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ABSTRACT: In this paper, we prove coupled fixed point theorems using -contractive conditions in partially
ordered partial metric spaces. We also provide corollaries to the established conclusions. Furthermore, we
provide several examples to support the established results. An application of the nonlinear integral equation
is also provided. Several conclusions in the current literature are extended, generalized and enriched by
our findings. Our results, in particular extend and generalize the findings of Aydi [8] and Bhaskar and
Lakshmikantham [12].
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1. Introduction

Matthews [23,24] introduced the concept of partial metric spaces to study the denotational semantics
dataflow networks. In fact, a partial metric space is a generalization of usual metric spaces in which the
self-distance need not be zero. It is widely recognized that partial metric spaces play an important role
in constructing models in the theory of computation (see, e.g., [17], [22], [30], [35], [38], [39]). Later,
Matthews proved the partial metric version of Banach fixed point theorem [11]. In fact, partial metrics are
more adaptable having broader topological properties than that of metrics create partial order. Heckmann
[17] introduced the concept of weak partial metric function and established some fixed point results. Oltra
and Valero [29] generalized the Matthews results in the sense of O’Neil [31] in complete partial metric
space. Abdeljawad et al. [4] considered a general form of the weak ¢-contraction and established some
common fixed point results. Afterwards, many authors have conducted further research on fixed point
theorems in the same class of spaces (see e.g. [2], [3], [6], [7], [9], [10], [15], [19], [20], [21], [41]).

Bhashkar and Lakshmikantham [12] (2006) established some coupled fixed point theorems on ordered
metric spaces and give application in the existence and uniqueness of a solution for periodic boundary
value problem (see, also [16]). Later on, Ciiri¢ and Lakshmikantham [13] (2009) investigated some more
coupled fixed point theorems in partially ordered sets. Further, many authors have obtained coupled
fixed point results for mappings under various contractive conditions in the setting of metric spaces and
generalized metric spaces (see [1], [5], [8], [25], [26], [27], [32], [33], [34], [36], [40]).

Recently, Jain et al. [18] Nashine et al. [28] (2024) proved some coupled and common coupled fixed
point results by means of control function and provide some corollaries of the established results. Also
give some examples to validate the results.
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In this article, we prove some coupled fixed point theorems via -contractive condition in the setting
of partially ordered partial metric spaces and give some consequences of the established result. Moreover,
we provide some illustrative examples to validate the established results. An application to the nonlinear
integral equation is also given. Our results extend, generalize and enrich several results from the existing
literature.

2. Preliminaries

In this section, we recall the notion of partial metric space and some of its properties which will be
useful in the main section to establish few results.

Definition 2.1 ([24]) Let M be a nonempty set. A partial metric on M is a function P: M x M —
[0,4+00) such that for all v,s,t € M the followings are satisfied:

(1) r=s< P(r,r) = P(r,s) = P(s,s),

(2) P(r,r) < P(r,5),

(3) P(r,s) = P(s,r),

(4) P(r,s) < P(r,t)+ P(t,s) — P(t,t).

Then P is called a partial metric on M and the pair (M, P) is called a partial metric space (in short
PMS).

It is clear that if P(r,s) = 0, then from (1), (2), and (3), r = s. But if » = s, P(r, s) may not be 0.
If P is a partial metric on M, then the function dp: M x M — [0, 400) given by

dp(r,s) =2P(r,s) — P(r,r) — P(s,s), (2.1)

is a usual metric on M.

Each partial metric P on M generates a Ty topology 7, on M with the family of open P-balls
{Bp(r,e) : m € M,e > 0} where Bp(r,e) = {s € M : P(r,s) < P(r,r)+¢} for all r € M and ¢ > 0.
Similarly, closed P-ball is defined as Bp[r,e] = {s € M : P(r,s) < P(r,r) + ¢} for all r € M and ¢ > 0.

Example 2.1 ([10]) Let M = [0,+00) and P: M x M — [0,400) be given by P(r,s) = max{r,s} for
all r,s € M. Then (M, P) is a partial metric space.

Example 2.2 ([10]) Let I = M, where I denote the set of all intervals [r1,s1] for any real numbers
r1 < s1. Let P: M x M — [0,00) be a function such that P([rl, s1], [re, 32]) = max{s1, S2} —min{ry,r}.
Then (M, P) is a partial metric space.

