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abstract: The purpose of this work is to demonstrate the common coupled fixed point result of integral
type contraction utilizing w-compatibility in the context of partial metric spaces. Furthermore, we present
various corollaries to the established result. The findings in this study extend and generalize various previously
reported conclusions from the current literature. An application is demonstrated using the modified fractional
integral operator and the specific Rabotnov function, followed by an illustration.
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1. Introduction

In 1994, Matthews [24] introduced the notion of a partial metric space (PMS) which is a generalized
metric space in which each object does not necessarily have to have a zero distance from itself. In fact,
it is widely recognized that partial metric spaces play an important role in constructing models in the
theory of computation (see, e.g., [13], [28] and some others). Introducing partial metric space, Matthews
proved the partial metric version of Banach fixed point theorem [5]. Matthews [24], Oltra and Valero
[27] and Altun et al. [2] proved some fixed point theorems in partial metric spaces for a single map. For
more work on fixed and common fixed point theorems in partial metric spaces, we refer to ( [9], [10], [16],
[22], [26]).

The notion of a coupled fixed point was introduced by Bhashkar and Lakshmikantham [7] and they
studied some coupled fixed point theorems in partially ordered complete metric spaces. They also proved
mixed monotone property for the first time and gave their classical coupled fixed point theorem for
mapping which satisfy the mixed monotone property. Later some authors proved coupled fixed and
common coupled fixed point theorems (see [11], [12], [18], [31], [32]).

Recently, Kim et al. [20] proved some common coupled fixed point theorems for weak compatible
mappings in the setting of partial metric spaces. Very recently, Jain et al. [14] proved some coupled and
common coupled fixed theorems for various contractive type conditions in the setting of partial metric
spaces.

Quite recently, Nashine et al. [25] proved some coupled and common coupled fixed point theorems
using control function in the framework of partial metric spaces and also give some illustrative examples
in support of the established results.
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2. Preliminaries

In this section, first we recall some basic definitions and lemmas which play a crucial role in the theory
of partial metric spaces (PMSs).

Definition 2.1 ( [24]) Let Θ ̸= ∅ be a set and PM : Θ × Θ → R+ be a self mapping of Θ such that for
all u, v, s ∈ Θ the followings are satisfied:

(pms1) u = v ⇔ PM(u, u) = PM(u, v) = PM(v, v),
(pms2) PM(u, u) ≤ PM(u, v),
(pms3) PM(u, v) = PM(v, u),
(pms4) PM(u, v) ≤ PM(u, s) + PM(s, v)− PM(s, s).
Then PM is called partial metric on Θ and the pair (Θ,PM) is called partial metric space (in short

PMS).

Remark 2.1 It is clear that if PM(u, v) = 0, then from (pms1), (pms2), and (pms3), u = v. But if
u = v, PM(u, v) may not be 0.

If PM is a partial metric on Θ, then the function PM(d) : Θ×Θ → R+ given by

PM(d)(u, v) = 2PM(u, v)− PM(u, u)− PM(v, v), (2.1)

is a metric on Θ.

Example 2.1 ( [4]) Let Θ = R+, where R+ = [0,+∞) and PM : Θ × Θ → R+ be given by PM(p, q) =
Cmax{p, q}, C > 0 for all p, q ∈ R+. Then (R+,PM) is a partial metric space.

Example 2.2 ([4]) Let I denote the set of all intervals [u, v] for any real numbers u ≤ v. Let PM : I×I →
[0,∞) be a function such that

PM
(
[p, q], [n,m]

)
= max{q,m} −min{p, n}.

Then (I,PM) is a partial metric space.

Example 2.3 ( [8]) Let Θ = R and PM : Θ×Θ → R+ be given by PM(p, q) = emax{p,q} for all p, q ∈ R.
Then (Θ,PM) is a partial metric space.

Numerous applications of this space has been extensively investigated by many authors (see, [21],
[33] for details).

Each partial metric PM on Θ generates a T0 topology τρ on Θ, which has a base of the family of open
PM-balls {BPM

(a, δ) : a ∈ Θ, δ > 0} where

BPM
(a, δ) = {b ∈ Θ : PM(a, b) < PM(a, a) + δ},

for all a ∈ Θ and δ > 0.
Similarly, closed PM-ball is defined as

BPM [a, δ] = {b ∈ Θ : PM(a, b) ≤ PM(a, a) + δ},

for all a ∈ Θ and δ > 0.

Definition 2.2 ( [24]) Let (Θ,PM) be a partial metric space and also {rn} is a sequence in Θ.
At the time,
(1) PM(r, r) = limn→∞ PM(rn, r) ⇔ {rn} converges to a point r ∈ Θ,
(2) if there exists limm,n→∞ PM(rm, rn), then {rn} is a Cauchy sequence.

Definition 2.3 ( [24]) A partial metric space (Θ,PM) is named to be complete if every Cauchy sequence
{rn} in Θ converges to a point r ∈ Θ with respect to τρ. Furthermore,

lim
m,n→∞

PM(rm, rn) = lim
n→∞

PM(rn, r) = PM(r, r).



Common Coupled Fixed Point Result for Integral Type. . . 3

Definition 2.4 ( [24]) A mapping Q : Θ → Θ is said to be continuous at r0 ∈ Θ if for every δ > 0, there
exists c > 0 such that Q

(
BPM(r0, c)

)
⊂ BPM

(
Q(r0), δ

)
.

