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Structural Analysis of Pessimistic Multi-Granulation Nano Generalized Topological
Spaces *

A.A. Abdallah , O. R. Sayed, E. El-Sanousy, Y. H. Ragheb Sayed , M. A. Bakhit , and Salahuddin t

ABSTRACT: This study establishes a fundamental connection between multi-granulation rough sets and topo-
logical spaces. By partitioning a universal set, we construct a novel pessimistic multi-granulation nanogeneric
topological structure. We demonstrate that this topology is directly induced by the family of equivalence
relations underlying a multi-granulation approximation space. A key finding is that the pessimistic multi-
granulation lower and upper approximation operators are isomorphic to the nanogeneric interior and closure
operators, respectively. Furthermore, we specify the conditions under which these operators are equivalent,
formally bridging the concepts of approximation in rough set theory with topological interior and closure.

Key Words: The pessimistic multi-granulation nanogeneric topology, the pessimistic multi-granu-
lation nanogeneric interior, the pessimistic multi-granulation nanogeneric closure.

Contents
1 Conceptual background 1
2 Main results 3
3 Conclusion 9
4 Declaration statements 10
5 Author’s Biography 10

1. Conceptual background

Rough set theory, introduced by Pawlak [9,10], is a useful mathematical tool for studying intelligent
systems with incomplete or insufficient information. Thivagar [14] introduced nanotopology, a concept
that incorporates lower approximation, upper approximation, and boundary regions.

The multi-granulation rough set developed by Qian et al. [11,12] differs from Pawlak’s rough set.
The multi-granulation rough set is defined by a family of equivalence relations, whereas Pawlak’s rough
set is defined by a single relation. The multi-granulation rough set comprises both the optimistic and
pessimistic multi-granulation rough sets. In the lower approximation, the word ”optimistic” denotes the
idea that in multi-independent granular structures, at least one granular structure must satisfy the in-
clusion relation between the equivalence class and the undefinable set, whereas the word ”pessimistic”
denotes the idea that each granular structure must satisfy the inclusion relation between the equivalence
class and the undefinable set. Several researchers investigated multi-granulation rough set models based
on various types of relationships and came up with interesting ideas (see, for example, [1], [2], [3], [4],
5], [7), 8], [13]).

Inspired by the works of [1]-[15], our aim in this paper is to explore pessimistic multi-granulation nano-
generic topological spaces. We will investigate the connection between multi-granulation approximation
operators and pessimistic multi-granulation nanogeneric closure (interior) operators.

For the purposes of this paper, consider U = {1,292, -+ ,2,} to be a nonempty and finite set of
objects. 2V represents all subsets of U, and R is a family of equivalence relations on U. The pair (U, R)
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is described as a multi-granulation approximation space. For x € U, [z|r, = {y € U : (z,y) € R;} is the
equivalence class that includes « where R; € R. Then U/R; = {[z]gr, : * € U} creates a partition of U.
Definition 1.1. [9,10] Assume R; € R. The pair (U, R;) is called a Pawlak approximation space. For
any X C U, the lower and upper approximations of X on R; are defined

LX) = {z €U : [e]a, € X},
Ur,(X)={x € U:[z]g NX #0}.

Definition 1.2. [11,12] Let (U, R) be a multi-granulation approximation space and Ry, Rg, R3, - , Ry €
R, where m is a natural number. For any X C U, the pessimistic multi-granulation lower and upper
approximations of X on the family of equivalence relations {R; : 1 < i < m} are defined

PLELR‘(X):{:CEU:[:C]R1 C X and [z]g, € X and --- and [z]gr, C X},

(X) =~ (PLy  (~X))

7

PUn
Y R;
i=1 i=1

={zeU:|zlgp, NX #Dor [x]g, N X #0... or [z]g, NX # 0}.

Then (PL m R_(X)7PU7£ R (X)) is called the pessimistic multi-granulation rough set of X. The term
i=1 * i=1 ¢

“pessimistic” refers to the fact that x € PL m o (X) if and only if for all equivalence relation R;,

[Z]r, CX, Ve eUand1<i<m.