Example 2.3 ([14]) Let M =R and P: M x M — R* be given by P(r,s) = e®®{rs}t for all r,s € M.
Then (M, P) is a partial metric space.

Definition 2.2 (/23]) Let (M, P) be a partial metric space.

(1) A sequence {s,} converges to a point s € M if and only if lim, . P(s,s,) = P(s,s).

(17) A sequence {s,} in M is called a Cauchy sequence if and only if lim, 00
P (8, 8n) exists (and finite).

(ti1) A partial metric space (M, P) is said to be complete if every Cauchy sequence {s,} in M
converges, with respect to 7,, to a point s € M, such that, limpy, p—oc P(Sm, sn) = P(s, s).

(iv) A mapping F: M — M is said to be continuous at so € M if for every e > 0, there exists 6 > 0
such that F(Bp(so,6)) C Bp(F(so),¢).

Definition 2.3 (/23]) A partial metric space (M, P) is said to be complete if every Cauchy sequence
{sn} in M converges to a point s € M with respect to T,. Furthermore,

lim  P(spm,S,) = lim P(sy,,s) = P(s,s).

m,n— oo n— oo
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Definition 2.4 (Control function) Let U be the set of all functions 1¢: [0,4+00) — [0,400) with the
properties

(U1) ¢ is continuous and non-decreasing,

(Tq) ¢(t) <t for each t > 0.

Obviously, if ¥ € U, then ¥(0) =0 and ¥(t) <t for allt > 0.

Definition 2.5 ([12]) Let (M, <) be a partially ordered set. The mapping V: M x M — M is said
to have the mized monotone property if V(x,y) is monotone non-decreasing in x and is monotone non-
increasing in y, that is, for any x,y € M,

x1, 83 €M, 1 <2 = V(x1,y) < V(22,9),

and
Y1,Y2 € Ma Y1 S Y2 = V(zvyl) Z V($,y2)

Definition 2.6 ([12,13]) An element (x,y) € M x M is said to be a coupled fized point of the mapping
ViMxM-=MifViz,y) =x and V(y,z) =y.

Example 2.4 Let M = [0,4+00) and V: M x M — M be defined by V(x,y) = % for all z,y € M.
Then one can easily see that V' has a unique coupled fized point (0,0).

Example 2.5 Let M = [0,+00) and V: M x M — M be defined by V(x,y) = % for all x,y € M.
Then we see that V' has two coupled fixed point (0,0) and (1,1), that is, the coupled fized point is not
unique.

Lemma 2.1 (/8,25,2/])
(a1) A sequence {sn} is Cauchy in a partial metric space (M, P) if and only if {sn} is Cauchy in a
metric space (M,dp) where

dp(r,s) = 2P(r,s) — P(r,r) — P(s,s).
(a2) A partial metric space (M, P) is complete if a metric space (M,dp) is complete, i.e.,

lim dp(sp,s) =0 < P(s,s) = lim P(sp,s) = lim P(sp, Sm)-

n—oo n—oo n,m-—o0
Lemma 2.2 ([21]) Let (M, P) be a partial metric space.

(b1) If r,s € M, P(r,s) =0, thenr = s.
(b2) If r # s, then P(r,s) > 0.

One of the characterization of continuity of mappings in partial metric spaces was given by Samet et
al. [37] as follows.

Lemma 2.3 (see [37]) Let (M, P) be a partial metric space. The function H: M — M is continu-
ous if given a sequence {sptnen and s € M such that P(s,s) = lim,_,o0 P(s,Sy), then P(Hs, Hs) =
lim,, oo P(Hs, Hsy).

Example 2.6 (see [37]) Let M = [0,400) endowed with the partial metric P: M x M — [0,+00)
defined P(r,s) = max{r,s} for all,s € M. Let H: M — M be a non-decreasing function. If H is
continuous with respect to the standard metric d(r,s) = |r — s| for all r,s € M, then H is continuous
with respect to the partial metric P.

Lemma 2.4 (see [14]) Let s, — s as n — oo in a partial metric space (M, P) where P(s,s) = 0. Then
lim,, oo P(Sn,2) = P(s,2) for all z € M.
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3. Main Results

In this section, we shall prove some coupled fixed point theorems for -contractive condition in the
setting of partially ordered partial metric spaces.