Lemma 2.1 ( [3,24]) Let (Θ,PM) be a partial metric space. Then
(a1) the sequence {rn} in (Θ,PM) is a Cauchy sequence ⇔ it is a Cauchy sequence in the metric

space (Θ,PM(d)),
(a2) (Θ,PM) is complete ⇔ the metric space (Θ,PM(d)) is complete. Besides, limn→∞ PM(d)(rn, r) =

0 ⇔ PM(r, r) = limn→∞ PM(rn, r) = limn,m→∞ PM(rn, rm).

Lemma 2.2 ( [15]) Let (Θ,PM) be a partial metric space. Then
(A) if p, q ∈ Θ, PM(p, q) = 0, then p = q,
(B) if p ̸= q, then PM(p, q) > 0.

Definition 2.5 ( [3]) An element (p, q) ∈ Θ×Θ is called a coupled fixed point of a mapping T : Θ×Θ → Θ
if T (p, q) = p and T (q, p) = q.

Example 2.4 Let Θ = [0,+∞) and T : Θ × Θ → Θ be defined by T (p, q) = p+q
3 for all p, q ∈ Θ. Then

one can easily see that T has a unique coupled fixed point (0, 0).

Example 2.5 Let Θ = [0,+∞) and T : Θ × Θ → Θ be defined by T (p, q) = p+q
2 for all p, q ∈ Θ. Then

we see that T has two coupled fixed point (0, 0) and (1, 1), that is, the coupled fixed point is not unique.

Definition 2.6 ( [1], [19]) An element (p, q) ∈ Θ×Θ is called
(g1) a coupled coincidence point of mappings T : Θ × Θ → Θ and f : Θ → Θ if f(p) = T (p, q) and

f(q) = T (q, p), and (fp, fq) is called a coupled point of coincidence,
(g2) a common coupled fixed point of mappings T : Θ×Θ → Θ and f : Θ → Θ if p = f(p) = T (p, q)

and q = f(q) = T (q, p).

Definition 2.7 ( [1]) The mappings T : Θ × Θ → Θ and f : Θ → Θ are called weakly compatible if
f(T (p, q)) = T (fp, fq) and f(T (q, p)) = T (fq, fp) for all p, q ∈ Θ, whenever f(p) = T (p, q) and
f(q) = T (q, p).

Example 2.6 Let Θ = [0, 3] endowed with PM(p, q) = max{p, q} for all p, q ∈ Θ. Define T : Θ×Θ → Θ
and f : Θ → Θ by

T (p, q) =

{
p+ q, if p, q ∈ [0, 1),
3, otherwise,

for all p, q ∈ Θ and

f(p) =

{
p, if p ∈ [0, 1),
3, if p ∈ [1, 3],

for all p ∈ Θ. Then for any p, q ∈ [1, 3],

T (fp, fq) = T (3, 3) = 3 = f(T (p, q)) = f(3) = 3.

Similarly, we have
T (fq, fp) = T (3, 3) = 3 = f(T (q, p)) = f(3) = 3.

Thus,
T (fp, fq) = f(T (p, q)) and T (fq, fp) = f(T (q, p)).

This shows that the mappings T and f are weakly compatible on [0, 3].

Example 2.7 Let Θ = R endowed with the usual metric PM(p, q) = max{p, q} for all p, q ∈ Θ. Define
T : Θ×Θ → Θ and f : Θ → Θ by T (p, q) = p+ q and f(p) = p2 for all p, q ∈ Θ. Then T and f are not
weakly compatible maps on R, since

T (fp, fq) = T (p2, q2) = p2 + q2, but f(T (p, q)) = f(p+ q) = (p+ q)2.

Therefore,
T (fp, fq) ̸= f(T (p, q)).

Hence the mappings T and f are not weakly compatible on R.
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Definition 2.8 ( [17]) Let Θ ⊂ (−∞,∞). The function ϕ : Θ → Θ is called sub-additive integrable
function if and only if for all c, d ∈ Θ∫ c+d

0

ϕ(t) dt ≤
∫ c

0

ϕ(t) dt+

∫ d

0

ϕ(t) dt.

Example 2.8 ( [17]) Let Θ = (0,∞), d(x, y) = |x−y|, and ϕ(t) = 1
t+1 for all t > 0, then for all c, d ∈ Θ,∫ c+d

0

dt

t+ 1
= ln(c+ d+ 1),

∫ c

0

dt

t+ 1
= ln(c+ 1),

∫ d

0

dt

t+ 1
= ln(d+ 1).

Since c d ≥ 0, then c+ d+ 1 ≤ c+ d+ 1 + cd = (c+ 1)(d+ 1). Therefore

ln(c+ d+ 1) ≤ ln((c+ 1)(d+ 1)) = ln(c+ 1) + ln(d+ 1).

This shows that ϕ is an example of sub-additive integrable function.

Example 2.9 Let Θ = (1,∞), and ϕ(t) = et for all t > 0. Then the function ϕ is not sub-additive
integrable function.