The pessimistic multi-granulation boundary region of X denoted by PBR m e (X) is defined as follows:
i=1 ‘

PBR, (X)=PUp
3 R;

i=1 i=1 i=1

Proposition 1.3. [12] Let (U, R) be a multi-granulation approximation space. For any X,Y C U, the
following properties hold:

() PLy  (X)EX CPUg , (X).
(2) PLy, 0)=PUg , 0)=0uand PLy , (V)= PUy , (U) =U

(6) X CY = PLy . (X) S PL
i=1 3
() XCY = PUyp . (X) S PUg (V).

i Y R;
i=1 i=1
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(8) PLy , (XNY)CPLy  (X)N PLy  (Y)or

i=1 i=1 i=1
PUw (XUY)DPUw  (X)U PUyp (V).
R ) i TR

i=1 i=1 i=1

XUY)

i

(9) PL ., ( DPLy (X)U PLy (V) and
LEIRl IEIRl 1§1R7
PUn (XNY)CPUw (X)N PUn (V).
R 2 2

(10) PL

i

¢ r (X) =N;Lg,(X) and PUE p, (X) = UiUg,(X) for 1 < i <m.

2. Main results

Definition 2.1. Let (U, R) be a multi-granulation approximation space, with X C U and T’£ R (X)=
i=1 '

{0.PLy  (X).PUy

i i

(X),PBR m (X)}. Then ’7'75 R (X) satisfies the following axioms:

i=1 1

(A1) 0 e Ta Ri&).

i=1
(A2) The union of elements in any subcollection of T’z" " (X) is in T’z" n (X).

7 i

i=1 i=1

i=1 i=1

That is, ’TTEn R (X)) forms a generic topology on U, called the pessimistic multi-granulation nanogeneric

i=1 i
topology with respect to X. The pair (U, T’f R (X)) is called the pessimistic multi-granulation nanogeneric

i=1
topological space.
The elements of T%z R (X) are called the pessimistic multi-granulation nanogeneric open sets. A €

i
i=1

TEL P (X), ~ A the complement of A, is known as the pessimistic multi-granulation nanogeneric closed
i=1 ‘

set. ~ T%z R (X) is the family of complements for all pessimistic multi-granulation nanogeneric open sets.
i=1 ‘
Definition 2.2. Let (U, T%L R (X)) be the pessimistic multi-granulation nanogeneric topological space

=1
with respect to X, where X C U. The pessimistic multi-granulation nanogeneric interior of Y is defined
as:

PMN int(Y)=U{Ac2V:ACY,Ac Ty, (X))

The pessimistic multi-granulation nanogeneric closure of Y can be defined as:

PMN c(Y)=n{Ae2V .Y CA Ae~ Ty, (X}

i=1

Example 2.3. Let U = {aa b, c,d, 6}7 P = U/Rl = {{a}a {ba C}a {da 6}}, Q= U/R2 = {{a7 b}7 {d}v {C}v {6}}7
L= U/RS = {{avd}a {b}v {C}v {6}}, and X = {b7 C}' Then,

PLpq+r(X) ={c},

Also, we can find
PUP+Q+L(X) = {avbv C}vaRP+Q+L(X) = {aab}'

Thus, the pessimistic multi-granulation nanogeneric topology on U with respect to X is
Tg R; (X) = {(Z)’ {C}’ {a" b}7 {aa b, C}}

Let Y = {a,b,c,d}, Z = {b,c,d,e} CU. Then, PMN int(Z) = {c} and PMN int(Y N Z) = {c}. So
{¢} =PMN int(YNZ) C PMN int(Y)NPMN int(Z) = {a,b,c} N {c} = {c}.
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Theorem 2.4. Let (U, TE R_(X )) be the pessimistic multi-granulation nanogeneric topological space,
=1 ‘
with respect to X C U and Y, Z C U. Then the following statements hold:
(I1): PMN int(U) CU and PMN int(0) = 0.
(I2): PMN int(Y) CY.
(13): If Y C Z then PMN int(Y) C PMN int(Z).
(14): PMN int(PMN int(Y)) = PMN int(Y).
(I15): PMN int(Y N Z) € PMN int(Y) N PMN int(Z).
Theorem 2.5. Let (U, ’TrEn Rv(X )) be the pessimistic multi-granulation nanogeneric topological space
i=1 ¢
with respect to X C U and Y, Z C U. Then, the following statements hold:
(C1): PMN cl(U)=U and 0 C PMN cl(0).
(C2): Y C PMN c(Y).
(C3): f Y C Z then PMN ¢cl(Y) C PMN cl(Z).