Theorem 3.1 Let (M, P, <) be a partially ordered complete partial metric space. Suppose that the
mapping V: M x M — M satisfies the following conditions:

(1)
P(V(T7S)7V(t7z)) < w(MV(r587t7Z))7 (31)
for allr; s, t,z € M, where

My (r,s,t,z) = a1 P(r,t) 4+ as P(s,z)+ a3 P(r,V(r,s))
+as P(t,V(t,2)) + a5 P(t, V(r,s)),

ai,as,as, a4, as are nonnegative reals such that a; +as +as+ag+as <1 and Y € U,
(2) either V is continuous or
(3) M has the following properties
(a') if a non-decreasing sequence {r,} in M converges to some point r € M, then v, < r for all n,
(") if a non-increasing sequence {s,} in M converges to some point s € M, then s < s, for all n.
If there exist two elements rg,s9 € M with ro < V(ro,s0) and so > V(so,70), then V has a coupled
fized point in M.

Proof: Let r9,s9 € M be such that 7 < V(rg,s0) and so > V(sg,7r0). Let 71 = V(ro,80) and s1 =
V(s0,70). Then ro < 7 and sop > s1. Again, let ro = V(r1,$1) and sy = V(s1,71). Since V has the
mixed monotone property on M, then we have r; < r9 and s; > s5. Continuing the above process, we
get two sequences {r,} and {s,} in M such that r,11 = V(ry, s,) and s,41 = V(8p,ry) for all n > 0
and

ro ST < STy STpp1 <o, 802812280 2 Sppl 2 e (3.2)

Now, using equation (3.1) with r =r,_1, s = 8,1, t = r, and z = s,,, we have

P(rn; rn+1) = P(V(Tnflv 3n71)> V(Tn, Sn))
< ¢(MV(7“n—178n—17Tn,5n)), (33)

where

My (rn-1,8n-1,Tn,8n) = a1 P(rn—1,7)+ a2 P(Spn—1,8n) + a3 P(rn—1,V(rn—1,8n-1))
+ayg P(rp, V(rn,sn)) + a5 P(ro, V(rn—1,5n-1))
= a3 P(rp_1,m) + as P(sp—1,8n) + az P(rp—1,77)

+ag P(rp,Tny1) + as P(rn, )
a1 P(rp—1,mn) + a2 P(Sp—1, 8n) + a3 P(rn—1,7x)

+a4 P(rp,mny1) +as P(rp, rny1)
= (a1 +a3)P(rp—1,mn) + a2 P(Sn—1,8n)

+(ag + as)P(rp,mni1).

IN

Using this and the property of ¢ in equation (3.3), we obtain

P(rn,rps1) < ¥((a1 4 a3)P(ra—1,70) + a2 P(sp—1, 5n)
+ (ag + a5>P(Tn7rn+l)>
< (a1 +a3)P(rp—1,mn) + a2 P(sp—1,5,)
+ (ag 4+ a5)P(rn, mnt1). (3.4)
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By similar fashion one can obtain

P(sn, $nt1) < (a1 + a3)P(sn—1,8n) + as P(rn_1,7r)
+ (ag + a5)P(sn, Snt1)- (3.5)

From equations (3.4) and (3.5), we obtain

P(rp,mn+1) + P(sn, Snt1) < (a1 + a3)[P(rn-1,mn) + P(Sn—1, $n)]
+ as [P(rn—1,7n) + P(sn—1, $n)]
+ (CL4 + CL5)[P(T7L,T”+1) + P(5n7 Sn,+1)]~ (36)

Let Y, = P(rn,Tn+1) + P(Sn, Snt1) for all n > 0. Then from equation (3.6), we obtain

Y, < (a1 +a3)Yn_1+a2Yn_1+ (a4 +as5)Y,
= (a1 + as + a3)Yn,1 -+ (a4 + a5)Yn.