Definition 2.9 ( [23]) Let {rn}n∈N be a non-negative sequence such that limn→∞ rn = a. Then

lim
n→∞

∫ rn

0

ϕ(t) dt =

∫ a

0

ϕ(t) dt,

where ϕ : [0,+∞) → [0,+∞) is a Lebesgue-integrable mapping which is summable on each compact subset
of [0,+∞), and such that for each ε > 0,

∫ ε

0
ϕ(t)dt > 0

Definition 2.10 ( [23]) Let {rn}n∈N be a non-negative sequence. Then

lim
n→∞

∫ rn

0

ϕ(t) dt = 0,

if and only if limn→∞ rn = 0, where ϕ : [0,+∞) → [0,+∞) is a Lebesgue-integrable mapping which is
summable on each compact subset of [0,+∞), and such that for each ε > 0,

∫ ε

0
ϕ(t)dt > 0

In 2002, Branciari [6] introduced the concept of contractive mapping of integral type and obtained
the following fixed point result for the mapping T defined on a complete metric space (Θ, ρ):

Theorem 2.1 ( [6]) Let (Θ, ρ) be a complete metric space, h ∈ [0, 1), and let T : Θ → Θ be a mapping
such that for each α, β ∈ Θ, ∫ ρ(Tα,Tβ)

0

ϕ(t)dt ≤ h

∫ ρ(α,β)

0

ϕ(t)dt,

where ϕ : [0,+∞) → [0,+∞) is a Lebesgue-integrable mapping which is summable on each compact subset
of [0,+∞), and such that for each ε > 0,

∫ ε

0
ϕ(t)dt > 0, then T has a unique fixed point p ∈ Θ, such that

for each q ∈ Θ, limn→∞ Tn(q) = p.

After the paper of Branciari [6], various research works have been carried out on generalizing con-
tractive condition of integral type for different contractive conditions and spaces satisfying many known
properties (see, for example [29], [30]).

The aim of this paper is to prove common coupled fixed point theorem of integral type contraction
using w-compatibility condition in the setting of partial metric spaces. In addition, we provide some
consequences of the established results. Our results extend, generalize and enrich several previous works
from the existing literature.



Common Coupled Fixed Point Result for Integral Type. . . 5

3. Main Results

In this section, we shall prove some common coupled fixed point theorems of integral type contractions
in the setting of partial metric spaces.

Theorem 3.1 Let (Θ,PM) be a complete partial metric space. Let T : Θ × Θ → Θ and R : Θ → Θ be
two mappings satisfying the following conditions:∫ PM(T (f,g),T (j,k))

0

ϕ(t)dt ≤ µ

∫ ∆P
M (f,g,j,k)

0

ϕ(t)dt, (3.1)

for all f, g, j, k ∈ Θ, where

∆P
M (f, g, j, k) = max

{
PM(Rf,Rj),PM(Rf, T (f, g)),PM(Rj, T (j, k)),

PM(Rj, T (f, g))

1 + PM(Rf,Rj)
,
PM(Rf, T (f, g))

1 + PM(Rf,Rj)

}
,

µ ∈ [0, 1) is a constant, ϕ : [0,+∞) → [0,+∞) is a Lebesgue-integrable mapping which is summable on
each compact subset of [0,+∞), and such that for each ε > 0,

∫ ε

0
ϕ(t)dt > 0. Also, suppose T (Θ×Θ) ⊆

R(Θ) and R(Θ) is a complete subspace of Θ. Then there exist r1, r2 ∈ Θ such that Rr1 = T (r1, r2) and
Rr2 = T (r2, r1), that is, T and R have a unique coupled coincidence point. Moreover, if the pair (T,R) is
w-compatible, then T and R have a unique common coupled fixed point in Θ with PM(t, t) = 0 for some
t ∈ Θ.

Proof: Let f0, g0 be two arbitrary elements of Θ. Since T (Θ × Θ) ⊆ R(Θ), we can choose f0, g0 ∈ Θ,
such that Rf1 = T (f0, g0) and Rg1 = T (g0, f0). Continuing this process, we can construct two sequences
{fn} and {gn} in Θ such that Rfn+1 = T (fn, gn) and Rgn+1 = T (gn, fn) for all n ≥ 0. Then, from
equation (3.1) and using (pms3), (pms4), we have∫ PM(Rfn,Rfn+1))

0

ϕ(t)dt =

∫ PM(T (fn−1,gn−1),T (fn,gn))

0

ϕ(t)dt

≤ µ

∫ ∆P
M (fn−1,gn−1,fn,gn)

0

ϕ(t)dt, (3.2)

where

∆P
M (fn−1, gn−1, fn, gn) = max

{
PM(Rfn−1, Rfn),PM(Rfn−1, T (fn−1, gn−1)),PM(Rfn, T (fn, gn)),

PM(Rfn, T (fn−1, gn−1))

1 + PM(Rfn−1, Rfn)
,
PM(Rfn−1, T (fn−1, gn−1))

1 + PM(Rfn−1, Rfn)

}
= max

{
PM(Rfn−1, Rfn),PM(Rfn−1, Rfn),PM(Rfn, Rfn+1),

PM(Rfn, Rfn)

1 + PM(Rfn−1, Rfn)
,

PM(Rfn−1, Rfn)

1 + PM(Rfn−1, Rfn)

}
= max

{
PM(Rfn−1, Rfn),PM(Rfn−1, Rfn),PM(Rfn, Rfn+1), 0,

PM(Rfn−1, Rfn)

1 + PM(Rfn−1, Rfn)

}
= max

{
PM(Rfn−1, Rfn),PM(Rfn, Rfn+1)

}
,

since
PM(Rfn−1, Rfn)

1 + PM(Rfn−1, Rfn)
≤ PM(Rfn−1, Rfn).
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Using the above value in equation (3.2), we obtain

∫ PM(Rfn,Rfn+1))

0

ϕ(t)dt ≤ µ

∫ max

{
PM(Rfn−1,Rfn),PM(Rfn,Rfn+1)

}
0

ϕ(t)dt. (3.3)

Now, we have the following cases.