(C4): PMN cl(PMN cl(Y)) = PMN cl(Y).
(C5): PMN cl(Y)U PMN cl(Z) C PMN cl(Y U Z).

Theorem 2.6. Let (U, TTz" Rv(X )) be the pessimistic multi-granulation nanogeneric topological space
i=1 ‘

with respect to X. For Y C U, define (Tz R (X))int as follows:

i
=1

(Tgs . (X)ine = {Y CU: PMN int(Y) = Y},

Then (TE N (X))int is the pessimistic multi-granulation nanogeneric topology on U with respect to X.

i=1
Proof. We prove that (T’f Rv(X))int satisfies (A1)-(A2).
i=1 ‘

(A1): According to Theorem 2.4 (I1),

(A2): Assume that Y; € (T’f R

=1
PMN int(Y;) = Y;,Vj € T.

By (I2), we have

PMN int(UjerY;) C UjerY;. (2.1)
Conversely, PM N int(Y;) C Ujer PM N int(Y;). By Theorem 2.4 (I3) and (I4), we have

PMN int(Y;) = PMN int(PMN int(Y;)) € PMN int(U;er PMN int(Y;)).
Thus,
UjerPMN int(Y;) € PMN int(Ujer PMN int(Y;)).

Since PM N int(Y;) =Y;, we have

UjerY; € PMN int(UjcrYj). (2.2)
Using equations (2.1) and (2.2), we get

PMN int(UjerY;) = Ujer;.
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Therefore,

UjEF}/j = (T%L Ri(

i=1

X))znt

Hence, (Tz R (X))int represents the pessimistic multi-granulation nanogeneric topology on U with re-

=1
spect to X.

Theorem 2.7. Let (U, Tg R(X )) be the pessimistic multi-granulation nanogeneric topological space

i=1
with respect to X. For Y C U, define (Tz R (X))a as follows:

i
=1

(T (X)) ={Y CU: PMN cl(~Y) =~ Y}.

Then (Tz " (X))a is the pessimistic multi-granulation nanogeneric topology on U with respect to X.

i
=1

Proof. We show that (Tnzm R,(X))Cl satisfies (A1)-(A2).

i=1

(A1): Based on Theorem 2.5 (J1), we have
PMN cl(~0) = PMN cl(U) = U =~ .

Therefore,

(A2): Consider that Y; € (7'% R_(X))Cl. For each j € T,
i=1 ‘

PMN cl(~Y;) =~ Y.
By (C2), we have
~ (UjerY;) € PMN cl(~ (UjerY;)). (2.3)
Conversely, assume that PMN cl(~ (UjerY;)) = PMN cl(Njer(~Y;)) € PMN cl(~Yj). Therefore,
PMN cl(~ (UjerY;)) € Njer PMN cl(~Y;) = Njer(~ Yj) =~ (UjerYj). (2.4)

Equations (2.3) and (2.4) show that PMN cl(~ (UjerY;)) =~ (UjerY;).
Therefore,
UjGFY—j € (TE R;

i=1

(X))et-

Consequently, (Tz R‘(X ))er denotes the pessimistic multi-granulation nanogeneric topology on U with
i=1 ’

respect to X.

Theorem 2.8. Let (U, Trzn, Rv(X )) be the pessimistic multi-granulation nanogeneric topological space

i=1
with respect to X. For Y C U, define (T3, (X))int as follows:
3 R;
i=1

(T4 . CO)ine = {PMN int(Y) : Y CU}.