This implies that

ay + a2 +a
Y, < (#)Yn_l
1—a4—a5
:’yY;L—la

where g+
a a a
7:(1 2 3)<1
17(1470,5

)

since by assumption a; + a2 + as + a4 + a5 < 1.
Continuing in the same way, we obtain

Y, <7Yn1 <Y 0 <Y, 3< - <"Y,. (3.7)

If Yo = 0, then P(rg,r1) + P(s0,$1) = 0. Hence P(rg,71) = 0 and P(sg, s1) = 0. Therefore by Lemma
2.2 (by), we get rog =11 = V(r0,50) and so = s1 = V(sg,70). This means that (rg,s¢) is a coupled fixed
point V. Now, assume that Yy > 0. For each n > m, where n,m € N, by using condition (4), we have

P(T’rurm) S P(Tnarn—l) + P(Tn—larn—2) + -+ P(rm-l—larm)

- P(rnflvrnfl) - P(Tn7277ﬂn72) - = P(rm+1a Tm+1)
S P(Tnarn—l) + P(Tn—la rn—Q) + -+ P(rm+17rm)~ (38)
Similarly, one can obtain
P(Sn7 sm) S P<5n; Snfl) + P(Snfly Sn72) + -+ P(Sm+17 Sm) (39)

Thus,

Ynm = P(Tn;rm) +P(5n75m) S Yn—l + Yn—2 + - +Ym
<A YYD

ol )
< |(—)Y,. 3.10
- (1 - 0 ( )
By definition of metric dp, we have dp(r,s) < 2P(r, s), therefore for any n > m
dP(rnaTm) + dP(Sna Sm) < Z[P(T'na rm) + P(Sn; Sm)] =2Ym

2,.Ym
— | Y¢ 3.11
1 —'y) 0 (3.11)

IA
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which implies that {r,} and {s,} are Cauchy sequences in (M, dp) since v < 1. Since the partial metric
space (M, P) is complete, by Lemma 2.1 (a2), the metric space (M, dp) is also complete, so there exist

u, v € M such that

nl;rrgodp(rn,u) = nl;rrgodp(sn,v) =0.

From Lemma 2.1 (az), we obtain

P(u,u) = lim P(rp,u) = lim P(r,,rm),

n—oo n—oQ

and

P(v,v) = lim P(sp,v) = lim P(sp, Sy).

n—oo n— oo

But, from condition (2) of PMS and equation (3.7), we have
P(rn;rn) S P(T‘n,’l"n+1) S Yn S ’}/nYOa
and since v < 1, hence letting n — oo, we get lim,, o0 P(rn, ) = 0. It follows that

P(u,u) = lim P(r,,u) = lim P(r,,r,)=0.

n—oo n—oo

Similarly, we obtain

P(v,v) = lim P(sp,v) = lim P(sp,S,) =0.

n—oo n— oo

Now, we show that u = V(u,v) and v = V(v,u). We shall distinguish the following cases.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Case (1): We now show that if the assumption (2) holds, then (u,v) is a coupled fixed point of V.

As, we have

u= lim rp11 = lim V(r,,s,) =V(lm r,, hm Sn) = V(u,v),
n—00 T—00 n—oo n—

and

v= lim s,11 = lm V(sy,r,) =V (lim s,, hm rn) = V(v,u).
n—00 n—00 n—o0 n—

Thus, (u,v) is a coupled fixed point of V.

Case (2): Suppose now that the conditions (3)(a’) and (3)(a”) of the theorem hold.

Since 7, — u and s,, — v as n — oo, then we have

P(V(U,U), ) (V(uav) )+P(7’n+1, ) P(rn+1arn+1)
P(V(u,v),rn41) + P(rny1,u)
= P(V(u,v), (rn, $n)) + P(rps1,u)
< 9(

MV(ua Uy Tn, sn)) + P(rn-‘rl; u)7
where

My (u,v,7p, $n) = a1 P(u,ry) + as P(v, 8,) + a3 P(u, V(u,v))
+ ag P(rn, V(rn, sn)) + a5 P(ra, V(u,v))
= a1 P(u,r,) + as P(v, s,) + az P(V(u,v),u)

+ aq P(ry, rnt1) + a5 P(V(u,v),7y).

Letting n — oo in equation (3.19) and using equations (3.16)-(3.17), we obtain
lim MV(uv Uy T, Sn) = (G'S + a5)P(V(u7 U)v u)

n—oo

(3.18)

(3.19)

(3.20)
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Letting n — oo in equation (3.18) and using equations (3.16), (3.20) and the property of ¥, we obtain

P(V(u,v),u) < ¢((as + as)P(V (u,v),u))
< (as + a5)P(V(u,v),u),

which is a contradiction, since az + a5 < 1. Thus, P(V(u,v),u) = 0 and so by Lemma 2.2 (b;), we get
V(u,v) = u. Similarly, we can show that V' (v,u) = v. This completes the proof. |

If we take ¥(t) = kt for all ¢ > 0 where k € (0,1), ka1 — ¢1, kas — qo, kas — g¢3, kay — g4 and
kas — g5, ¢; € (0,1) for i = 1,2,...,5 in Theorem 3.1, then we have the following result.