If max
{
PM(Rfn−1, Rfn),PM(Rfn, Rfn+1)

}
= PM(Rfn, Rfn+1), then from equation (3.3), we ob-

tain ∫ PM(Rfn,Rfn+1))

0

ϕ(t)dt ≤ µ

∫ PM(Rfn,Rfn+1)

0

ϕ(t)dt,

which is a contradiction, since 0 ≤ µ < 1. Thus, we conclude that PM(Rfn, Rfn+1) < PM(Rfn−1, Rfn).
Hence from equation (3.3), we obtain∫ PM(Rfn,Rfn+1))

0

ϕ(t)dt ≤ µ

∫ PM(Rfn−1,Rfn)

0

ϕ(t)dt. (3.4)

Again using equation (3.4), we obtain∫ PM(Rfn−1,Rfn))

0

ϕ(t)dt ≤ µ

∫ PM(Rfn−2,Rfn−1)

0

ϕ(t)dt. (3.5)

Using equation (3.5) in equation (3.4), we obtain∫ PM(Rfn,Rfn+1))

0

ϕ(t)dt ≤ µ2

∫ PM(Rfn−2,Rfn−1)

0

ϕ(t)dt. (3.6)

Continuing the above process, we obtain∫ PM(Rfn,Rfn+1))

0

ϕ(t)dt ≤ µ2

∫ PM(Rfn−2,Rfn−1)

0

ϕ(t)dt

≤ µ3

∫ PM(Rfn−3,Rfn−2)

0

ϕ(t)dt

...

≤ µn

∫ PM(Rf0,Rf1)

0

ϕ(t)dt. (3.7)

Likewise, one can show that∫ PM(Rgn,Rgn+1))

0

ϕ(t)dt =

∫ PM(T (gn−1,fn−1),T (gn,fn))

0

ϕ(t)dt

≤ µn

∫ PM(Rg0,Rg1)

0

ϕ(t)dt. (3.8)

From equations (3.7) and (3.8), we obtain∫ PM(Rfn,Rfn+1))

0

ϕ(t)dt+

∫ PM(Rgn,Rgn+1))

0

ϕ(t)dt

≤ µn
[ ∫ PM(Rf0,Rf1)

0

ϕ(t)dt+

∫ PM(Rg0,Rg1)

0

ϕ(t)dt
]
. (3.9)
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Let

Cn = PM(Rfn, Rfn+1) and Dn = PM(Rgn, Rgn+1). (3.10)

Then from equations (3.9) and (3.10), we obtain∫ Cn

0

ϕ(t)dt+

∫ Dn

0

ϕ(t)dt ≤ µn
[ ∫ C0

0

ϕ(t)dt+

∫ D0

0

ϕ(t)dt
]
. (3.11)

Let

Vn =

∫ Cn

0

ϕ(t)dt+

∫ Dn

0

ϕ(t)dt.

Then from equation (3.11), we obtain

Vn ≤ µn V0, (3.12)

for all n ∈ N.
If V0 = 0, then we have∫ PM(Rf0,Rf1)

0

ϕ(t)dt+

∫ PM(Rg0,Rg1)

0

ϕ(t)dt = 0. (3.13)

This implies that ∫ PM(Rf0,Rf1)

0

ϕ(t)dt = 0 and

∫ PM(Rg0,Rg1)

0

ϕ(t)dt = 0. (3.14)

Hence by the property of integral ϕ, we obtain PM(Rf0, Rf1) = 0 and PM(Rg0, Rg1) = 0. Hence, from
Remark 2.1, we get Rf0 = Rf1 = T (f0, g0) and Rg0 = Rg1 = T (g0, f0). This shows that (Rf0, Rg0) is
a coupled fixed point of T and R. Now, we assume that V0 > 0. For each n ≥ m, where n,m ∈ N, by
using condition (pms4) and sub-additivity of integral ϕ, we have∫ PM(Rfn,Rfm)

0

ϕ(t)dt ≤
∫ PM(Rfn,Rfn−1)+PM(Rfn−1,Rfn−2)+···+PM(Rfm+1,Rfm)

0

ϕ(t)dt

≤
∫ PM(Rfn,Rfn−1)

0

ϕ(t)dt+

∫ PM(Rfn−1,Rfn−2)

0

ϕ(t)dt+ . . .