Then, (T4, i(X))mt = (Tg g, (X)ine-

2 i=1
Proof. It therefore follows that
(Tg R,(X))im ={Y CU:PMN int(Y)=Y} C (Tié R~(X))i”t'

i=1
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Conversely, for each Y C U, let
PMN int(Y) € ('Ti% " (X))int-
i=1 ¢
Then, using Theorem 2.4 (I4), we have

PMN int(PMN int(Y)) = PMN int(Y).

Thus, we get
Hence,
( ,:flRi (X))int € <7?:£1R‘ (X))int-
Therefore,
(7?511%1' (X))int = (7:;51& (X))int-

Theorem 2.9. Let (U, T’ﬁ R_(X )) be the pessimistic multi-granulation nanogeneric topological space

i=1
with respect to X. For Y C U, define (T3, R (X)) as follows:
Y R
i=1

i=

(T (X)a = {~ (PMN c(Y)):Y CU}.

i
=1

Then, (T (X = (T, (X

Proof. Let ~ (PMN cl(Y)) € (T3 - (X))e for each Y C U. Then,
b

7
=1

PMN cl(~ (~ (PMN cl(Y)))) = PMN cl(PMN cl(Y))
= PMN cl(Y)
=~ (~ (PMN d(Y))).

Thus,

~ (PMN cl(Y)) € (T_gIRi

(X))er-
It suggests that

(T (0t € (T (XD

i=1 i=1

Conversely, suppose that Y € (’TZ R (X))ei- Then, we get

Y =~ (PMN cl(~Y)).

Consequently,

Y =~ (PMN cl(~Y) € (Tg, | (X))

It implies that
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Hence,

(T e = (Tg

i=1 =1

(X))et-

i

Theorem 2.10. Let (U, R) be a multi-granulation approximation space, and (Tvzn:, R (X))r={XCU:
i=1
PL o R_(X ) = X}. Then (7’E " (X)) is the pessimistic multi-granulation nanogeneric topology with
=1 ‘ =1 i

respect to X.

Proof. We show that (Tnzz Rv(X))R satisfies (A1) and (A2).

i=1

(A1): According to Proposition 1.3 (2), we have

Mg Ot
It suggests that
be (T, (X)r

(A2): Let Yj € (Tz . (X))r, where j € I'. Then,

i
i=1

Using Proposition 1.3 (1), we get
PL »

=1

R~<Uij) CU,Y; forall jerl. (2.5)

Conversely, using Proposition 1.3 (6), we obtain

Y;=PLy (V) C PLy . (U;Y;).
=1 i=

i i=1

It suggests that

U;Y; C PL m Ri(Uij) for all j € T (2.6)
i=1
From equations (2.5) and (2.6), we obtain

Hence,
;Y5 € (T, (X))

i
=1

Theorem 2.11. Let (U,R) be a multi-granulation approximation space, and (Tz R (X)r ={X C

i
i=1

U : PUg R_(N X) =~ X}. Then (Tg R (X)) is the pessimistic multi-granulation nanogeneric topol-
i=1 ’ i=1 ¢

ogy with respect to X.
Proof. Similar to prove Theorem 2.10.

Theorem 2.12. Let (U, R) be the multi-granulation approximation space. Then for X C U,
(T;flm (X)) = {PLg R,;(X) : X CU}L

i=1
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Proof. It is clear that

2 (X)) = {X CU: PLy, (X) = X}

C{PLg , (X): X CU}

i=

According to Proposition 1.3 (4), we have

PL, (PL

It implies that
PL m R,;(X) € (TZ R,;(X))R
Therefore,
(PLg (): X SUY S Ty (D
Hence,
(T, (X)r ={PLy  (X): X CU}

According to Theorem 2.12, a family of equivalence relations can generate the pessimistic multi-granulation
nanogeneric topology, which is simply the family of all pessimistic multi-granulation lower approxima-
tions induced by the given family of equivalence relations.

