bEg — 06162]) — d(GQ[dEQGg — bég]

=+ 62[(162 + beg — 06162])) [52 — (252 — 26)

+ €3 [06162 — deges — aeg]) — CL[C€162 — deges — aeg]

, 1 ) t8 ) (6.4)
P rare ¢ Py eV
Zé“BC(t) = (d(EZ [d6263 - be3] + €3 [06162 — deges — GGQD — b[d62€3 - b€3])

[BQL (26° = 28) 5 R 1’

r'(1+2p) r1+p) ’

by substituting (6.4) in (4.18), we get
NABC(t) =€1 + (aey + beg — ceqea) [ﬂL - B+ 1} + (a[celeg — deges — aes]
I'(1+ 8)
+ b[d6263 — b63] — C(61[06162 — d6263 — GGQ] + 62[@62 + b€3 — 06162]))
128 8

2 2 _ _1)2

ﬁm (28 25) T(1 1 5) + (B 1)}"*”'
B
PABC(t) =€ + (cere2 — degeg — aey) [ﬁﬁ -6+ 1} + (0(61 [06162 — degesz — GEQ]
+ eofaeg + beg — 66162]) — d(eg [deses — beg] + e3]cereq — deges — aeg]) — afceren
— deges — ae ]) [BZL - (28% - 25)L + (B - 1)2} +
2€3 2 (1 + 28) T+ 5)
B
ZABC(t) = €3+ (d62€3 — b€3) [ﬂﬁ - ﬁ + ].:| + (d(€2 [d62€3 — b€3} + 63[66162
, 1P

— degeg — GEQ]) — bldeges — bEg]) {ﬂ m (2 ﬁ - 2ﬂ) (1 T B)

+ (8- 1)2] +
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Figure 3: Approximate solution of Z(t).
Table 1: Approximate solution of TFPNM model with different values of 3.
t 6 =0.98 6 =10.99 =1
C CF ABC C CF ABC C CF ABC
N|O 0.35000 | 0.28884 | 0.28884 | 0.35000 | 0.31831 0.31831 0.35000 | 0.35000 | 0.35000
N | 0.05 | 0.195505 | 0.185494 | 0.181811 | 0.199485 | 0.191208 | 0.188250 | 0.203459 | 0.203459 | 0.203459
N |01 0.123224 | 0.171276 | 0.179029 | 0.123009 | 0.144040 | 0.145770 | 0.123301 | 0.123301 | 0.123301
N | 0.15 | 0.172421 | 0.267191 | 0.296382 | 0.161053 | 0.207707 | 0.220059 | 0.150892 | 0.150892 | 0.150892
N | 0.2 0.362669 | 0.477933 | 0.532784 | 0.335413 | 0.396117 | 0.422682 | 0.309914 | 0.309914 | 0.309914
PO 0.400000 | 0.462002 | 0.462002 | 0.400000 | 0.432240 | 0.432240 | 0.400000 | 0.400000 | 0.400000
P | 0.05 | 0.556215 | 0.565362 | 0.569008 | 0.552251 | 0.560016 | 0.562948 | 0.548288 | 0.548288 | 0.548288
P |01 0.627513 | 0.579857 | 0.572381 | 0.627834 | 0.606558 | 0.604810 | 0.627649 | 0.627649 | 0.627649
P | 0.15 | 0.577800 | 0.488270 | 0.460792 | 0.589055 | 0.544105 | 0.532142 | 0.599152 | 0.599152 | 0.599152
P |02 0.392040 | 0.290927 | 0.241150 | 0.418257 | 0.363165 | 0.338173 | 0.442886 | 0.442886 | 0.442886
Z |0 0.250000 | 0.249159 | 0.249159 | 0.250000 | 0.249446 | 0.249446 | 0.250000 | 0.250000 | 0.250000
Z | 0.05 | 0.248280 | 0.249145 | 0.249181 | 0.248264 | 0.248776 | 0.248802 | 0.248252 | 0.248252 | 0.248252
Z 101 0.249263 | 0.248868 | 0.248591 | 0.249157 | 0.249402 | 0.249419 | 0.249050 | 0.249050 | 0.249050
Z | 0.15 | 0.249779 | 0.244539 | 0.242826 | 0.249892 | 0.248187 | 0.247799 | 0.249956 | 0.249956 | 0.249956
Z |02 0.245291 | 0.231140 | 0.226066 | 0.246330 | 0.240717 | 0.239145 | 0.247200 | 0.247200 | 0.247200

7. Results and Discussion

Figures 1, 2 and 3 show the solutions of PNM based on the operators C, CF, and ABC taken in
various fractional order 8 respectively. From Figure 1 we observe that the concentration of nitrogen N ()
decreases while increasing the time from 0 to 0.1, then after it starts increasing gradually over the time
from 0.1 to 0.2, and also found that the increment rate becomes higher as 8 decreases from 1 to 0.25
within the time interval 0.1 to 0.2. From Figure 2 we observe that the concentration of Phytoplankton
P(t) increases while increasing the time from 0 to 0.1, then after it starts decreasing gradually over the
time from 0.1 to 0.2, and also found that as § falls from 1 to 0.25 throughout the region of 0.1 to 0.2,
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the decrement rate reduces. From Figure 3(a) we observe that the concentration of Zootoplankton Z(t)
increses while increasing the time from 0.05 to 0.1, then after it starts decreasing gradually over the time
from 0.15 to 0.2, and also found that as § falls from 1 to 0.25 throughout the region of 0.15 to 0.2, the
decrement rate reduces. Similarly Figures 3(b) and (c) we see that the concentration of Zootoplankton
Z(t) decreases while increasing the time from 0.1 to 0.2, and also found that as g falls from 1 to
0.25 throughout the region of 0.1 to 0.2, the decrement rate reduces. In terms of plots, a comparison
has also been demonstrated. In these plots, we compared the solutions obtained by considering three
distinct fractional differential operators C, CF, and ABC. Table 1 contains the PNM model solutions for
numerous fractional values 0.97,0.98,0.99, 1 using three fractional order derivatives.

8. Conclusion

In the present study, to find the approximate analytical solutions for the TFPNM, we used SADM
by considering the fractional derivative in the Caputo, CF and ABC manner. The obtained solutions
are given in a series form, which converges rapidly. Graphical solutions are similar to graphical results
obtained by existing methods in the literature, which shows the efficacy and accuracy of the SADM.
We can see that the fractional order and the system parameters have a significant impact on the model.
Specifically, they influence the overall behaviour and performance of the system. These parameters
can also affect the model’s stability, potentially leading to variations in the system’s responses and
behaviours under different conditions. We draw the conclusion that the SADM is highly methodical and
more efficient and that it may be used to study nonlinear fractional mathematical models describing
biological processes. Additionally, the application of fractional calculus opens up novel perspectives in
the field of mathematical modelling, such as improving the accuracy of predictions in complex biological
systems and enhancing the understanding of dynamic processes over time. Furthermore, this method can
be extended to analyze nonlinear fractional-order mathematical models arising in oceanography and in
infectious disease dynamics, such as SIR, Ebola, tuberculosis, hepatitis, and related models.
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