+

∫ PM(Rfm+1,Rfm)

0

ϕ(t)dt

≤ (µn−1 + µn−2 + · · ·+ µm)

∫ PM(Rf1,Rf0)

0

ϕ(t)dt

≤
( µm

1− µ

)∫ PM(Rf1,Rf0)

0

ϕ(t)dt

→ 0 as m → ∞. (3.15)

By similar fashion, we can show that∫ PM(Rgn,Rgm)

0

ϕ(t)dt → 0 as n,m → ∞. (3.16)

From equations (3.15) and (3.16), regarding the property of integral ϕ, we obtain

lim
n,m→∞

PM(Rfn, Rfm) = 0 and lim
n,m→∞

PM(Rgn, Rgm) = 0. (3.17)
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Due to (2.1), we have PM(d)(Rf,Rg) ≤ 2PM(Rf,Rg). Therefore, using equation (3.17), we obtain

lim
n,m→∞

PM(d)(Rfn, Rfm) = 0. (3.18)

Likewise, we obtain

lim
n,m→∞

PM(d)(Rgn, Rgm) = 0. (3.19)

Thus, by Lemma 2.1, {Rfn} and {Rgn} are Cauchy sequences in both (Θ,PM(d)) and (Θ,PM). Since
(Θ,PM) is a complete partial metric space, so there exist r1, r2 ∈ Θ such that

lim
n→∞

PM(Rfn, Rr1) = PM(Rr1, Rr1), (3.20)

and

lim
n→∞

PM(Rgn, Rr2) = PM(Rr2, Rr2). (3.21)

Since limn,m→∞ PM(Rfn, Rfm) = 0 and limn,m→∞ PM(Rgn, Rgm) = 0, then again by Lemma 2.1, we
have

PM(Rr1, Rr1) = 0 and PM(Rr2, Rr2) = 0. (3.22)

Now, using equation (3.1), condition (pms3) and sub-additivity of integral ϕ, we have∫ PM(T (r1,r2),Rr1)

0

ϕ(t)dt ≤
∫ PM(T (r1,r2),Rfn+1)+PM(Rfn+1,Rr1)

0

ϕ(t)dt

≤
∫ PM(T (fn,gn),T (r1,r2))+PM(Rfn+1,Rr1)

0

ϕ(t)dt

≤
∫ PM(T (fn,gn),T (r1,r2))

0

ϕ(t)dt+

∫ PM(Rfn+1,Rr1)

0

ϕ(t)dt

≤ µ

∫ ∆P
M (fn,gn,r1,r2)

0

ϕ(t)dt+

∫ PM(Rfn+1,Rr1)

0

ϕ(t)dt,

(3.23)

where

∆P
M (fn, gn, r1, r2) = max

{
PM(Rfn, Rr1),PM(Rfn, T (fn, gn)),PM(Rr1, T (r1, r2)),

PM(Rr1, T (fn, gn))

1 + PM(Rfn, Rr1)
,
PM(Rfn, T (fn, gn))

1 + PM(Rfn, Rr1)

}
= max

{
PM(Rfn, Rr1),PM(Rfn, Rfn−1),PM(Rr1, T (r1, r2)),

PM(Rr1, Rfn−1)

1 + PM(Rfn, Rr1)
,
PM(Rfn, Rfn−1)

1 + PM(Rfn, Rr1)

}
.

Letting n → ∞ in the above and using equations (3.20)-(3.22), we obtain

∆P
M (fn, gn, r1, r2) = max

{
0, 0,PM(Rr1, T (r1, r2)), 0, 0

}
= PM(Rr1, T (r1, r2)). (3.24)

From equations (3.23) and (3.24), we obtain∫ PM(T (r1,r2),Rr1)

0

ϕ(t)dt ≤ µ

∫ PM(Rr1,T (r1,r2))

0

ϕ(t)dt

+

∫ PM(Rfn+1,Rr1)

0

ϕ(t)dt. (3.25)
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Letting n → ∞ in equation (3.25) and using Definition 2.9, equation (3.22) and (pms3), we obtain∫ PM(T (r1,r2),Rr1)

0

ϕ(t)dt ≤ µ

∫ PM(T (r1,r2),Rr1)

0

ϕ(t)dt, (3.26)

which is a contradiction, since 0 ≤ µ < 1. Hence, we can conclude that∫ PM(T (r1,r2),Rr1)

0

ϕ(t)dt = 0. (3.27)

Now, by the property of integral ϕ, we obtain PM(T (r1, r2), Rr1) = 0 and so Rr1 = T (r1, r2). By similar
way, one can prove that Rr2 = T (r2, r1).

Since by assumption, the pair (T,R) is weakly compatible (w-compatible), so by weak compatibility
of T and R, we have

R(T (r1, r2)) = T (Rr1, Rr2) and R(T (r2, r1)) = T (Rr2, Rr1).