Corollary 3.1 Let (M, P,<) be a partially ordered complete partial metric space. Suppose that the
mapping V: M x M — M satisfies the following conditions:

(1)
P(V(r,s),V(tz) < qP(rt)+q P(s,z)+q3P(r,V(r,s))
+q4 P(t,V(t,2)) + g5 P(t,V(r, s)), (3.21)

for allr;s,t,z € M, where q1,qo,-..,qs are nonnegative reals such that g1 + g2 + -+ q5 < 1,
(2) either V is continuous or
(3) M has the following properties
(a') if a non-decreasing sequence {r,} in M converges to some point r € M, then v, < r for all n,
(@) if a non-increasing sequence {s,} in M converges to some point s € M, then s < s, for all n.
If there exist two elements rg, sg € M with ro < V(ro,s0) and sg > V(so,70), then V has a coupled
fized point in M.

If we take ¢1 = k,q2 =1 and g3 = g4 = ¢5 = 0 where k,l € (0,1) in Corollary 3.1, then we have the
following result.

Corollary 3.2 Let (M, P, <) be a partially ordered complete partial metric space. Suppose that the
mapping V: M x M — M satisfies the following conditions:

(1)
PV (r,s),V(t,z) <kP(rt)+1P(s,z2), (3.22)

for allr,s,t,z € M, where k,l are nonnegative reals such that k+1 <1,
(2) either V is continuous or
(3) M has the following properties
(a') if a non-decreasing sequence {r,} in M converges to some point r € M, then v, < r for all n,
(@) if a non-increasing sequence {s,} in M converges to some point s € M, then s < s, for all n.
If there exist two elements rg,s9 € M with ro < V(ro,s0) and so > V(so,70), then V has a coupled

fized point in M.
If we take k =1 =n where n € (0,1) in Corollary 3.2, then we have the following result.

Corollary 3.3 Let (M, P, <) be a partially ordered complete partial metric space. Suppose that the
mapping V: M x M — M satisfies the following conditions:

(1)

P(V(r,s),V(t,2)) < = [P(r,t) + P(s,2)], (3.23)
for allr, s, t,z € M, where n € (0,1) is a constant,
(2) either V is continuous or
(3) M has the following properties
(a") if a non-decreasing sequence {r,} in M converges to some point r € M, then r, <r for all n,
(") if a non-increasing sequence {s,} in M converges to some point s € M, then s < s, for all n.
If there exist two elements 1o, s € M with ro < V(rg,s0) and so > V(s0,70), then V has a coupled
fized point in M.
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Remark 3.1 Corollary 3.3 extends and generalizes Theorem 2.1 and Theorem 2.2 of [12] from partially
ordered complete metric spaces to partially ordered complete partial metric spaces.

Notice that if (M, <) is a partially ordered set, we endow the product space M x M with the partial
order relation given by

(p,q) <(r,s) < r>pand s<gq.

We say that two pairs (x,y) and (u,v) are comparable, that is, every pair of elements has either a lower
bound or an upper bound.

Now, we prove the uniqueness of a coupled fixed point in the setting of partially ordered complete
partial metric spaces. Moreover, we study appropriate conditions to ensure that for a coupled fixed point
(z,y) we have z = y.

Theorem 3.2 In addition to the hypotheses of Theorem 3.1, suppose that, for every (f,g),(j, k) € M x
M, there exists a pair (p,q) € M x M such that (p,q) is comparable to (f,g) and (j, k). Then V has a
unique coupled fized point. Moreover p(z,z) = 0.

Proof: Suppose that (u,v) and (r,s) are coupled fixed point of V, that is, u = V(u,v), v = V(v,u),
r=V(r,s) and s = V(s,r).

Let (n,m) be an element of M x M comparable to both (u,v) and (r, s). Suppose that (r,s) > (n,m)
(the proof is similar in other cases). We consider the following two cases.

Case (A). If (u,v) and (r, s) are comparable, then we have

P(u,r) = P(V(u,v),V(r,s)) < ¢<Mv(u,v,r, s)), (3.24)
where

My (u,v,r,8) = a3 P(u,r)+as P(v,s)+ az P(u,V(u,v))
+aq P(r,V(r,s)) + as P(r,V(u,v))
= a3 P(u,r) + as P(v,s) + a3z P(u,u)
+ay P(r,r) + a5 P(r,u)
= (a1 +a5)P(u,r) + as P(v, s).