Lemma 2.13. Let (U, R) be a multi-granulation approximation space. Then for X; C U,

PLg Ri(ujPLg o () = UiPLg (X;) with j € I.

i=1 i=1 i=1

Proof. Using Proposition 1.3 (1), we get

PL m (U]PL m
R X R

i= i= i=

(X)) € UiPL w o (X5). (2.7)

i

On the other hand, since PL m

i=1 i=1

(X;) CU;(PL m o (X;)). Then by Proposition 1.3 (6), we get

i

PLy, (PLy (X)) CPLy , (UPLg (X))
According to Proposition 1.3 (4), we have

PLy ()€ PLy , (UPLy (X))
It implies that

ujPLg 7, (Xi) C PLLZ,L . (ujPLg . (X5). (2.8)

From equations (2.7) and (2.8), we have

PL m (UJPL m

i= i=

(X;)) = UiPLg g, (X5)-
The following theorem investigates the relationship between the pessimistic multi-granulation nanogeneric
closure (interior) operator and the pessimistic multi-granulation upper (lower) approximation.



STRUCTURAL ANALYSIS OF PESSIMISTIC MULTI-GRANULATION NANO GENERALIZED TOPOLOGICAL SPACES 9

Theorem 2.14. Let (U, (7'%1 R_(X ))=) be the pessimistic multi-granulation nanogeneric topological
i=1 ‘

space induced by R with respect to (U, R), i. e.

(Tg (O ={PLyg  (X): X CUY.

1=1 =1
Then, for X C U,
(X) = PMN int(X)

i=1 k3

(2) PU,  (X) =PMN c(X)

S R;
i=1
= ﬁ{PUglRi(N Y): X C PUglRZ(N Y)Y CU}
Proof. (1) By Proposition 1.3 (1), PL m R_(X) C X. So,
i=1 ‘
PLy  (X)CU{PLy  (Y):PLy  (Y)C XY CU}. (2.9)

i=1 i=1 i=1

Conversely, assume that U{PL m

i=1 1=

(Y): PL ™ o (Y)C X, Y CU} C X. Therefore,

i

i

PL ., (U{PL w (Y):PLn
T R; T R; IR

i=1 i=1 i=1

(Y)C X,V C U}) CPLy . (X).

=1
By Lemma 2.13, we have
U{PLE A, (Y): PL‘%L R,

i=1 i=1 i=1

(Y)SX,Y CUYC PLy . (X). (2.10)

From (2.9) and (2.10), we can conclude

(Y):PLg , (Y)SX,Y CU}

i

PL’"L
Er

i=

(X)=UPLg

i= i=1

(2) Similar to prove (1).
The proof is complete.

3. Conclusion

This research has advanced the theoretical foundation of multi-granulation rough sets (MGRS) by
establishing a formal bridge to topological structures. Building upon the seminal framework introduced by
Qian et al. [11,12], we have proposed and rigorously defined the concept of pessimistic multi-granulation
nanogeneric topological spaces.

Our investigation yielded several key findings:

Structural Foundation: We demonstrated that the family of equivalence relations,
which forms the core of a multi-granulation approximation space, is sufficient to induce a
unique pessimistic multi-granulation nanogeneric topological space. This establishes a direct
structural link between the two paradigms.

Operator Equivalence: A central result of this work is the proven equivalence between
the fundamental operators of these two structures. Specifically, we showed that the pessimistic
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multi-granulation lower approximation operator is functionally identical to the nanogeneric
interior operator, and similarly, the upper approximation operator is identical to the nano-
generic closure operator.

Unified Framework: This equivalence is not merely a formal curiosity; it provides a
powerful, unified lens through which to view MGRS. It allows us to reinterpret approximation
problems—a cornerstone of rough set theory—in terms of well-established topological concepts
like interior, closure, and boundary.

Implications and Future Work: The implications of this unification are significant. It enables the
application of topological theorems and methodologies to problems in granular computing and knowledge
discovery. Future research will focus on exploring the optimistic variant of these topological structures,
investigating the properties of these topologies (e.g., separation axioms, compactness), and developing
practical applications in domains such as feature selection, data mining, and uncertainty reasoning, where
the pessimistic multi-granulation approach is most applicable.
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