Hence (Rr1, Rr2) is a common coupled fixed point of T and R.
Now, we show that the common coupled fixed point of T and R is unique. Assume that (Rz1, Rz2) is

another common coupled fixed point of T and R with Rr1 ̸= Rz1 and Rr2 ̸= Rz2, that is, (Rr1, Rr2) ̸=
(Rz1, Rz2). Then from equation (3.1) and using equation (3.22) and condition (pms3), we have∫ PM(Rr1,Rz1)

0

ϕ(t)dt =

∫ PM(T (r1,r2),T (z1,z2))

0

ϕ(t)dt

≤ µ

∫ ∆P
M (r1,r2,z1,z2)

0

ϕ(t)dt, (3.28)

where

∆P
M (r1, r2, z1, z2) = max

{
PM(Rr1, Rz1),PM(Rr1, T (r1, r2)),PM(Rz1, T (z1, z2)),

PM(Rz1, T (r1, r2))

1 + PM(Rr1, Rz1)
,
PM(Rr1, T (r1, r2))

1 + PM(Rr1, Rz1)

}
= max

{
PM(Rr1, Rz1),PM(Rr1, Rr1),PM(Rz1, Rz1),

PM(Rz1, Rr1)

1 + PM(Rr1, Rz1)
,

PM(Rr1, Rr1)

1 + PM(Rr1, Rz1)

}
= max

{
PM(Rr1, Rz1), 0, 0,PM(Rr1, Rz1), 0

}
= PM(Rr1, Rz1),

since
PM(Rr1, Rz1)

1 + PM(Rr1, Rz1)
≤ PM(Rr1, Rz1).

Using this in equation (3.28), we obtain∫ PM(Rr1,Rz1)

0

ϕ(t)dt ≤ µ

∫ PM(Rr1,Rz1)

0

ϕ(t)dt,

which is a contradiction, since 0 ≤ µ < 1. Hence, we can conclude that∫ PM(Rr1,Rz1)

0

ϕ(t)dt = 0. (3.29)

Now, regarding the property of integral ϕ, we obtain PM(Rr1, Rz1) = 0 and so Rr1 = Rz1. Similarly,
we can prove that Rr2 = Rz2. Thus, we have (Rr1, Rr2) = (Rz1, Rz2) which shows that (Rr1, Rr2) is a
unique common coupled fixed point of T and R. The proof is completed. 2

If we take ϕ(t) = 1 for all t ≥ 0 in Theorem 3.1, then we have the following result.
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Corollary 3.1 Let (Θ,PM) be a complete partial metric space. Let T : Θ × Θ → Θ and R : Θ → Θ be
two mappings satisfying the following contractive condition:

PM(T (f, g), T (j, k)) ≤ µ∆P
M (f, g, j, k),

for all f, g, j, k ∈ Θ, where

∆P
M (f, g, j, k) = max

{
PM(Rf,Rj),PM(Rf, T (f, g)),PM(Rj, T (j, k)),

PM(Rj, T (f, g))

1 + PM(Rf,Rj)
,
PM(Rf, T (f, g))

1 + PM(Rf,Rj)

}
,

µ ∈ [0, 1) is a constant. Also, suppose T (Θ × Θ) ⊆ R(Θ) and R(Θ) is a complete subspace of Θ. Then
there exist r1, r2 ∈ Θ such that Rr1 = T (r1, r2) and Rr2 = T (r2, r1), that is, T and R have a unique
coupled coincidence point. Moreover, if T and R are w-compatible, then T and R have a unique common
coupled fixed point in Θ with PM(t, t) = 0 for some t ∈ Θ.

Remark 3.1 Corollary 3.1 generalizes the results of Kim et al. [20] for more general contractive condi-
tion.

If we take R = I (the identity map on Θ) in Corollary 3.1, then we have the following result.

Corollary 3.2 Let (Θ,PM) be a complete partial metric space. Let T : Θ × Θ → Θ be a mapping
satisfying the following contractive condition:

PM(T (f, g), T (j, k)) ≤ µ∆P ′

M ′(f, g, j, k),

for all f, g, j, k ∈ Θ, where

∆P ′

M ′(f, g, j, k) = max
{
PM(f, j),PM(f, T (f, g)),PM(j, T (j, k)),

PM(j, T (f, g))

1 + PM(f, j)
,
PM(f, T (f, g))

1 + PM(f, j)

}
and µ ∈ [0, 1) is a constant. Then there exist r1, r2 ∈ Θ such that r1 = T (r1, r2) and r2 = T (r2, r1), that
is, T has has a unique coupled fixed point in Θ with PM(t, t) = 0 for some t ∈ Θ.

Remark 3.2 Corollary 3.2 generalizes the results of H. Aydi [3] for more general contractive condition.

If we take R = I (the identity map on Θ) and

max
{
PM(f, j),PM(f, T (f, g)),PM(j, T (j, k)),

PM(j, T (f, g))

1 + PM(f, j)
,

PM(f, T (f, g))

1 + PM(f, j)

}
= PM(f, j),

in Theorem 3.1, then we have the following result.

Corollary 3.3 Let (Θ,PM) be a complete partial metric space. Let T : Θ × Θ → Θ be a mapping
satisfying the following contractive condition:∫ PM(T (f,g),T (j,k))

0

ϕ(t)dt ≤ µ

∫ PM(f,j)

0

ϕ(t)dt, (3.30)

for all f, g, j, k ∈ Θ, where µ ∈ [0, 1) is a constant and ϕ : [0,+∞) → [0,+∞) is a Lebesgue-integrable
mapping which is summable on each compact subset of [0,+∞), and such that for each ε > 0,

∫ ε

0
ϕ(t)dt >

0. Then T has a unique coupled fixed point in Θ with PM(t, t) = 0 for some t ∈ Θ.



Common Coupled Fixed Point Result for Integral Type. . . 11

If we define T (f, f) = Qf in Corollary 3.3, then we have the following result.