Putting in equation (3.24) and using the property of 1, we obtain

P(u,r) < (a1 + a5)P(u,r) + az P(v, s). (3.25)
Similarly, we have

P(v,s) < (a1 + as)P(v, s) + az P(u,r). (3.26)
From equations (3.25) and (3.26), we obtain

P(u,r) 4+ P(v,s) < (a1 + as + as)[P(u,r) + P(v, s)],

which is a contradiction, since a; + as + a5 < 1. Hence, P(u,r) + P(v,s) = 0, that is, P(u,r) = 0 and
P(v,s) =0 and so v = r and v = s. This shows that the coupled fixed point of V' is unique.

Case (B). Suppose now that (u,v) and (r, s) are not comparable, then there exists an element (p, q) €
M x M is comparable to both (u,v) and (r,s). Now, since by iteration V"(r,s) = r, V"(s,r) = s,



SOME COUPLED FIXED POINT THEOREMS IN PARTIALLY ORDERED PARTIAL. .. 9

V™ (u,v) = u, V*(v,u) = v, V*(p,q) = p and V"(q,p) = ¢, we have
U T V" (u,v) V(r,s
P((v)’ (s)) B (V" v,u)) ( s,r

: )
P (ot i);

<
Vn( ) ’S)
(V) (o)
< o(My(wvp.0) + (M (vu.q.p))
+¢ (Mv(p,qﬂ’, S)) + w(Mv(q,p,Syr))
where
My (u,v,p,q) = a1 P(u,p)+az P(v,q) + a3 P(u,V(u,v))
+as P(p,V(p,q)) + a5 P(p, V(u,v))
= a3 P(u,p) + a2 P(v,q) + as P(u,u)
+a4 P(p,p) + a5 P(p,u) = 0.
Similarly,

My (v,u,q,p) =0, My (p,q,r,s) =0and My (q,p,s,r) =0.
Using this in the above inequality and the property of ¢, we obtain

/() (0)=o

Thus, u = r and v = s. Hence, the coupled fixed point of V is unique. This completes the proof. O

Theorem 3.3 In addition to the hypotheses of Theorem 3.1, suppose that o, sg in M are comparable,
then the coupled fized point (r,s) € M x M satisfies r = s. Moreover p(z,z) = 0.

Proof: Recall that ro € M is such that ro < V(rg,s0). Now, if rg < sp, we claim that for all n € N,
7 < S,. Indeed, by the mixed monotone property of V,

r1 = V(ro,s0) < V(so,70) = 51.
Assume that r,, < s, for some n. Now, consider
T'n+1 = VnJrl(T'o,SQ) = V(Vn(ro,SO),Vn(So,To))
= V(Tnvsn) < V(Snarn) = Sn+1-

Hence, r, < s, for all n. Taking the limit as n — oo, we get

r= lim r, < lim s, =s.
n—oo n—oo

From the contractive condition (3.1), we get
P(r,s) = P(V(rs),V(s,r))
w(MV(ﬁ S, S, ’I")),

IN

where
My (r,s,s,r) = a3 P(r,s)+azP(s,7)+ a3z P(r,V(r,s))
+aq P(s,V(s,7)) + a5 P(s,V(r,s))
= a3 P(r,s) +az P(s,r) + a3 P(r,r)
+ay P(s,s)+as P(s,r)
= (a1 +az+a5)P(r,s).
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Using this in the above inequality and the property of ¥, we get
P(r,s) < (a1 + az + as)P(r, s).
Similarly, we obtain
P(s,r) < (a1 + ag + as)P(s,r).
From equations (3.27) and (3.27), we obtain
P(r,s) + P(s,r) < (a1 + a2 + a5)[P(r, s) + P(s,7)],

which is a contradiction, since a1 + az +as < 1. Hence, P(r,s)+ P(s,r) = 0 and so P(r,s) = 0 = P(s,r).
Therefore, by Lemma 2.2 (by), we get r = s.

Similarly, if o > s, then it is possible to show r,, > s, for all n and that P(r,s) = 0. This completes
the proof. O

Remark 3.2 Theorem 3.2 and Theorem 3.3 extend and generalize Theorem 2.4 and Theorem 2.6 of [12]
from partially ordered complete metric spaces to partially ordered complete partial metric spaces.

Example 3.1 Let M = [0,1]. Then (M, <) is a partially ordered set with a natural ordering of real
numbers. Let P: M x M — [0,1] be defined by P(r,s) = |r — s| for all r,s € M. Consider the mapping
V:Mx M —[0,1] defined by

2_ 2 .
rosTHL L if r <,

V(T’S):{ I ifr > s,

37
forallr,s € M. Then

(1) (M, P) is a complete partial metric space since (M, dp) is complete;
(2) V has the mized monotone property;
(3) V is continuous;
(4) 0 < V(0,1) and 1 > V(1,0);
(5) there exists a constant 0 < n < 1 such that

P(V(r,5),V(t,2)) < 5 [P(r,t) + P(s,2)],

forallr,s,t,z € M withr <t and s > z. Thus, by Corollary 3.3, V has a coupled fixed point. Moreover,

(%, %) is the unique coupled fixed point of V.

Proof: The proofs of (1) — (4) are obvious.
For any r <t and s > z, we have

P(rit)y=t—r, P(s,z)=s—z.

The proof of (5) is divided into the following cases.
Case (1'). If t < z. In this case, r <t < z < s, and so

r?—s24+1 22— 2241

Vir,s) = 3 , Vit,z)= 3

Hence, we get

(7“2—82—|—1 t2—22—|—1)
3 ’ 3

(t2—22—7“2+82):

P(V(r7 s), V(t,z))
(12 = 7%) + (5* = 2°)]

(& =7)+ (s = 2)] = S [P(r; 1) + P(s, 2)]

“"“w\»—t

[P(r,t) + P(s, z)],

OIS Wikl = Ny
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withn =2 < 1.

Case (2'). If t > z. In this case, r <t < s, and so

Hence, we get

V(

P(V(r,s),V(t z))

r,s

)

)77ﬂ2752+1
= 2 ;

252411 1
P('r' s“ + ’7> _ (32 77/.2)
3 3

1 1
< §(S2_T2+t2_z2) = g[(t2_T2)+(s2—22)]
1 1
< glt=r)+(s—2)] =5 [P(r1)+ P(s,2)]
= P00+ P(s,2)],
with n = % < 1.
Case (3'). If r > s. In this case, t < z < s, and so
2 2
V@J)Z*,‘“L@—i §+1
Hence, we get
1 #2-22+1 1
P(V(r,s),V(t,2) = PG, - )=§W—f)
1 1
< g(t2—22+82—7‘2):g[(t2—7‘2)+(82—22)]
1 1
< glt=r)+ =2 =3[P0+ Ps,2)]
= ZIP(nt)+ P(s,2))

withn =2 < 1.

Thus, in all the above cases, the condition (5) is satisfied. Since M = [0,1] is a totally ordered set,
, (%, 1) is the unique coupled fixed point of V.

by Theorem 3.3

303

4. An Application to the Nonlinear Integral Equation

11

d

In this section, we study the existence of solution of the nonlinear integral equations, as an application
of the coupled fixed point theorem proved in the main results.
Consider the following nonlinear integral equations:

T
mwzg@wyA N(t, p)(p, r(p), 5(0))dp.

T
awzg@y+4 N(t, p)h(p, 5(p). () dp,

where t € I = [0,T], with T' > 0.

We consider the space M = C(I,R) of continuous functions defined in I. Define P: MxM — [0, +00)

by

P(r,s) = max |r(t) — s(t)],

tel

for all ;s € M. Then (M, P) is a complete partial metric space.

(4.1)



12 G. S. SAaLuia AND H. K. NASHINE

Let M = C(I,R) with the natural partial order relation, that is, r,s € C(I,R),
r<s & r(t)<s(), tel.

We consider the following conditions:
(1) the mapping h: I x R x R = R and g: I — R are continuous;
(2) there exists a continuous 0 < n < 1 such that
n
h(p, 7, 9) ~ hip,w, 2) < 5 (Ir —wl +]s — =),
for all r,s,w,z € M and for all p € I;
(3) for all t,p € I, there exists a continuous N: I x R — R such that

T
N(t,p)dp < 1
I}}g;(/o (t,p)dp < 1,

(4) there exist rg, sg € M such that
(0 <00+ [ NG ro0)sulp)

solt) < g(t) + / N(t, p)h(p, 50(p), ro(p))dp,

where t € 1.