Corollary 3.4 Let (Θ,PM) be a complete partial metric space. Let Q : Θ → Θ be a mapping satisfying
the following contractive condition:∫ PM(Qf,Qj))

0

ϕ(t)dt ≤ µ

∫ PM(f,j)

0

ϕ(t)dt, (3.31)

for all f, j ∈ Θ, where µ ∈ [0, 1) is a constant and ϕ : [0,+∞) → [0,+∞) is a Lebesgue-integrable mapping
which is summable on each compact subset of [0,+∞), and such that for each ε > 0,

∫ ε

0
ϕ(t)dt > 0. Then

Q has a unique fixed point in Θ with PM(t, t) = 0 for some t ∈ Θ.

Proof: Taking f = g and j = k in Corollary 3.3, then inequality (3.30) coincides with the inequality
(3.31). Thus, we have the conclusion of Corollary 3.4 from Corollary 3.3. 2

Remark 3.3 Corollary 3.4 extends and generalizes Theorem 2.1 of Branciari [6] from metric spaces to
the setting of partial metric spaces.

Remark 3.4 If we take ϕ(t) = 1 for all t ∈ [0,+∞) in Corollary 3.4, then we obtain Theorem 5.3 of
Matthews [24] as follows.

Corollary 3.5 ( [24], Theorem 5.3) Let (Θ,PM) be a complete partial metric space. Let Q : Θ → Θ be a
mapping satisfying the following contractive condition:

PM(Qf,Qj)) ≤ µPM(f, j), (3.32)

for all f, j ∈ Θ, where µ ∈ [0, 1) is a constant. Then T has a unique fixed point α ∈ Θ and PM(α, α) = 0.

Remark 3.5 Corollary 3.5 extends and generalizes well-known Banach contraction mapping principle
[5] from metric spaces to the setting of partial metric spaces.

If we take ϕ(t) = 1 for all t ≥ 0 in Corollary 3.3, then we have the following result.

Corollary 3.6 Let (Θ,PM) be a complete partial metric space. Let T : Θ × Θ → Θ be a mapping
satisfying the following contractive condition:

PM(T (f, g), T (j, k)) ≤ µPM(f, j), (3.33)

for all f, g, j, k ∈ Θ, where µ ∈ [0, 1) is a constant. Then T has a unique coupled fixed point in Θ with
PM(t, t) = 0 for some t ∈ Θ.

Another auxiliary result of Corollary 3.6 is the following.

Corollary 3.7 Let (Θ,PM) be a complete partial metric space. Let T : Θ × Θ → Θ be a mapping
satisfying the following contractive condition:

PM(T (f, g), T (j, k)) ≤ µPM(f, j) + ν PM(g, k), (3.34)

for all f, g, j, k ∈ Θ, where µ, ν are nonnegative constants such that µ + ν < 1. Then T has a unique
coupled fixed point in Θ with PM(t, t) = 0 for some t ∈ Θ.

If we take µ = ν = b where b ∈ [0, 1) in Corollary 3.7, then we have the following result.

Corollary 3.8 Let (Θ,PM) be a complete partial metric space. Let T : Θ × Θ → Θ be a mapping
satisfying the following contractive condition:

PM(T (f, g), T (j, k)) ≤ b

2

[
PM(f, j) + PM(g, k)

]
, (3.35)

for all f, g, j, k ∈ Θ, where b ∈ [0, 1) is a constant. Then T has a unique coupled fixed point in Θ with
PM(t, t) = 0 for some t ∈ Θ.
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Example 3.1 Let Θ = R. Let PM : Θ × Θ → R be defined by PM(f, g) = max{f, g} for all f, g ∈ Θ.
Then the partial metric space (Θ,PM) is complete because (Θ,PM(d)) is complete. Indeed, for any
f, g ∈ Θ,

PM(d)(f, g) = 2PM(f, g)− PM(f, f)− PM(g, g)

= 2max{f, g} − (f + g) = |f − g|.

Thus, (Θ,PM(d)) is the Euclidean metric space which is complete. Consider the mapping T : Θ×Θ → Θ

defined by T (f, g) = f+g
6 . Now, for any f, g, j, k ∈ Θ, we have

PM(T (f, g), T (j, k)) =
1

6
max{f + g, j + k}

≤ 1

6
[max{f, j}+max{g, k}]

=
1

6
[PM(f, j) + p(g, k)],

which is the contractive condition of Corollary 3.8 for b = 1/3 < 1. Therefore, by Corollary 3.8, T has a
unique coupled fixed point, which is (0, 0).

But if the mapping T : Θ × Θ → Θ is given by T (f, g) = f+g
2 , then T satisfies contractive condition

of Corollary 3.8 for b = 1,

PM(T (f, g), T (j, k)) =
1

2
max{f + g, j + k}

≤ 1

2
[max{f, j}+max{g, k}]

=
1

2
[PM(f, j) + p(g, k)],

In this case (0, 0) and (1, 1) are both coupled fixed points of T , and hence, the coupled fixed point of T is
not unique. This shows that the condition b < 1 in Corollary 3.8 cannot be omitted in the statement of
the aforesaid result.

Example 3.2 Let Θ = R. Let PM : Θ × Θ → R be defined by PM(f, g) = max{f, g} for all f, g ∈ Θ.
Then the partial metric space (Θ,PM) is complete because (Θ,PM(d)) is complete. Indeed, for any
f, g ∈ Θ,

PM(d)(f, g) = 2PM(f, g)− PM(f, f)− PM(g, g)

= 2max{f, g} − (f + g) = |f − g|.

Thus, (Θ,PM(d)) is the Euclidean metric space which is complete. Consider the mapping T : Θ×Θ → Θ

defined by T (f, g) = 3f−g
5 and let PM(f, g) = |f − g| for all f, g ∈ Θ. Let us take f ̸= j and g = k in the

inequality of Corollary 3.8. Hence u = |f − j| > 0. Now, using inequality of Corollary 3.8, we have

3

5
u =

3|f − j|
5

= PM(T (f, g), T (j, k))

≤ b

2

[
|f − j|+ |g − k|

]
=

b

2
(|f − j|)

=
b

2
u,

or,

3

5
u ≤ b

2
u,

that is,

b ≥ 6

5
,

which is a contradiction, since by hypothesis 0 < b < 1. Hence the Corollary 3.8 is not applicable to the
operator T in order to prove that (0, 0) is a unique coupled fixed point of T .
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4. Application by using modified fractional integral

Recently, a modification of fractional calculus is given in [34] by introducing the following integral
operator

Qα
λf(x) := Qf(x) =

∫ x

0

f(s)[R]αλ(s)ds, (4.1)

where [R]αλ(s) represents Rabotnov function (see [35] for recent information)

[R]αλ(s) = exp(−λ(x− s)α), α ∈ (0, 1), λ ∈ R+, x ≥ s.

Correspondingly, the fractional derivative is given by

Dα
λf(x) =

∫ x

0

f ′(s)[R]αλ(s)ds. (4.2)

Assume the following assumptions:
[A1] we let Θ = R+, where R+ = [0,+∞) and PM : Θ × Θ → R+ be given by PM(f, j) =

Cmax{f, j}, C > 0 for all f, j ∈ R+.
[A2] We consider

Cα,λ := max
x∈J=[0,T ]

|[R]αλ(x)|.

By the definition of PM(Qf,Qj)), we have

PM(Qf,Qj) = C max
x∈J=[0,T ]

{Qf,Qj}

= Cmax

{∫ x

0

f(s)[R]αλ(s)ds,

∫ x

0

j(s)[R]αλ(s)ds

}
≤ C max

x∈J=[0,T ]
{f, j} max

x∈J=[0,T ]
|[R]αλ(x)|T

≤ CCα,λT max
x∈J=[0,T ]

{f, j}

:= C̄ max
x∈J=[0,T ]

{f, j}.

Our aim is to use Corollary 3.4, where∫ PM(Qf,Qj)

0

ϕ(t)dt ≤ µ

∫ PM(f,j)

0

ϕ(t)dt.

By the assumption of ϕ (see Corollary 3.4), we have∫ PM(Qf,Qj)

0

ϕ(t)dt =

∫ C maxx∈J=[0,T ]{Qf,Qj}

0

ϕ(t)dt

≤
∫ C̄ maxx∈J=[0,T ]{f,j}

0

ϕ(t)dt

=

∫ PM(f,j)

0

ϕ(t)dt,

where µ = 1. Hence, we obtain the following result.

Proposition 4.1 If the assumptions [A1] and [A2] are applied then∫ PM(Qf,Qj)

0

ϕ(t)dt ≤
∫ PM(f,j)

0

ϕ(t)dt,

where

Qf(x) =

∫ x

0

f(s)[R]αλ(s)ds

and PM(f, j) = Cmax{f, j}, C > 0 for all f, j ∈ R+.
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Example 4.1 Consider the following data ϕ(x) = 1, C = 1, f(x) = cos(x), j(x) = sin(x) where x ∈ J =
[0, T ] such that

T ≥ 1

Cα,λ
:=

1

maxx∈J |[R]αλ(x)|
.

A computation yields

PM(Qf,Qj) = C max
x∈J=[0,T ]

{Qf,Qj}

= Cmax

{∫ x

0

cos(s)[R]αλ(s)ds,

∫ x

0

sin(s)[R]αλ(s)ds

}
≤ C max

x∈J=[0,T ]
{cos(x), sin(x)} max

x∈J=[0,T ]
|[R]αλ(x)|T

≤ Cα,λT max
x∈J=[0,T ]

{cos(x), sin(x)}, Cα,λT ≥ 1

:= C̄ max
x∈J=[0,T ]

{cos(x), sin(x)}.

As a consequence of Proposition 4.1, we have∫ PM(Q cos(x),Q sin(x))

0

dt ≤
∫ PM(cos(x),sin(x))

0

dt.

5. Conclusion

In this paper, we establish common coupled fixed point result of integral type contraction for a
pair of w-compatible mappings in the setting of partial metric spaces. Furthermore, we provide some
consequences of the established result as corollaries. Also, an illustrative example and application of
integral equation are given. Our results extend and generalize several previous works from the existing
literature (see, for example, [3,5,6,20,24] and many others). Application is presented by utilize the
modified fractional integral operator involving the special Rabotnov function. Numerical example is
introduced.
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