Theorem 4.1 Consider the Corollary 3.3 and assume that conditions (1) - (4) are satisfied.

equation (4.1) has a unique solution in M = C(I,R).

Proof: Define the mapping V: M? — M, (r,s) — V(r,s), where

Vi(r,s)t)=g(t) +/O N(t,p)h(p,r(p),s(p))dp, t € 1,

for all r,s € M.
Equation (4.1) can be stated as

r=V(r,s) and s =V(s,r).

For r,s,w,z € M be such that r < w and s < z and
T
VOO = g+ [ N, 0

< o0+ [ N0
= V(w,z)(t) forallt e I.

From equations (4.2) and (4.3) for all ¢t € I, we have
PV (r,s),V(wz)) = maX|V(T $)(t) — V(w, 2)(¢)]

< T??(/ th‘hp, :8(p)) — h(p;w(p), z(p)) |dp
< |h(p,7(p), s(p)) — h(p,w(p), 2(p))|
< 5 (max|r(p) — w(p)| + max |s(p) ~ =(p))

g[P(r, w) + P(s, 2)],

(4.2)

Then

(4.6)

(4.7)
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where 0 <n < 1.
So that

P(V(r,s),V(w,z)) < g [P(r,w) + P(s, 2)].

Which is the contractive condition in Corollary 3.3. Thus V has a coupled fixed point in M, that
is, the system of nonlinear integral equation has a solution. Finally, let (r,s) be a coupled lower and
upper solution of the integral equation (4.1), then by assumption (4) of the Theorem 4.1, we have
r<V(r,s) <V(s,r) <s. Corollary 3.3 gives us that V has a coupled fixed point, say (u,v) € M x M.
Since r < s, Theorem 3.3 says us that « = v and this implies ©u = V' (u, u) and u is the unique solution of
the integral equation (4.1). 0

The aforesaid application is illustrated by the following example.

Example 4.1 Let M = C([0,1],R), h: I x Rx R — R and g: I — R. Now consider the following
functional integral equation:

o Lsinp3=Pe=? 1 |r(p)] |s(p)|
0=+, “sra (e * TR
2 Lsinp3~Pe P 1 |s(p)] [ (p)]
s(t) = 1+¢4 /o 9(t + 3) (1+ s(p)| 1+ I?"(p)|>dp’

for allr,s € M and t € I. Observe that the above equation is a special case of equation (4.1) with

9(t) = 117154
3~ Pe~P
Ntp) = 53
_ sinp I7(p)] |s(p)]
hlp,rs) = —5 <1+\r(p)|+1+|s(p)l>'
sinp |s(p)| \r(p)|
h(p,s,r) 9 (1+\s(p)\+1+lr(p)|)'

It is also easily seen that these functions are continuous.
For arbitrary r,s,w,z € M and for all p € I, we have

sinp  |r(p)|

9 <1+\r(p)|+1+s(p>|
_sinp |w(p)| |z(p)|

9 (1—|—|w(p)\+1+|z(p)|>’

|h(p,7’,3)—h(p,w,z)| =

1
< §(|T—w|—|—|5—z|):

Therefore, the function h satisfies equation (4.2) with n = % <1.
For allt,p € I, there exists N: I x R — R such that

' N(tp)d e,
t, -
/O (t,p)dp /O PRl

- (i)

= (- i) in3+ 1)(1&4—3)

1 9
PP
3¢ =10 ©

IN
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We put ro(t) = # we obtain

(145’
52 2
<
T(1+t4) — 1+t4
t2 1 -
<l [ ol Ly,
14+t o 9 \l+r(p)|  1+[s(p)

olt) + / N(t, p)h(p, ro(p), 50(p))dp.

To (t) =

Similarly, we have

T
sot) < g(t) + / N(t, p)h(p, s0(p), ro(p))dp.

This shows that equation (4.4) holds.

Hence the integral equation (4.1) has a unique solution in M with M = C([0,1],R).

5. Conclusion

In this article, we establish some coupled fixed point theorems for w-contractive condition in the

setting of partially ordered partial metric spaces. Moreover, we give some corollaries of the established
results and provide an illustrative example in support of the established result. An application to the
nonlinear integral equation is also given. The results obtained in this paper extend and generalize several
previous works from the existing literature.
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